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1. INTRODUCTION

Ford and Silvey (1980) proposed an adaptive design for estimating the
point at which a regression function attains its minimum. In their model,
there are potential observations of the form

yk ¼ �1xk þ �2x
2
k þ �k, k ¼ 1, 2, . . . , ð1Þ

where xk are design points chosen from the interval �1 � x � 1, �1 and
�2>0 are unknown parameters, and �1,�2, . . . are i.i.d. standard normal
random variables. Interest centered on estimating the value ��1=2�2 at
which the regression function attains its minimum. After examining the
asymptotic variance of the maximum likelihood estimator, Ford and
Silvey proposed the following adaptive design: first take observations at
x1¼� 1 and x2¼þ 1; thereafter, if (xk, yk), k¼ 1, . . . , n, have been deter-
mined, let y�n or yþn denote the sum of yk for which k� n and xk¼� 1 or
xk¼þ 1, respectively; take the next observation at xnþ1 ¼ þ1 if jyþn j < jy�n j
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and take the next observation at xnþ1¼� 1 otherwise. After the experiment
is run, investigators may want confidence intervals, and a problem arises
here. Owing to the adaptive nature of the design, it is not the case that the
maximum likelihood estimators, say �̂�n, 1 and �̂�n, 2, have a bivariate normal
distribution. This problem was addressed by Ford et al. (1985) and Wu
(1985). The former paper proposed an exact solution which seems overly
conservative. The latter proposed an asymptotic solution which, at a prac-
tical level, ignores the adaptive nature of the design. This paper contains an
asymptotic solution which does not ignore the adaptive nature of the design.

The Ford–Silvey example fits nicely into the following more
general model: letting 0 denote transpose, suppose that there are potential
observations of the form

yk ¼ x0k� þ ��k, k ¼ 1, 2, . . . ð2Þ

where xk ¼ ðxk, 1, . . . , xk, pÞ
0 are design variables which may be chosen from a

subset X 
 <
p, � ¼ ð�1, . . . , �pÞ

0 is a vector of unknown parameters, �>0
may be known or unknown, and �1,�2, . . . are i.i.d. standard normal random
variables. The design vectors xk, k¼ 1, 2, . . . , may be chosen adaptively; that
is, each xk may be a (measurable) function of previous responses and
auxiliary randomization, say

xk ¼ xkðu1, . . . , uk, y1, . . . , yk�1Þ, k ¼ 1, 2, . . . , ð3Þ

where u1, u2, . . . are independent of �1, �2, . . . and have a known distribution.
Letting yn ¼ ð y1, . . . , ynÞ

0, Xn ¼ ðx1, . . . ,xnÞ
0, and en ¼ ð�1, . . . , �nÞ

0, the
model in Eq. (2) may be written in the familiar form

yn ¼ Xn� þ �en, n ¼ 1, 2, . . . :

The model is very general. It includes adaptive procedures for finding the
maximum or minimum of a regression function, as in Ford and Silvey
(1980), models for sequential clinical trials, as in Coad (1995), adaptive
biased coin designs, as in Eisele (1994), and time series and controlled
time series, as in Lai and Wei (1982), among others.

The likelihood function is not affected by the adaptive nature of the
design, or by the optional stopping introduced later (see, for example,
Berger and Wolpert, 1984). So the maximum likelihood estimator of � has
the familiar form

�̂�n ¼ ðX 0
nXnÞ

�1X 0
nyn ð4Þ
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provided that X 0
nXn is positive definite. The maximum likelihood estimator

of �2 also has a familiar form. The usual estimator of �2 for a nonadaptive
design is

�̂�2
n ¼

kyn � Xn�̂�nk
2

n� p
ð5Þ

when X 0
nXn > 0 and n>p. This estimator is unbiased for nonadaptive

designs and is nearly unbiased in the absence of optional stopping. See
Sec. 2 for the bias when there is a stopping time.

The sampling distributions of these estimators may be affected by the
adaptive design, however, and it is the purpose of this paper to explain how
approximate expressions for the sampling distributions of �̂�n may be
obtained. Approximations to the sampling distributions are presented in
Secs. 2–4. These are illustrated by simple examples in Secs. 2–4, and by
more complicated examples in Secs. 5 and 6. The accuracy of the approx-
imations is assessed by simulation. The presentation in Secs. 2–4 is informal.
Precise statements, with conditions, are deferred to Sec. 7. Proofs are
discussed briefly in Sec. 8.

1.1. Remark on Notation

Below, P�,� denotes a probability model under which Eq. (2) holds,
and E�,� denotes expectation with respect to P�,�. When � is known and
fixed, it may be omitted from the notation. For example, probability and
expectation may be denoted by P� and E�.

2. BIASES

The effect of the adaptive design may be illustrated by computing the
biases of �̂�n and �̂�2

n . With a view towards Example 3 below, suppose that the
model in Eq. (2) is observed for k¼ 1, . . . ,N, where N is a stopping time
with respect to (uk, yk), k¼ 1, 2, . . . . That is, the event {N¼ n} can depend
only on (uk, yk), k¼ 1, . . . , n. The approximate biases are derived from
asymptotic expansions. Thus, suppose that N depends on a parameter a,
say N¼Na, and that Na ! 1 in probability as a! 1. The case of non-
random sample size N ¼ n! 1 is not excluded here. Suppose that
X 0
NXN > 0 w.p.1 for all a, and that

�ð�, �Þ :¼ lim
a!1

aðX 0
NXNÞ

�1
ð6Þ
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and

	ð�2, �Þ :¼ lim
a!1

a

N
ð7Þ

exist in P�, �¼ probability for a.e. � for each �>0. Actually, more is required
(see Sec. 8). Write �ð�, �Þ ¼ ½�ijð�, �Þ, i, j ¼ 1, . . . , p� and let 1 ¼ ð1, . . . , 1Þ0.
Then

E�, �ð�̂�N � �Þ �
�2

a
�#ð�, �Þ1 ð8Þ

and

E�, �ð�̂�
2
N � �2

Þ �
2�4

a
	0ð�2, �Þ ð9Þ

in the very weak sense of Woodroofe (1986, 1989), where 0 denotes differ-
entiation with respect to �2 and

�#ijð�, �Þ ¼
@

@�j
�ijð�, �Þ ð10Þ

These are among the main findings of Coad and Woodroofe (1998), who
also obtain approximations to variances and covariances. Observe that the
bias of �̂�2

N is determined primarily by the optional stopping; that is,
if N¼ n¼ a, then 	(�2, �)¼ 1 for all �2 and �, so that 	0(�2, �)¼ 0 and,
therefore, E�, �ð�̂�

2
n � �2

Þ ¼ oð1=nÞ.

Example 1. An Autoregressive Process. To illustrate the use of Eqs. (8) and
(9), consider the simple autoregressive process yk ¼ �yk�1 þ ��k, k¼
1, 2, . . . , with y0¼ 0. Suppose that the process is observed for n time units,
so that N¼ n. Then p¼ 1, X 0

nXn ¼ y2
0 þ y2

1 þ � � � þ y2
n�1, and

lim
n!1

nðX 0
nXnÞ

�1
¼ lim

n!1

n

y2
0 þ y2

1 þ � � � þ y2
n�1

¼
1 � �2

�2

w.p.1 for all j� j<1 and �>0. It then follows from Eq. (8) that

E�, �ð�̂�n � �Þ � �
2�

n
ð11Þ

for large n, and E�, �ð�̂�
2
n � �2

Þ ¼ oð1=nÞ as n! 1, and Eq. (11) agrees well
with Coad and Woodroofe’s (1998) simulations for n as small as 25. œ
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