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56 Kim and Woodroofe
INTRODUCTION

Sequential problems that involve both censoring and staggered entry
lead to processes that are random walks perturbed, not by slowly
changing terms, but (approximately) stationary ones. To see how,
consider the following simple example. Suppose that patients arrive for
treatment at times 0 =ty <71 <717, <..., are treated, and live for
exponentially distributed periods Y1,Y>, ... thereafter, with an unknown
failure rate 6. Then the data available at time 7, consist of

Yy = min[Y;,7, — 5],
Ay = I{YAffrz_Tlc—l}

for k=1,...,n. The log-likelihood function given Y,,..., Y,
Anl’ ey Arm is

£,(0) = K, log(6) — 6T,

where K, =A,;+---+A,,and T, = Y,; +---+ Y, are the number of
failures and the total time on test at time t,,. The sequential probability
ratio test for testing Hy:0=1 vs. H;:0=38#1 may be described as
follows: Let

Ay = £,(8) — £,(1),

N,=inf{n>1:A, > a},
and

M, =inf{n>1:A, < —b}

for a, b > 0. The test takes a sample of size min(N,, M) and rejects Hy in
favor of H; iff N,< M,. The dominant term in the type I error probability
is then

Pi[N, < oo] = / e MadPy = e “Egle” M),

{N, <00}

and the asymptotic distribution of Ay —a is of interest. Following the
procedure in Lai and Siegmund, (3:4] 1t seems natural to write A, as a
perturbed random walk. This is not difficult, since

p=nlog®) — (=Y, +---+Y,) +§,
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Non-linear Renewal Theory 57

where
n n
Sn = (8 - 1) Z [Yl1—j+1 - (rn - ‘Cn—j)]+ - log(é) Z l{Y,,,/»+|>t,,—r,,,/}a
= =1

1z denotes the indicator function of B, and xt=max(x, 0).
Unfortunately, &, is not slowly changing, as required by Lai and
Siegmund. However, if the arrival times 7, form a renewal process
(so that 7, — 14—y, k=0, £1,+2,... are i.i.d.), then &, does have some
structure, since

o0 [o¢]
E =D Yoy — (@ =t )l —102) Y L1y, . or—r ) = &n
=1 Jj=1

=)

say, and the right side is a stationary process.
The proceeding is intended to motivate the study of renewal theory
for processes of the form

Z,= Sn + &, (1)

where S, is a random walk with a positive drift u, say, and &, is a
stationary sequence with common marginal distribution function G,
say. The goal of the article is to contribute to such a study. A main
result is that

e b
lim ZP{‘%_H <ca< Zn <a-+ b] = _G(C) (2)
a— o0 oy /J,
for 0 < b < oo and continuity points ¢ of G, under modest conditions.
Denote the first passage times and excesses by
t,=inf{n>1:27, > a} 3)
R,=Z7, —a. 4)

Then the asymptotic joint distribution of §, and R, may be obtained
as from Eq. (2). It is shown that & and R, have asymptotic joint
distribution function,

H(c,r) = %/Or Pl&) < e,M > u]du (5

where

M = inf Z, (6)
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58 Kim and Woodroofe

and
Zi=Xep1 + -+ Xo + (6 — &) (7

for k <—1. Under additional moment conditions, it is shown that R,
and & are uniformly integrable in >0 and that the main results
continue to hold for approximately stationary sequences. The main
results are specialized to the exponential case in Sec. 2, and the accuracy
of the resulting approximations is assessed using simulation. Formal
statements and proofs of the main results are presented in Secs. 4
and 5. Sec. 3 contains some preliminary lemmas.

The asymptotic (marginal) distribution of R, is not new. It may
be obtained from Lalley’s™ general renewal theorem for sums of station-
ary processes. Relations (2), (5), and the uniform integrability are new,
however (to the best of the authors’ knowledge), and the derivation of the
asymptotic distribution differs greatly from Lalley’s. The work of
Melfi®” and Su®* is related.

THE EXPONENTIAL CASE

The limiting distribution (5) of R, and &, suggests approximations to
the actual distributions. The use of these approximations is illustrated in
this section, and their accuracy assessed, in the exponential model with
7, =k. Then

Xy =1log(d) — (6 — DYy,

2

& =) [~ DYy —j1" —log®)lyy, . -l

J

Il
=

where Y are i.i.d. exponentially distributed random variables and § # 1,
and S, = X| +---+ X,. As indicated in Introduction, there is special
interest in the distribution of R, when 6 =4. Then the mean of X} is

1 1

The distribution function H of Eq. (5) does not simplify, even in the
exponential case. It can be approximated by simulation, however. In
these simulations, the infimum M in Eq. (6) was truncated after 5000.
Define 7, and R, by Eqs. (1), (3), and (4) with &, replaced by &,. Then the
means of the asymptotic distribution of é,-“ and R, are
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The final rows of Tables 1-3 below list Monte Carlo estimates of
these values, based on 50,000 replications for §=0.5, 0.75, 1.25, and 1.5.

To assess the speed of convergence, Ej(&;), Es(R,), and Ej(e R
were simulated for selected values of a. The differences are at most
two standard deviations for ¢>4 in all but one case, and in many
cases for a > 2. The densities of R, are compared to their limiting value
in Fig. 1.

Table 1.

Convergence rate of average excess.

6=0.5

§=0.75

§=1.25

6=1.5

a
0.5
1
2
4
8

o0

E(R,)+6(R,)
0.5649 £0.0017
0.4870£0.0014
0.5377+0.0019
0.5598 £0.0020
0.5724 £0.0021
0.5751 £0.0060

E(R,)+6(R,)
0.2153 £0.0007
0.2162 £0.0008
0.2199 +£0.0008
0.2227 £0.0008
0.2216 £0.0008
0.2248 +£0.0040

E(R,)+6(R,)
0.0753 £0.0002
0.0756 £0.0002
0.0758 £0.0002
0.0757 £0.0002
0.0758 £0.0002
0.0758 £0.0009

E(R,)+6(R,)
0.1403 £0.0004
0.1392 +£0.0004
0.1388 £0.0004
0.1394 £0.0004
0.1393 £0.0004
0.1391+£0.0013

Table 2. Convergence rate of E(e *).

§=0.5

8=0.75

§=125

§=1.5

o=
w

800#[\)"

E(eiR“) :l:(}‘rliu
0.6094+0.0010
0.64334+0.0008
0.6319+0.0010
0.6228 £0.0010
0.6176 +£0.0010
0.6155+0.0040

EA‘(eiR“) :l:&‘rliu
0.8155+0.0005
0.8171 £0.0006
0.8145+0.0006
0.8123 +£0.0006
0.8133+0.0006
0.8196+0.0103

E(eiR") + 6‘),&[
0.9288 +£0.0002
0.9285+0.0002
0.9283 +0.0002
0.9284 +0.0002
0.9283 +0.0002
0.9305+0.0097

E(eiR") + 6‘),&[
0.8730 £0.0004
0.8741 £0.0004
0.8744 +0.0004
0.8739 +£0.0004
0.8740 £ 0.0004
0.8717£0.0065
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Table 3. Convergence rate of E (g}”).

§=0.5 §=0.75 §=1.25 z6=1.5

a  EE)+6E)  EG)6E)  EE)6E)  EE)+6E)
5 —0.5843+£0.0062 —0.0950+0.0021 0.0000=+0.0000 0.0000=0.0000

1 —0.6724+0.0066 —0.0993+0.0022 0.0000 £0.0000 0.0000 =+ 0.0000
2 —0.7409£0.0070 —0.1021£0.0022 0.0000+0.0000 0.0000 =+ 0.0000
4
8

0

—0.8315+0.0074 —0.1004+0.0022 0.0000 £0.0000 0.0000 =+ 0.0000
—0.8688 £0.0076 —0.1031+0.0022 0.0000=+0.0000 0.0000 £ 0.0000
oo —0.8458+0.0171 —0.1137£0.0076 0.0000£0.0000 0.0000 +0.0000

delta = 0.5 delta=0.75
N
- | ——  limiting density h{r) L —— limiting density h(r)
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Figure 1. Limiting and empirical density of excess.

PRELIMINARIES

For the remainder of the article, ... W_{,W,,W,W,, ... denote i.i.d.
random elements with values in a Polish space, W say, and X = o(W)),
where ¢: W — R is a Borel measurable function. Let Q denote the
(common) marginal distribution of the W; let F denote the marginal
distribution of the X}; and suppose throughout that Fis a non-arithmetic
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with a finite, positive mean u and variance o”. Next, let &, be a sequence
of the form

;;:” = ‘%—(Wn’anla . ')7 (8)

where & is a measurable function on WwNand N = {0,1,2,...} ; let G be the
marginal distribution function of &,; suppose throughout that G has a
finite mean; and define Z, by Eq. (1) with S, =X;+---+ X,,. The
exponential case is of this form with W, =Y.

Several lemmas are needed. Of these, Lemmas 2 and 4 are both
simple and crucial to subsequent developments. Given 0 <n<1, let

()

and

m

Ao(n.a) =Y _ PlZ, >, (10)
n=0
where |x] is the greatest integer that is less than or equal to x.
Lemma 1. If 0<n<1, then lim,_, ., Ay(n,a) = 0.

Proof. The Baum-Katz!"! Inequalities are used in the following form: If
¢>0 and n and r are positive integers, then

-/ C 41‘2n02 '
_ . F(— o —
P|:1m<]?,<xn|sk ku| > c:| <n <2r> < 2 ) s

where F(c) = F(—c) + 1 — F(c—). See Chow and Teicher? (pp. 373-375)
for a derivation. So, for n <m = [(1 —na/u|,

1 1
PlZ, > a] < P[S,, —ny > zna] + P|:§,1 > 2nai|

2
_ ma 64no” -(1
and the lemma follows by summing this relation over n < m. &

Let U denote the renewal measure for the random walk Sy,S;,S5,...;
that is,

U{B} = ZP[S,, € B]
n=0
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62 Kim and Woodroofe
for Borel sets B € R. Then lim,_, ., U{(a,a + b]} = b/, by the Renewal
Theorem. In addition, there is a constant Cy= Co(F) for which

Uf{(a,a+ b]} < Cy(1 + b) for all a € R and > 0.

Lemma 2. If m > 1 is any integer, 0 < a,b < 0o, and B C W™ is a Borel
set, then

Y P(Wyoo .. Wyis)) € B a< S, <a+b]
_ / Ul(a— s, a— s+ BQ™{dw, - dw,), (11)
B

where s=q@(w)+---+@w,), and Q" =Q x---x Q denotes the
product measure. Moreover, if m is as in Eq. (9), then

lim
a— o0

ZP[(Wn,...,Wn,,,Hl)eB,a<Snsa+b]—§Q'"{B} —0
n=0

uniformly with respect to Borel sets B C W" for each fixed 0 < b < oo .
Proof. By independence and symmetry
P[(Wnn"'a anerl) € B, a< Sn = a+b]

= / Pla—s<S,_, <a—s+blQ"{dw;---dw,}
B

for n > m. The first assertion follows by summing this relation over n > m.
If m is an in Eq. (9) then

S P(Wyoo.. W) € Bia < S, < a+1] —EQ'“{B}

</
B
!/

Let ¢>0 be so small that (1+e&)(l—n) <1 and let a =
[1—(14¢&)(1 —mn)]a. Then, dividing the last integral into the ranges
s<(1+¢&)mu and s> (1 + e)mu shows that previous line is at most

b
Ulla—s, a—s+bl} — L 0" {dw, -~ dw,} + Ao(n,a)

sup|U{(r,r +b]} — g' + Co(1 + D)P[S,, > m(1 + e)u] + Ao(n, @),

r>d
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which is independent of B and approaches 0 as ¢« — oo. The second
assertion of the lemma follows directly. <

For the next two lemmas, let N{B} =Y 2 15(S,), so that U{B} =
EIN{B}]. Also, denote elements of W™ by w = (wg,w_,,...), and let
W, =W, W,_i,.. )

Lemma 3. For any b>0 and integer k> 1, sup,cp E{N(a,a + b]k} < 00.

Proof. Expanding the product shows that (N (a, a+ b])* < Ry, where

o0 o0 o0
Ry = k! Z Z Z Liaats)(Sn,) X -+ X V(g aqp)(Sn)-

ny=0 ny=n, Nge=njc_;

Then conditioning on X,...,JX, and using U(a—S,

> gy

a—S,, , +bl < Cyl+b), shows that

k17

E(Ry) < k!E[Z e Y Taaen(Sa) X X Ly (Sy, ) Co(1 +b)}

=0 M 1=ng_,
<kCy(1+b)E(R;_y)

for k> 2, from which the lemma follows by induction. &

Lemma 4. For every 0 < b < 0o and 0 <a <1, there are constants C, and
C, for which

gk

PIW,eB,a<S,<a+b]<CPW, e B[ (12)

3
Il
=]

and
Y PW,eB a<Z,<a+b< cz[/ (1+ |§0|)’~“dp] , (13)
n=0 W,eB

for all Borel sets B C WN and a>0, where g = 1- az)/a .

Proof. Let ¢g=1/a and p=1/(1 — @), so that p and ¢ are conjugate values.
For Eq. (12),let S_, = X_,,1 +--- + X, for n>0. Then,

PIW,eB a<S,<a+bl=PWyeB,a<S_,<a+b]

by stationarity. Summing this relation over n shows that the left side of
Eq. (12) is
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Y PW,eB.a<S,<a+b]= / N{(a,a+ b]} dP, (14)
n=0 {W,eB}

where N{A4} = Yoo 14(S_,). Clearly N{A} has the same distribution as
N{4} for any Borel set 4 CR and, therefore, Cl = sup,eg X
E{N(a, a + b}’} < oo. Relation (12) now follows since the integral on
the right side of Eq. (14) is at most

E{N(a, a + bP’}'"? P[W, € B]' < C,P[W, € B,
by Hoélder’s Inequality.

For Eq. (13), let B=(1 —a?)/x and let C| be as in Eq. (12) with b
replaced by b+ 1. Then left side of Eq. (13) at most

>

n=0 k

3

PW,eB k—1<§¢,<k,a—k<S,<a+b—-k+1]

[0
<2C{ ) PWy € B k < [&] < k+1]°
k=0

ap o
ﬂdw(l>U wmwﬂ,
—=\1+k WoeB, k<|&| <k+1

l—« o
00 1 J e [
<20} — x / 1+ &)’ dP
l [Z (1 + k) ] [; WoeB, kst <k+1 (11D

which has the form of the right side of Eq. (13). <&

A RENEWAL THEOREM
For the proof of Eq. (2), let
s(k)(wly R Wk) = E[E(Wnswnfls . )| Wn =W I/ankJrl = Wk]

= / E(Wl: L) Wk’y)Qoo{dy}’
WN

and
ED = DWW, W),

Then E|£ — &,| does not depend on n and approaches 0 as k — oo, by
the Martingale Convergence Theorem.
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Theorem 1. Let 0<n<1 and let m be as in Eq. (9). Then

lim
a— o0

o0

S P(Wyo. .. Wyps)) €B. &, <ca<Z, <a+b]

=0 (15)
b

_;P[(WO’ cees meJrl) € Bs %‘0 =< C] = 09

uniformly with respect to Borel sets B C W™ for all 0 < b < oo and all
continuity points ¢ of G.

Proof. It is first shown that Eq. (15) holds with Z, replaced by S,;; Eq. (15)
itself is then deduced from the Continuous Mapping Theorem. When Z,
is replaced by S,,, denote the sum on the first line of Eq. (15) by Z (B, ¢).
Fix >0 and a continuity point ¢ of G; let € >0 be a value for which ¢ +¢
are continuity points of G; and let

BE=Bn{weW": €M(w,,...,w,) <c+te},

o0
Sr=Y P(Wy.. W) € B a< S, <a+b),
n=0
and

00
g = ZP“&S;”) —&l>e,a<S,<a+b]
n=0

Then =, —r, < Z,(B,c) < I +r,. So,

b
‘Ea(BaC) _;P[(WO: ) W—m—H) € B, SO =< C]

< max
+

b
S ——Pl(Woso ., W) € Bi]'
w
b (m)
+ra+;P[c—e <& =c+el.

By Eq. (12) with o =1/2,

Iral = O PUE — 9] = €

which approaches zero as a — co. Relation (15), with Z, replaced by S,,,
then follows from Lemma 2 by letting ¢ — oo and € | 0.
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Some simplifications are possible in the general case. First, it suffices
to establish Eq. (15) for fixed, but arbitrary 0 <5 < u and continuity point
¢ of G; and it suffices to show that Eq. (15) holds for arbitrary families
B, CW" (since B, may be chosen to nearly attain the supremum).
Further, it suffices to establish Eq. (15) for arbitrary sequences 4, =
{a;,a,, ...} for which a, — oo, and, by considering subsequences, there
is no loss of generality in supposing that £ = lim,c4, P{(Wy,..., W,,) €
B} exists. If £ = 0, then Eq. (15) is clear. For then P[(W,,..., W_, 1) €
B,] — 0 as a — oo (along the subsequence), and the sum on its left side is
at most

3/4
c, [ / (1+ |§o|7/12)dpi| ,
(W077sW—m+l)€Ba

by Eq. (13) with «=3/4. So, it suffices to consider the case ¢ > 0.

Supposing that € > 0, let G,(c) = P{&§ < c[(Wy,..., W_,11) € B,}.
Then G, are tight, since £ > 0, and there is no loss of generality in
supposing that G, converges to a limit G as ¢ — oo along the subse-
quence. Let

o
Jub.) =Y P{(Wo ... Wyii1) € By &, < ¢, a < S, <a+b),
n=0
o0
K(b) =Y P{(Wy- o, Wyini1) € B & < ¢, a < Z, <a+b),
n=0

and
b o~
Joo(b,0) = £—G(c)
n

for0 < b < pand —oo < ¢ < 00; and use the same symbpls to denote the
induced measures over [0,u] x R. Thus, J,, =/A x G/ where A is
Lebesgue measure. Then J, and K, are finite measures over [0, u] x R
for which J, converges weakly to J,, by the special case. Let
Y(x,y) =(x+y,y) for 0 <x<u and —oo < y < oo, where addition
is understood modulo w. Then 4 is continuous a.e. (J)
and K,(b,c)=J{(x,y):x+y<bh, y<¢}; that is, K,=J,0y .
Clearly, J, o vl = Js, by the translation in variance of Lebesgue mea-
sure. That K, converges weakly to J,, = J., o~ now follows directly
from the Continuous Mapping Theorem to complete the proof. &
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THE EXCESS

The Limiting Distribution. Recall that the first passage times 7, and
excesses R, are defined by Egs. (3) and (4), and observe that

.1 1
lim —¢, = —w.p.1,
a—00 ( "

since lim,_, o &,/n=0w.p.1, lim, ,Z,/n=pn wp.l, and Z, /1, <
a/t, < Z, /1, for all sufficiently large a,

Theorem 2. For 0 <r <s < oo and continuity points —oo < b < ¢ <
oo of G,

1 S
lim P[b <&, <cr<R, gs]:—/ Pb <& <c, Ii{nng > u| du,
r <!

a—00 "
where Zn = (‘XIH—I + - +XO)+(SO —%_”)fOV n=< —1.

Proof. Let m=m, be as in Eq. (9) and let k =k,=m/2. Then

oo
Plt, =2m,r < R, <s,b<§, Sc]:ZP[ta >nr<2,
n=m
—a<s,b<§, <]

If € > 0, then
{ty,znr<Z,—a<s}={Z;<aVl<j<nr<Z,—a<s}
Cl{Z,-Z, ;=r V¥l <j=<k}
C{S)— S+ &0 — &) = r—2e V1 <j <k}
U{lg, — 69 > €31 <j<k)

for all n > m, where V and 3 are to be read ““for all”’ and ““for some”. Let
B, be the set of w = (wy,...,w_,41) € W" for which

Xo+ -+ X+ EB(wo, .o W_ger) — é(k)(w,j, cee W gy1) 21— 26
for all 1 <j <k, where x; = ¢(w;) ; and let

Ca = {W € WN : |€(W,j,W,j,1, .. )

— S(k)(w_j, coWojgyn| > €31 < < k).

Then {ta Zn,r< Zn - Cl} - {(VVm- . ~5Wn—m+l) € Ba} U {Wn € Ca}- SO,
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o0
ZP[taZn,r<Zn—a§s,b<§ﬁ§c]

00
= ZP[(Wn’“'sVanmel) € Baar < Zn —a= Syb < 51(1/6) = C]

o0
+ZP[W,,€C(,,r—c<S,1—a§s—b].
n=m
s—r

P{(Wou....W_pi1) € By b < €09 < (]
+o(1) + C1/P[W, € C,],

So, since Plt,<m]—0, and P[(Wy,....W_,.1)€B]—
Plinf, o Z, > r — 2¢] as a — oo, it follows from Theorem 1 that

=

limsup P[r < R, <s,b <& <c]< EP[b <& <c,infZ, >r],
a—00 “ 12 k<0
(16)

by first letting @ — oo and then € | 0. Next, partition the interval (r, s]
into ¢ subintervals of equal length as r =ry <r; < --- <rp, =, so that
Plr<R,<s,b<& <c]= Zle Plriy < R, <r1;,b <& <c|. Applying
(16) to each term in the sum and then letting £ — oo, it follows that

. [ .
limsupP[b <& <c,r<R,<5s] 5—/ Plb <& <c, }{nEZk > u] du.
a l/(/ - <

a— 00

A dual lower may be obtained similarly to complete the proof. <

Corollary. As a — oo, (R,.§,) = H, where H is as in Eq. (5) and =
denotes convergence in distribution.

Proof. This is clear. <&
Uniform  Integrability. let U,=X,+§&,—&,_;, so that
Zy=Z, 1+ U,.

Lemma 5. For any 0 < o < 1, there is a constant Cs for which

P{W, € B} < C; U (1+ UDH"™PA + 15 dP}
W

WEB

for all Borel sets B W" and a>0, where B = (1 — o?)/a.
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Proof. Since {t,=n} C{Z,_ 1 <a<Z,},

o0
PW, eB <Y P(Z, <a<Z,W,¢€B
n=1

o0
<Y > Pk-1<Z,_, <k U,>a—kW,eB)
k<a+1 n=1

1 bdp
= C2 Z |:/W0€B,U0>a—k( +|$0|) d ]

k<a+1

o
)

by Eq. (13). As in proof of Lemma 4, the last line is at most

00 1 Olﬂ 3
2CZ 14k 1+ UDHP(1+ ﬂdPi|
’ k=0 (1 +k) [/“VOEB’ U0>k( 0 ) ( |$0|)

l—« a
00 1 1+o 00
<2C S x / 1+ UHP(1+ &P dP
2[§(1+k> } [2 [ s s

Finally, reversing the orders of summation and integration, in the second
sum on the last line is at most

f > 1+ UDA + &) dP < / (1+ U) P + 1&l) ap,
Y WyeB

0€B k<U,
completing the proof of the lemma. <&

Theorem 3. [f F and G have finite (2 + §)th moments for some § > 0, then
R, and &, are uniformly integrable in a> 0.

Proof. Suppose that 0 < § <1 (without loss of generality); recall that
B=(1 —az)/oz; let y=2—a)/a; let ¢ <1 be so close to one that
B<8/4 and y <1+48/4. Then E[(1+ U1+ &))" < oo by
Schwarz’ Inequality and E[(1 + U)' ™ (1 + |£))] < oo by Hélder’s

Inequality. It follows that
o
P{lE, | > r} < C; [ f (1+ UNH'"™PA + 1&)” dP} ,

\

&l>r
C o
< m |:/(1 + U(')")1+5(1 + |§O|)y+ﬁ dP] ,

which is independent of « and integrable over 0 <r < oo, since
ay =2—a> 1. So & are uniformly integrable. Similarly,
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P[Ra>r]sP[U:>r]scs[/ (1+UJ)‘+ﬁ(1+|so|)ﬂdP}
U

+o
r)>I

G |:/ + 14+ 8 ‘
= o (I+Ug) "7 (1+ &) dP |
(l+r) v Uy >r

so that R, are uniformly integrable.

Corollary. Let p and v be the means of the asymptotic distributions of R,
and &, . Then

E(t,) = &(a +p—=v)+o(l).

Proof. This follows from Wald’s Lemma, Theorem 3, and the relation
S, +& =a+R, &

Approximate stationarity. In the application to the SPRT, the log-
likelihood ratios were of the form

Zn = Sn + én’

where S, is a random walk with a positive drift and é,, were
approximately stationary. Consider &, of the form

gn = é.n(wn)s (17)

where ¢, : W — R are measurable functions for which lim,_, ., ¢,(w) =
&w) for a.e. w(Q™) ; and let

f,=infln>1:2Z,>a (17a)
and
R,=Z; —a. (17b)

The next theorem provides conditions under which R, and 5}“ have
the same asymptotic properties as R, and &, . Let

£(w) = sup [¢,(w)l,

E)’l = E(Wn)3
Vn = XvnjL + En + Enfl'
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Lemma 6. For any 0 < b < ocoand0 < a < 1, there are constant Cy and C4

for which
iOP[W,,eB,a<Z~n§a+b]§C3[/B(l+§_g)l+‘3dPT (18)
and
PIW;, € B] < c{ | asvgas g dPT (19)
-

for all Borel sets B C WN | where B=(1—-a")/a .

Proof. The proof is similar to those of Lemmas 4 and 5, effectively
trading additional moment conditions for the exact stationarity.
The details are presented after the proof of Theorem 4.

Theorem 4. Let &, be as in Eq. (8) and é,,n > 1, be as in Eq. (17). If
lirnn—>oo 1€ — &l =0 w.p.1, then

lim P[f, =1,]=1 1)
and
& — &, 4R, — R, — 0 (22)

in probability as a — oo . If also, Xy and Co have finite (3 +8)th moments
Jor some § > 0, then R, and &; are uniformly integrable.

Proof. First observe that lim,Hoogn /n— 0 w.p.l and, therefore,
lim,_, o f,/a =1/u. Next, let >0 and 0<n<1, and let B, be the event

Ba = {la = m, fa = m, Ra—e > 2e, Sup|§n - Snl = E},

n>=m

where m is as in Eq. (9). Then B, implies that t, = t,_. = #,. The first
equality is_clear. For the second, B, implies that t, > m, that
Zi=7Z,+& —& <aform<k<t,,. and that ZN,(I =7, +& —§&, >
a+¢€—e=a, so that f, = t,. Thus,

lim sup P[7, # t,] < lim P(B,) = H(2e).

a— o0
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Relation (21) follows since lim._, H(2¢) = 0 ; and Eq. (22) is an easy
consequence. For example, |§; —§&, | < 1§ —§& |+ 1§ —§&,| of which the
first term approaches zero w.p.1 as a — oo of the second equals zero with
probability approaching one.

The proof the uniform integrability is similar to that in Theorem 3.
For &t , let «<1 be so close to one 68<8 and y<1+4(1/2). Then
(14 Vo)""(1 + &,)'77** is integrable by Holder’s Inequality, and

P[g;“ > r] < P[E;“ > r]
< ¢ [ [ asvorras Eo)“ﬁdp]
So>r

&

< W[ / (1+ Vo) +Eo)1+y+ﬁdp] :
So>r

which is independent of a and integrable of 0 <r< oo. So, .i;;a are uni-
formly integrable; and R, may be handled similarly. <&
Proof of Lemma 6. Let 4, = {w € wN . inf; |g;(w) — k| < 1/2} for k =0,
41,42, .... Then the left side of Eq. (18) is at most

oo o.¢] -
Z ZP[WneB,k—%< ysk+ha—k—1<S, satb—k+i]

<ZZPW eANBa—k—%1<S,<a+b—k+}]

—oo n=0

o0
<C Y PIW,eA4NB

k=—00

for some constant C», by Eq. (12). If k£0, then A4, € {w: ¢(w) > %|k|},
and

2\ _
P[W, eA,mB]§<—)/ 1+ &,)PdP;
0 * L+ k1) Jw,eB. g>1x (1+%)

and the latter inequality is also (trivially) true if k=0. So, summing over
k and using Holder’s Inequality with p=1/(1 —«) and ¢=1/«,
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o0
> PIW, € 4,nBI

k=—00

00 2 73 _ o
<2 = 1 Pap
B ; (1 + k) |:/W,,GB,E,,>%I( (144 :|

00 ) I4a - 00 _ “
<|2 — 1+ &)fdP
[ 2 (1 +k> ] [ 2 /w,)eg,g,,%k( “) }

k=—00

from which Eq. (18) follows by reversing the summation and integration
symbols in the second factor.

For Eq. (19), first observe that Zn —Zn_l =X, +§~,1 —2;7,1_1 <
X" +¢,+¢,_1 =V, for all n. So, there is a constant Cs for which

o0
PIW;, €B]<) PIZ, <a<Z,W,¢eB
n=1
0 ~
<) D Phk-1<Z <k V,>a—kW,eB
k<a+1 n=1

=€ / (1+¢ )1+’3de| :
’ /\’S;rl |: WoeB, Vy>a—k 0

As above, the last line is at most

o) 1 aff _ o
2C — 1+ V)P ”f‘dp}
3;<1+k) [/vaeB, Vozk( +Poy(1+%)

“l-ur

[ oo 1 aff o) B o
<2C — / 14+ V)P +&y)' Pap
3 Z(l —i—k) _g W, B, quk( 0) ( é'o)

—l—ar

[ oo 1 ap _ o
<2C (—) f A+ V)" P+ Pap| |
3_; 1+k W,cB 0 0

establishing Eq. (19).
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