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56 Kim and Woodroofe
INTR ODUCT ION

Sequential problems that involve both censorng and staggeredentry
lead to proces®s that are random walks perturbed, not by slowly
changing terms, but (approximately) stationary ones. To see how,
consider the followi ng simple examde. Suppos that patients arrive for
treatment at times 0! !ly< !, <!,< ..., are treated, and live for
exponertially distributed periods Y,,Y,, ... theredter, with an unknown
failure rate ". Then the data available at time !, consig of

Yo ! min™Yy o # 1 $

! nk! 1fYk%!n#!k#1g

for k! 1,...,n. The log-likelihood function given Y., ..., Y,
! ol anis
nls 1onn

Q&' ! K,log&' # "T,,

whereK,!' ' (O OND( ' ppand T, Yo () ( Yy, are the number of
failures and the total time on test at time ! .. The sequental probability
ratio test for testing Ho:"! 1 vs. Hy:"! #6 1 may be descrbed as
follows: Let

"L Q& # QA

Ng! inffn* 1:" ,> ag
and

My, ! inffn* 1:" < #bg

for a, b* 0. The testtakesa sample of sizemin(N,, M) and rejeds Hg in
favor of H,i! N,< M. The dominant term in the type | error probability
is then

z

PN,< 1 $! g nadp, ! €PE, Y PG
fN,<1g

and the asymptotic distribution of " \_# ais of interest. Following the
procedure in Lai and Siegmwnd,®# it seemsnatural to write " ,, as a
perturbed random walk. Thisis not di" cult, since

"n! nlog& # &# 18, ( )))( Yo' ( &,
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Non-linear RenewalTheory 57
where
Xn Xn
%! &# 1 Yoy 1 # &n# !n#j'ﬁ # log& 1fYn#j( 1 i @
jt1 i1

1z denctes the indicator function of B, and x{! max(x, O).
Unfor tunately, %, is not slowly changing, as required by Lai and
Siegrmund. However, if the arrival times ! form a renewal process
(sothat ' # 1, k! 0, +1,+ 2,... arei.i.d.), then &, does have some
structure, since

X X
S SHL Yoo # & # 'S #1008 Ly, sising! S
i1 i1

say, and the right sideis a stationary process
The proceedingis intended to motivate the study of renewaltheory
for processe®f the form

Z,!" S, ( %, &'

where S, is a random walk with a positive drift % say, and $, is a
stationary sequencewith common marginal distribution function G,
say. The goal of the article is to contribute to such a study. A main
resuk is that
X b
lim Pf% %ca< Z,%a( b$! —G& &
al %

for 0< b< 1 and continuity points ¢ of G, under modest conditions.
Denote the brst passagdimes and excesseby

ty! inffn* 1:2,> ag &
Ra! Z # & &'

Then the asymptatic joint distribution of & and R, may be obtained
as from Eqg. (2). It is shown that § and R, have asymptadtic joint
distribution function,

r

1
H&r ! =  P'%%cM * usdu &
% o

where

M ! inf Z, &
k<0
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58 Kim and Woodroofe

and
Z ! X (N Xo( & # & &

for k%# 1. Under additional moment conditions, it is shown that R,
and &, are uniformly integrable in a>0 and that the main resuls
continue to hold for approximately stationary sequermes. The main
resultsare specidized to the exponertial casein Sec.2, and the accuacy
of the resuting approximations is assesed using simulation. Formal
statemens and proofs of the main resulks are presened in Secs.4
and 5. Sec.3 contains somepreliminary lemmas.

The asymptotic (marginal) distribution of R, is not new. It may
be obtained from Lalleyds! generalrenewal theoremfor sumsof station-
ary proces®s. Relations (2), (5), and the unifor m integrability are new,
howeve (to the bestof the authorsCknowledge),and the derivation of the
asymptatic distribution di! ers grealy from LalleyOs.The work of
Melp® " and SU®is related.

THE EXPONENT IAL CASE

The limiting distribution (5) of R, and &, suggestsapproximationsto
the actual distributions. The useof theseapproximations is illu strated in
this section and their accuracyassesed,in the exponential model with
I«! k. Then

X, ! log& # &# 1'Y,,

X
B! G 1"V # S # 100& Ly, g
i1

where Y arei.i.d. exponentally distributed random variablesand #6 1,
and S,! X;()))( X,. As indicated in Introduction, there is specid
interestin the distribution of R, when"! # Then the meanof Xy is

| om

1 1
%! —# 1#log = > O
O 9%

The distribution function H of Eq. (5) does not simplify, evenin the
exponertial case.It can be approximated by simulation, howeve. In
thesesimulations, the inbmum M in Eq. (6) was truncated after 5000.
Debnet; and Ry by Egs. (1), (3), and (4) with $, replaced by %,. Then the
meansof the asymptotic distribution of % and R; are
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Non-linear RenewalTheory 59
Z Z,

1
&! cHfdcdrg! —

Eav (&'
R O %

and
ZZ,

" rH fdcdrg!
R O

1
L g2
So,E "M%

and

" #M #
1# €
H Ral | .
Jim E&R 1 E —
The bnd rows of Tables 1D3below list Monte Carlo estimates of
thesevalues,basedon 50,000replications for # 0.5,0.75,1.25,and 1.5.
To assessthe speedof convergence, E,8f', ExR,', and E,&" ™
were simulated for seleted values of a. The di! erenes are at most
two standard deviations for a* 4 in all but one case,and in many
casesfor a* 2. The densiiesof R, are comparedto their limiting value

in Fig. 1.
Table 1. Convergencerate of averageexcess.
# 05 # 0.75 # 1.25 # 15
a ER,+ (R, ER'+ (R, ER'+(R, ER'+ (R
0.5 0.5649+0.0017 0.2153+0.0007 0.0753+0.0002 0.1403+0.0004
1  0.4870+0.0014 0.2162+0.0008 0.0756+0.0002 0.1392+0.0004
2 0.5377+0.0019 0.2199+0.0008 0.0758+0.0002 0.1388+0.0004
4 0.5598+0.0020 0.2227+0.0008 0.0757+0.0002 0.1394+0.0004
8  0.5724+0.0021 0.2216+0.0008 0.0758+0.0002 0.1393+0.0004
1 0.5751+0.0060 0.2248+0.0040 0.0758+0.0009 0.1391+0.0013

Table 2. Convergencerate of Ele R3#

#! 0.5 #! 0.75 # 1.25 # 15

a B&Rx (. E&R (. BEF (. BERE (.
0.5 0.6094+0.0010 0.8155+0.0005 0.9288+0.0002 0.8730+0.0004
1 0.6433+£0.0008 0.8171+0.0006 0.9285+0.0002 0.8741+0.0004
2 0.6319+0.0010 0.8145+0.0006 0.9283+0.0002 0.8744+0.0004
4 0.6228+0.0010 0.8123+0.0006 0.9284+0.0002 0.8739+0.0004
8 0.6176+0.0010 0.8133+0.0006 0.9283+0.0002 0.8740+0.0004
1

0.6155+0.0040

0.8196+0.0103

0.9305+0.0097

0.8717+0.0065
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60 Kim and Woodroofe

Table 3. Convergencerate of E!T #

#! 0.5 #! 0.75 #! 1.25 z#! 1.5

Bay '+ (&' Bt (& EB&t (% E&: O
# 0.5843+0.0062 # 0.0950+0.0021 0.0000+0.0000 0.0000+0.0000
# 0.6724+0.0066 # 0.0993+0.0022 0.0000+0.0000 0.0000+0.0000
# 0.7409+0.0070 # 0.1021+0.0022 0.0000+0.0000 0.0000+0.0000
# 0.8315+0.0074 # 0.1004+0.0022 0.0000+0.0000 0.0000+0.0000
# 0.8688+0.0076 # 0.1031+0.0022 0.0000+0.0000 0.0000+0.0000
1 #0.8458£0.0171 # 0.1137+0.0076 0.0000+0.0000 0.0000+0.0000

ORNNPFR D

Figure1. Limiting and empirical density of excess.

PRELIMIN ARIES

For the remainder of the article, ... Wy, Wq,W{,W,, ... denote i.i.d.
random elements with valuesin a Polish space,W say,and X! QW,),
where @ W ! R is a Borel measumble function. Let Q denote the
(common) marginal distribution of the Wy; let F denote the marginal
distribution of the Xy; and supposethroughout that F is a non-arithmetic
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Non-linear RenewalTheory 61

with a Pnite, positive mean%and variance ( . Next, let $, be a sequerte
of the form

! W Wpsq,. ., &

where $is ameasuablefunctionon W™ andN ! f0,1,2,...g; let G bethe
marginal distribution function of $,; supposethroughout that G has a
Pnite mean; and defe Z, by Eq. (1) with S;! X;( )))( X,. The
exporential caseis of this form with Wy ! Y.

Sevwral lemmas are needed Of these,Lemmas 2 and 4 are both
simple andI crucial\! to subsequentdevelopments. Given 0< ) <1, let

#! 1#)
m! % a, &'
and
Xn
I o8,a ! PZ,> a$ &o
nl 0

where bxc is the greatestinteger that is lessthan or equal to x.
Lemma 1. If 0<)<1, thenlimy; ! o&.,a ! O.

Proof. The BaumbKatZ" Inequalities are usedin the followi ng form: If
c>0 and n and r are positive integers, then
% & -

(
. i c
oy * 0, -
P 1de3}§1]Sk# k% * ¢ %nk o (2

!
arn(?

C2 l

where Fi&' | F&#c ( 1# F&#H' . $ee Chow and Teicher? (pp. 373D375)
for a derivation. So,for n%m! "&# )'a%,
% 1 & % 1 &
PZ,> a$%P S,# n%> E)a (P &> E)a
|

O/F*;)a( 264n(2'2(§£!1
e (2 (G

and the lemma follows by summing this relation over n%m. s
Let U denote the renewal measue for the random walk Sy,S;,S,, .. . ;
that is,

X
UfBg! P'S, 2 B$
n 0
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62 Kim and Woodroofe
for Borel setsB - R. Thenlim,; Uf&,a( b®! b= by the Renewal
Theorem. In addition, there is a constant Cy! Co(F) for which
Uf&,a( bH%Cy& ( b' for all a2 R and b>0.

Lemma 2. If m* 1is anyinteger, 0< ab< 1, andB- W™ is a Borel

set then
X
P"&\Vy, ..., W1 2 B,a< S, %a( b$
nl'm
Z
! Uf&# s a# s( b®QMfdw)))dw,g &ar
B

where s! O&v;' ( )))( O&v,', and Q™! Q. ))). Q denots the
product meagsire. Moreover, if mis asin Eqg. (9), then

+
R b
lim+ P"8Np,...,.Wpn1' 2B, a< S, %a( b$# —Q™B
all + %

n 0

o

2P+t

uniformly with respet to Borel setsB - W™ for eachbxed 0< b< 1
Proof. By indeperdenceand symmetry

P'&y, ..., Wrym(1' 2B, a< S, %a( b

! P'a# S< Syum %a# s( bR fdw,)))dw,g
B

for n* m. The brstassertionfollows by summing this relation over n* m.
If misanin Eq. (9) then

+
+
P&y, ..., Wpym(1' 2 B,a< S, %a( bt ;mesg}t
0
Z + +
+ b+
% IUf&a# s a# s( bp# &ijfdwl)))dwmg( 1 58,
B 0

s

0]

Let ">0 be so small that & ( "&#)' <1 and let a°
"1# & ( "'&# )'$a. Then, dividing the last integral into the ranges
s%(1( ")m%and s>(1 ( ")m%showsthat previous line is at most

+ +
+ b+

suplUf&,r ( b®y# &I( Coll( b'P'S,> m&( "uf( ! 8,4,

r*aO 0
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Non-linear RenewalTheory 63

which is independent of B and approaches0 asa! 1 . The second

assetion of the lemmafollows directly. o s

For the next two lemmas,let NfBg! ﬁ! 01s85,', so that U{B}!
E[N{B}]. Also, denote elements of W™ by w! &vy,wsy,...", and let
W, ! &V Wogq,..."

Lemma 3. For any b>0 andintegerk* 1, sup,,gr EfN&,a( bg< 1 .

Proof. Expanding the product showsthat (N (a, a( b])* %Ry, where

X X X
R ! k! ) 1&3,a( b@nll- )))- 1&:\,a( b@nk':

n! Onp! ng ne! Mg 1

Then conditioning on Xgy,...,X and using U&# S

P Mg

a# S,,, ( b$%Cy& ( b', showsthat

Mg 1?

" #
X X
ER\' %KIE  ))) laa(bsn, - )))- laa( 6s8n,,, Col( 1
! 0 Ngga! Mo
%KCo&L( b'E&Ryx4'
for k* 2, from which the lemma follows by induction. s

Lemma 4. For every0< b< 1 andO< *<1, thereare consantsC; and

C, for which
X
P'W,2B,a< S, %a( b$%C,P"W, 2 B$ a2
n 0
and
X w &
P'W,2B,a< Z,%a( b$%C, &( j%j'dP &3
n 0 Wo2B

for all Borel setsB - W N anda* 0, where+! & # *?' =~ .

Proof. Let q! 1/* andp! 1/(1# *), sothat p and q are conjugate values
For EQ. (12), let Sy ! Xyn(1( )))( Xq for n* 0. Then,

P'W, 2B, a< S,%a( b$! P'W,2B,a< Sy, %a( b$

by stationarity. Summing this relation over n shows that the left side of
Eq. (12)is
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64 Kim and Woodroofe

z

P'W,2B,a< S, %a( b$! Nfé&a,a( b®dP, a4
n o fWo2Bg

where NfAg! P ﬁ! 01a&:,'. Clearly NfAg has the samedistribution as
N{A} for any Borel set A- R and, therefore, C}: supy,g.
EfN&, a( b¥g< 1 . Relation (12) now follows since the integral on
the right side of Eqg. (14) is at most

EfN&, a( b®gPP"W, 2 B %C,P'W, 2 BS,

by HotderOgnequality.

For Eq. (13), let +! (1# *2)/* and let C{ be asin Eq. (12) with b
replaced by b( 1. Then left side of Eqg. (13) at most

X

P'W,2B, k# 1< $ %k, a# k< S, %a( b# k( 1%
n Okl# 1

X
%2CY  P'W, 2B, k %j%j < k( 1$

ki 0
I "o &
ot 1" e it
%2Cq — &( j%j'dP
Kl 0 1( K Wo2B, k%$%j<k( 1
w ! e Ty Z e
%2C7 — . & ( j%jdP
kl 0 1(k ki 0 Wo2B, k%%j<k( 1
which hasthe form of the right side of Eq. (13). s

A RENEWAL THE OREM

For the proof of Eq. (2), let
Favy, ..., w ! E'an,wn#l,...'jwn Dowg, o, Wik ! W8

! %’11 e 1\N|(1yI Ql fdyg

WN
and
Y VA

Then Ejﬁ" # %, doesnot dependon n and approachesO ask! 1 , by
the Martingale ConvergenceTheorem.
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Theoreml. Let 0< )<1 andlet m beasin Eq. (9). Then

+
%

a||i1m i P"&/Vn,...,Wn#m( ' 2B, $ %c,a< Z,%a( b$

) n 0 i 85
b_, , +

#%P&VO""’W#m(l ZB,%%C%! 0,

uniformly with respet to Borel setsB- W™ for all 0< b< 1 and all
continuity points c of G.

Proof. It is brstshownthat Eq. (15) holds with Z, replacedby S,,; Eq. (15)
itself is then deducedfrom the Continuous Mapping Theorem. When Z ,
is replaced by S,,, denote the sum on the brstline of Eq. (15) by $ 4(B, ¢).
Fix b>0 and a continuity point c of G; let">0 beavaluefor which c+ ,
are continuity points of G; and let

B* 1 B\ fw2W™:$"&v,,..., Wy %cC+ ,g

X
$51 P'8V,...,Wym 1 2B, a< S, %a( b
n 0

and
X .
ry! P # $j* ,,a< S, %a( b$
n o0

Then $%#r, %$.8,c %$! ( ra So,

+ +
+ b T
:ﬁa@,C'#&P"&Vo,...,W#m( 1l 28,%%0&
+7° T
., b e
YomaxiS# P8, ..., Wym1' 2B°S
+ %

( ra( ;P"c# , %" %c( ,3$
0

By Eqg. (12) with * I 1/2,
q IR REREERRRERRERRRRRRIIIIELE]

jrai %Cy PAi%" # %j* .9

which approacheszeroasa! 1 . Relation (15), with Z, replacedby S,
then follows from Lemma 2 by letting a! 1 and, # 0.
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Somesimplibcations are possiblke in the generalcase.First, it su' ces
to estabish Eq. (15)for bxed, but arbitrary 0< b%%and continuity point
c of G; and it su' cesto show that Eqg. (15) holds for arbitrary families
B,- W™ (since B, may be chosen to nearly attain the supremum).
Further, it su' cesto estabish Eqg. (15) for arbitrary sequencesAg !
fa;,ay,...gfor whicha, ! 1, and, by consideing subseqgences,there
is no loss of gererality in supposing that o] limgpp, PTON, ..., W' 2
Bagexsts. If O!' 0, then Eq. (15) is clear. For then P"8V, ..., Wy m1' 2
B,$! Oasa! 1 (alongthesubseqence),andthe sumon its left sideis
at most

z #3=4

C, &( j&%iTdP
&NoH# Wy m( 1'2Ba

by Eq. (13) with * | 3/4. So, it su' cesto consider the caseO> 0.

Supposng that O> 0, let G,& ! Pf% %@, ..., Wym(1' 2 Byg
Then G, are tight, since O> 0, and there is no loss of generalty in
supposing that G, convergesto a limit Gasa! 1 along the subse-
quence.Let

X
J.&,c ! Pf&N ..., Wm( 1" 2 By, & %cC, a< S, %a( bg
n 0

X
K&,c ! PI&Np, ..., W 1' 2 By, $ %c, a< Z, %a( bg
nl 0

and
J; &,c' ! OEG&:'
1 ’ . %

for 0%b % %and#1 < c< 1 ;andusethe samesymbolsto denote the
induced measues over '0,%b. R. Thus, J; ! |I-. G=% where - is
Lebesguemeasue. Then J, and K, are bPnite measues over "0,%$. R
for which J, converges weakly to J,, by the specid case. Let
&, y'! &(vyy for 0%x %% and #1 < y< 1, where addition
is understood modulo % Then is continuous a.e. &'
and K,&,c ! Jf&;y :x( y%b, y%cg that is, K,! J,/ "%
Clearly, J; / #1 J,, by the translation in variance of Lebesguemea-
sure. That K, convergesweakly to J; ! J; / #* now follows directly
from the Continuous Map ping Theorem to complete the proof. S
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THE EXCESS

The Limiting Distribution. Recal that the brst passagetimes t, and
excessesR, are debnal by Egs. (3) and (4), and observe that

im Tt Swpil
dm -t o prl,

since limy;  $=! Owpl, limy;, Z,=n! % w.p.l, and Z;4,=t, %
a=t, % Z, =, for all su' ciently large a,

Theorem 2. For O0<r< s< 1 and continuity points #1 < b< c<
1 of G,
z

_ 17 .
lim P'b< & %c,r< R, %s$! = P'b< % %c, infZ, * usdy,
all a % k<0

r

whereZ,! &p1( )))( Xo' ( &# &' for n%# 1.

Proof. Let m! m, be asin Eqg. (9) and let k! k! m/2. Then
X
P'ta* m,r< R,%sb< § %c$! Pty* nr< 2z,
nl'm

#a%sb< § %c$
If , > 0, then

fta* nr<Z,# a%sg! fZ;%a,81%j<nr<Z,#a%sg
- fZ,# Zy; * 1,81< j %kg
- fSa# Suj ( &Y # S, * r#2,,81%j < kg
[ i # S * ., 91%] < kg

for all n* m, where 8 and 9 areto be read OOf@ll®é@nd OOf@omed et
Ba be the setof w! &, ... Wyum 1 2 W™ for which

XO( )))( X#j(l( $§“&VO!---1W#|(( 1'# #IM#j,-..,W#j#k( 1: *r# 2,
for all 1%j < k, wherex; ! O&;' ; and let

Ca! fw2 WM j$8y; ,Wyjsq, ...
# $§&I&V#J',...,W#j#k( 1-j * ,91%] < kg

Thenfty* nr< Z,# ag- f&V,,... W1 2 B[ fW, 2 C,g So,
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X
Pt,* nr< Z,# a%sb< & %c$
nl'm
X .
%  P'8Vn... W1 2Bar< Z,# a%sb< § %c$
nl' m

X
( P'W,2 C, r# c< S,# a%s# b$
n'm

S#Tr
%0

P"8&Vo, ... Wym1' 2 By b< & %c$

Hnnnunnnln

(o ( ) BW SR

So, since P't;<m$! 0, and P"&Vy,...,\Wyy1' 2 B$!
PiinfycoZy * r# 2,$asa! 1, it follows from Theorem 1 that
N s#r "
lim supP'r < R, %s,b< § %c$%— — Pb<$)%c |ank*r$
all

&6

by brstletting a! 1 andthen, # 0. Next, partition the interval (r, 9|
into Osubintervals of equal 'Length asr! rg<ry<)))<rag! s sothat

Pr<R;<sb%$, %c$! 1P"rj#l< Ra %rj,b< %, %c$ Applying
(16) to eachterm in the sum and then letting O!' 1 , it foll ows that
1 Zs
lim supP'b < §, %c,r< R, %s$% P"b< % %c, Ii(nfOZk * ugdu:
all <

A dual lower may be obtained similarly to completethe proof. s

Corollary. As a! 1, &,%,') H, whae H is asin Eq. (5) and )
denotes convergncein distribution.

Proof. This is clear. S
Uniform  Integrability. Let U,! X,( $# %41, so that
Z," Zp1( Uy,

Lemma 5. For any 0 < * < 1, thereis a constnt C3 for which
w &
PfW, 2 Bg%Cs &( Uit a (%t dP
W2B

for all Borel setsB - WN anda>0, whae +! & # *%' =,
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Proof. Sinceft,! ng- fZ,4s, %a< Z,g

X
PfW, 2 Bg%  PfZ, %a< Z,, W, 2 Bg
n 1
X X
% Pfk# 1< Zn %k, U, * a# k,W, 2 Bg
k%a()l(n! lw &
%C, &( j&i'"dP
k%a( 1 W(2B, Up>a#t k

by Eg. (13). As in proof of Lemma 4, the last line is at most
x ! "Lz &

2C, 1 & U§&L( j%i' T dP
Kl O l( k W(2B,Uq>k
% ! L " % Z #.
%2C, — . &( U§a( j&jtdP
k! 0 1(k ki 0 Wo2B,Ug>k

Finally, reverdng the ordersof summation and integration, in the secord
sum on the last line is at most

Z VA
X
&( U5 &(j%ITdP% & ( u§ttra( %'t dP,
W02B Kogy, Wy2B
completing the proof of the lemma. s

Theorem3. If F and G havebnite & ( #th momentsfor some#> 0, then
Ra and &, are uniformly integrablein a> 0.

Proof. Supposethat 0< #%1 (without loss of generalty); recall that
+1 8#*¥=: let .| &#*'=; let * < 1 be so close to one that
+%#4 and . %1( #4. Then E"&( U & ( j%j'"""$< 1 by
SchwarzOlnequality and E"& ( U§'**- & ( j%j'*$< 1 by Hoider®
Inequality. It follows that
w &
Pfj%,j > rg%Cs &( U§a( j&iTdP
i$>1'>lg%z &

% &( Ui gt dp

3
&a(r-

which is independent of a and integrable over 0%r < 1 , since
*. I 2#* > 1.So§, are uniformly integrable. Similarly,
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" Z #*
P'Ra> rieP"U{ > riC, &( U Mre( j&itdP
C " Z #*
Yoo &(U§ g jRitdP
a(r- u§>r
so that R, are unifor mly integrable.

Corollary. Let ' andv be the meansof the asymptotc distributions of R,
and$, . Then

1
E&,' ! — HV "
&, %&1( ( o&
Proof. This follows from Wald® Lemma, Theorem 3, and the relation
S.( & ! a( Ra s

Approximate stationaity. In the application to the SPRT, the log-
likelihood ratios were of the form

Zi! S (&,

where S, is a random walk with a positive drift and % were
approximately stationary. Consider %, of the form

! &V, &ar

where/,,: W ! R are measumable functions for which lim,; /,& !
$&v for a.e w&' ' ; and let

;! inffn* 1:Z,> ag &rd
and
Ry! Zp# & &b

The next theorem provides conditions under which R, and & have
the sameasymptdtic propertiesasR, and &, . Let

& ! supj/ ,&'j,
n

KRN,
Vol X& (B By
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Lemma6.ForanyO< b< 1 and0< * < 1, thereareconstart C;andC,

for which
0w &
P'W,2B,a< Z, %a( b$%C; & ( A dP a8
n o B
and
0w &
P'W,, 2 B$%C, &( Vo ( #¥*dp &9

Vo2B
for all Borel setsB - WN , whae +! &# *2'=*

Proof. The proof is similar to those of Lemmas 4 and 5, €! ectively
trading additional moment conditions for the exact stationarity.
The details are presened after the proof of Theorem 4.

Theorem4. Let §, be asin Eq. (8) and $,n* 1, be asin Eq. (17). If
limyr j&# %j! Ow.p.l then

lim P!t 1 21

and
EH#SJ(R#RY! O &2

in probability asa! 1 . If alsg Xo and /4 havebrite (3 ( #th moments
for some#> 0, thenR, and & are uniformly integrable.

Proof. First observe that limy,; $=n! 0 w.p.1 and, therefore,
lim,; t=a! 1=% Next, let ,>0 and 0< )< 1, and let B, be the event

Ba! ta* mtg* m Ry * 2, supjk# &) %,
n*m

where m is as in Eq. (9). Then B, implies that t,! t,, ! t;. The brst
equality is clear. For the second B, implies that t;* m, that
Zi! Zi( &# & wafor mAWbk<ty ,andthat Zy ! Z, ( § # &, >
a( ,#,! a sothatt;! t, Thus,

/ 0
lim supP ;6 t, % lim P&Y ! H&,":

all
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Relation (21)follows sincelim , (H&,' ! 0;and Eq. (22) is an easy
consequaece.For exampke, j& # & j %% # & ( j% # $,j of whichthe
brstterm approacheszerow.p.1asa! 1 of the secondequalszerowith
probability approaching one.

The proof the unifor m integrability is similar to that in Theorem 3.
For &, let *< 1 be so close to one 6+< # and . <1 ( (1/2)# Then
&( VoXra( A *isintegrable by HoiderOsnequality, and

h i / 0
P&E>r %Pﬁ{;> r
¥4 &
%Cs &( Volta( #l*dp
H>r
c 4 &
% 3 & V.1(+& -1(.(+dp
& o ( Vo ( %

which is indepencent of a and integrable of 0%r< 1 . So, & are uni-
formly integrable; and R; may be handled similarly. S

Proof of Lemma 6. Let A, ! fw2 WN: inf; j/;8" # kj % 1=2gfor k! O,
+1,+ 2;.... Then the left sideof Eq. (18) is at most

X X h [
PW,2B, k# i< $%k( 1 a#k#i<S, %a( b#t k(3
ki# 1 n O
X Xy 0
% PW,2A\ B,a# k# 1< S, %a( b# k( 3
ki# 1 nl O

X
%C, P'W,2A,\ B$
ki# 1

for someconstant C,, by Eq. (12). If k6 0, then A, - fw: A * Jikig,
and

1 n +Z

P"W, 2 A\ B$% & ( ' dp;

10 Gk wye2m, A>3k

and the latter inequality is also (trivially) true if k! 0. So, summing over
k and using HotderOdnequality with p! 1/(1# *) and q! 1/*,
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P'W, 2 A\ B$
ki# 1

! " Z #e
& ( HTdP

X

N
*
Iy

%2 —
) 1( k WD2B,/%>%|(

#*

&( #TdP
wo LOK g 1 WOZB,I%>%k

from which Eq. (18) follows by reverdng the summation and integration
symbols in the secord factor.

For Eqg. (19), brst observe that Z,# Zyu1! Xo( & # $u1 %
X (H( Bar! V, for all n. So, thereis a constant C; for which

X
PW. 2B$%  P'Zyy %a< Zp, W, 2 B$
n 1

X X
% Pk# 1< Zyuq %Kk, V,> a# k, W, 2 B$
k%a( 1n! 1

(4 &

X
%Cs &a( Hitdp
k%a( 1 W(2B, Vo> a# k

As above, the last line is at most

X ! ! *+O/z &

p O N— &( Vy't&( AN dp
wo 1CK Wo2B, Vo* k

")Q ! 1 " *+#l#*")¢ Z #e
%2C, — &( Vo & ( ﬁ%'l( *dP
wo LOK K 0 Wo2B,Vo* k

X
%2C; = &( Vot #¥tdp
k! 0 1(

! " *+#1#* Z #*

1
K W,y2B

establiging Eq. (19).
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