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ABSTRACT
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INTRODUCTION

Sequential problems that involve both censoring and staggered entry

lead to processes that are random walks perturbed, not by slowly

changing terms, but (approximately) stationary ones. To see how,

consider the following simple example. Suppose that patients arrive for

treatment at times 0 ¼ !0 < !1 < !2 < . . . , are treated, and live for

exponentially distributed periods Y1,Y2, . . . thereafter, with an unknown

failure rate ". Then the data available at time !n consist of

Ynk ¼ min½Yk,!n # !k#1$,

!nk ¼ 1fYk%!n#!k#1g

for k ¼ 1, . . . , n. The log-likelihood function given Yn1, . . . ,Ynn,

!n1, . . . ,!nn is

‘nð"Þ ¼ Kn logð"Þ # "Tn,

where Kn ¼ !n1 þ ) ) ) þ !nn and Tn ¼ Yn1 þ ) ) ) þ Ynn are the number of

failures and the total time on test at time !n. The sequential probability

ratio test for testing H0 : "¼ 1 vs. H1:"¼ # 6¼ 1 may be described as

follows: Let

"n ¼ ‘nð#Þ # ‘nð1Þ,

Na ¼ inffn * 1 : "n > ag,

and

Mb ¼ inffn * 1 : "n < #bg

for a, b* 0. The test takes a sample of size min(Na, Mb) and rejects H0 in

favor ofH1 iff Na<Mb. The dominant term in the type I error probability

is then

P1½Na <1$ ¼

Z

fNa<1g

e#"Na dP# ¼ e#aE#½e
#ð"Na

#aÞ$,

and the asymptotic distribution of "Na
# a is of interest. Following the

procedure in Lai and Siegmund,[3,4] it seems natural to write "n as a

perturbed random walk. This is not difficult, since

"n ¼ n logð#Þ # ð## 1ÞðY1 þ ) ) ) þ YnÞ þ ~$$n,

56 Kim and Woodroofe
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where

~$$n ¼ ð## 1Þ
X

n

j¼1

½Yn#jþ1 # ð!n # !n#jÞ$
þ # logð#Þ

X

n

j¼1

1fYn#jþ1>!n#!n#jg
,

1B denotes the indicator function of B, and xþ ¼max(x, 0).

Unfortunately, ~$$n is not slowly changing, as required by Lai and

Siegmund. However, if the arrival times !k form a renewal process

(so that !k # !k#1, k¼ 0, +1, + 2, . . . are i.i.d.), then ~$$n does have some

structure, since

~$$n , ð## 1Þ
X

1

j¼1

½Yn#jþ1 # ð!n # !n#jÞ$
þ # logð#Þ

X

1

j¼1

1fYn#jþ1>!n#!n#jg
¼ $n,

say, and the right side is a stationary process.

The proceeding is intended to motivate the study of renewal theory

for processes of the form

Zn ¼ Sn þ $n, ð1Þ

where Sn is a random walk with a positive drift %, say, and $n is a

stationary sequence with common marginal distribution function G,

say. The goal of the article is to contribute to such a study. A main

result is that

lim
a!1

X

1

n¼1

Pf$n % c,a < Zn % a þ b$ ¼
b

%
GðcÞ ð2Þ

for 0 < b <1 and continuity points c of G, under modest conditions.

Denote the first passage times and excesses by

ta ¼ inffn * 1 : Zn > ag ð3Þ

Ra ¼ Zta
# a: ð4Þ

Then the asymptotic joint distribution of $ta and Ra may be obtained

as from Eq. (2). It is shown that $ta and Ra have asymptotic joint

distribution function,

Hðc,rÞ ¼
1

%

Z r

0

P½$0 % c,M * u$ du ð5Þ

where

M ¼ inf
k<0

Zk ð6Þ

Non-linear Renewal Theory 57
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and

Zk ¼ Xkþ1 þ ) ) ) þ X0 þ ð$0 # $kÞ ð7Þ

for k% # 1. Under additional moment conditions, it is shown that Ra

and $ta are uniformly integrable in a>0 and that the main results

continue to hold for approximately stationary sequences. The main

results are specialized to the exponential case in Sec. 2, and the accuracy

of the resulting approximations is assessed using simulation. Formal

statements and proofs of the main results are presented in Secs. 4

and 5. Sec. 3 contains some preliminary lemmas.

The asymptotic (marginal) distribution of Ra is not new. It may

be obtained from Lalley’s[5] general renewal theorem for sums of station-

ary processes. Relations (2), (5), and the uniform integrability are new,

however (to the best of the authors’ knowledge), and the derivation of the

asymptotic distribution differs greatly from Lalley’s. The work of

Melfi[6,7] and Su[8,9] is related.

THE EXPONENTIAL CASE

The limiting distribution (5) of Ra and $ta suggests approximations to

the actual distributions. The use of these approximations is illustrated in

this section, and their accuracy assessed, in the exponential model with

!k ¼ k. Then

Xk ¼ logð#Þ # ð## 1ÞYk,

$k ¼
X

1

j¼1

½ð## 1Þ½Yk#jþ1 # j $þ # logð#Þ1fYk#jþ1>jg
$,

where Yk are i.i.d. exponentially distributed random variables and # 6¼ 1,

and Sn ¼ X1 þ ) ) ) þ Xn. As indicated in Introduction, there is special

interest in the distribution of Ra when "¼ #. Then the mean of Xk is

% ¼
1

#
# 1 # log

1

#

! "

> 0:

The distribution function H of Eq. (5) does not simplify, even in the

exponential case. It can be approximated by simulation, however. In

these simulations, the infimum M in Eq. (6) was truncated after 5000.

Define ~tta and ~RRa by Eqs. (1), (3), and (4) with $n replaced by ~$$n. Then the

means of the asymptotic distribution of ~$$ #tta and
~RRa are

58 Kim and Woodroofe
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& ¼

Z

R

Z 1

0

cHfdcdrg ¼
1

%
EðMþ

$0Þ

and

' ¼

Z

R

Z 1

0

rHfdcdrg ¼
1

2%
E ½ðMþÞ2$;

and

lim
a!1

Eðe# ~RRa Þ ¼ E
1 # e#Mþ

%

" #

:

The final rows of Tables 1–3 below list Monte Carlo estimates of

these values, based on 50,000 replications for #¼ 0.5, 0.75, 1.25, and 1.5.

To assess the speed of convergence, E#ð ~$$#tta Þ, E#ð ~RRaÞ, and E#ðe
# ~RRa Þ

were simulated for selected values of a. The differences are at most

two standard deviations for a* 4 in all but one case, and in many

cases for a* 2. The densities of Ra are compared to their limiting value

in Fig. 1.

Table 1. Convergence rate of average excess.

#¼ 0.5 #¼ 0.75 #¼ 1.25 #¼ 1.5

a ÊEð ~RRaÞ± ~((ð ~RRaÞ ÊEð ~RRaÞ±(̂(ð ~RRaÞ ÊEð ~RRaÞ±(̂(ð ~RRaÞ ÊEð ~RRaÞ±(̂(ð ~RRaÞ

0.5 0.5649±0.0017 0.2153±0.0007 0.0753±0.0002 0.1403±0.0004

1 0.4870±0.0014 0.2162±0.0008 0.0756±0.0002 0.1392±0.0004

2 0.5377±0.0019 0.2199±0.0008 0.0758±0.0002 0.1388±0.0004

4 0.5598±0.0020 0.2227±0.0008 0.0757±0.0002 0.1394±0.0004

8 0.5724±0.0021 0.2216±0.0008 0.0758±0.0002 0.1393±0.0004

1 0.5751±0.0060 0.2248±0.0040 0.0758±0.0009 0.1391±0.0013

Table 2. Convergence rate of Eðe"
~RRaÞ.

#¼ 0.5 #¼ 0.75 #¼ 1.25 #¼ 1.5

a ÊEðe# ~RRa Þ±(̂(
e# ~RRa ÊEðe# ~RRa Þ±(̂(

e# ~RRa ÊEðe# ~RRa Þ±(̂(
e# ~RRa ÊEðe# ~RRa Þ±(̂(

e# ~RRa

0.5 0.6094±0.0010 0.8155±0.0005 0.9288±0.0002 0.8730±0.0004

1 0.6433±0.0008 0.8171±0.0006 0.9285±0.0002 0.8741±0.0004

2 0.6319±0.0010 0.8145±0.0006 0.9283±0.0002 0.8744±0.0004

4 0.6228±0.0010 0.8123±0.0006 0.9284±0.0002 0.8739±0.0004

8 0.6176±0.0010 0.8133±0.0006 0.9283±0.0002 0.8740±0.0004

1 0.6155±0.0040 0.8196±0.0103 0.9305±0.0097 0.8717±0.0065

Non-linear Renewal Theory 59
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PRELIMINARIES

For the remainder of the article, . . .W#1,W0,W1,W2, . . . denote i.i.d.

random elements with values in a Polish space, W say, and Xk ¼ ’(Wk),

where ’: W ! R is a Borel measurable function. Let Q denote the

(common) marginal distribution of the Wk; let F denote the marginal

distribution of the Xk; and suppose throughout that F is a non-arithmetic

Table 3. Convergence rate of Eð~!!~ttaÞ:

#¼ 0.5 #¼ 0.75 #¼ 1.25 z#¼ 1.5

a ÊEð ~$$~tta Þ±(̂(ð ~$$~tta Þ ÊEð ~$$ ~tta Þ±(̂(ð ~$$~tta Þ ÊEð ~$$ ~tta Þ±(̂(ð ~$$ ~tta Þ ÊEð ~$$~tta Þ±(̂(ð ~$$~tta Þ

0.5 # 0.5843±0.0062 # 0.0950±0.0021 0.0000±0.0000 0.0000±0.0000

1 # 0.6724±0.0066 # 0.0993±0.0022 0.0000±0.0000 0.0000±0.0000

2 # 0.7409±0.0070 # 0.1021±0.0022 0.0000±0.0000 0.0000±0.0000

4 # 0.8315±0.0074 # 0.1004±0.0022 0.0000±0.0000 0.0000±0.0000

8 # 0.8688±0.0076 # 0.1031±0.0022 0.0000±0.0000 0.0000±0.0000

1 # 0.8458±0.0171 # 0.1137±0.0076 0.0000±0.0000 0.0000±0.0000

Figure 1. Limiting and empirical density of excess.

60 Kim and Woodroofe
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with a finite, positive mean % and variance (2. Next, let $n be a sequence

of the form

$n ¼ $ðWn,Wn#1, . . .Þ, ð8Þ

where $ is a measurable function onW N and N ¼ f0,1,2, . . .g ; let G be the

marginal distribution function of $n; suppose throughout that G has a

finite mean; and define Zn by Eq. (1) with Sn ¼ X1 þ ) ) ) þ Xn. The

exponential case is of this form with Wk ¼Yk.

Several lemmas are needed. Of these, Lemmas 2 and 4 are both

simple and crucial to subsequent developments. Given 0<)<1, let

m ¼
1 # )

%

! "

a

# $

, ð9Þ

and

!0ð),aÞ ¼
X

m

n¼0

P½Zn > a$, ð10Þ

where bxc is the greatest integer that is less than or equal to x.

Lemma 1. If 0<)<1, then lima!1 !0ð),aÞ ¼ 0.

Proof. The Baum–Katz[1] Inequalities are used in the following form: If

c>0 and n and r are positive integers, then

P max
1%k%n

jSk # k%j * c

% &

% n #FF
c

2r

' (

þ 2
4r2n(2

c2

 !r

,

where #FFðcÞ ¼ Fð#cÞ þ 1 # Fðc#Þ. See Chow and Teicher[2] (pp. 373–375)

for a derivation. So, for n % m ¼ ð1 # )Þa=%
) *

,

P½Zn > a$ % P Sn # n% >
1

2
)a

% &

þ P $n >
1

2
)a

% &

% n #FF
)a

8

' (

þ 2
64n(2

)2a2

 !2

þ #GG
1

2
)a

! "

,

and the lemma follows by summing this relation over n%m. s

Let U denote the renewal measure for the random walk S0,S1,S2, . . . ;

that is,

UfBg ¼
X

1

n¼0

P½Sn 2 B$

Non-linear Renewal Theory 61
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for Borel sets B - R. Then lima!1 Ufða,a þ b$g ¼ b=%, by the Renewal

Theorem. In addition, there is a constant C0 ¼C0(F ) for which

Ufða,a þ b$g % C0ð1 þ bÞ for all a 2 R and b>0.

Lemma 2. If m* 1 is any integer, 0 < a,b <1, and B - Wm is a Borel

set, then

X

1

n¼m

P½ðWn, . . . ,Wn#mþ1Þ 2 B, a < Sn % a þ b$

¼

Z

B

Ufða # s, a # s þ b$gQmfdw1 ) ) ) dwmg, ð11Þ

where s ¼ ’ ðw1Þ þ ) ) ) þ ’ ðwmÞ, and Qm ¼ Q . ) ) ) . Q denotes the

product measure. Moreover, if m is as in Eq. (9), then

lim
a!1

X

1

n¼0

P½ðWn, . . . ,Wn#mþ1Þ 2 B, a < Sn % a þ b$ #
b

%
QmfBg

+

+

+

+

+

+

+

+

+

+

¼ 0

uniformly with respect to Borel sets B - Wm for each fixed 0 < b <1 .

Proof. By independence and symmetry

P½ðWn, . . . ,Wn#mþ1Þ 2 B, a < Sn % a þ b$

¼

Z

B

P½a # s < Sn#m % a # s þ b$Qmfdw1 ) ) ) dwmg

for n*m. The first assertion follows by summing this relation over n*m.

If m is an in Eq. (9) then

X

1

n¼0

P½ðWn, . . . ,Wn#mþ1Þ 2 B, a < Sn % a þ b$ #
b

%
QmfBg

+

+

+

+

+

+

+

+

+

+

%

Z

B

Ufða # s, a # s þ b$g #
b

%

+

+

+

+

+

+

+

+

Qmfdw1 ) ) ) dwmg þ !0ð), aÞ

Let ">0 be so small that ð1 þ "Þð1 # )Þ < 1 and let a 0 ¼

½1 # ð1 þ "Þð1 # )Þ$a. Then, dividing the last integral into the ranges

s% (1þ ")m% and s>(1þ ")m% shows that previous line is at most

sup
r*a0

Ufðr, r þ b$g #
b

%

+

+

+

+

+

+

+

+

þ C0ð1 þ bÞP½Sm > mð1 þ "Þ%$ þ !0ð), aÞ,
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which is independent of B and approaches 0 as a ! 1. The second

assertion of the lemma follows directly. s

For the next two lemmas, let NfBg ¼
P1

n¼0 1BðSnÞ, so that U{B}¼

E[N{B}]. Also, denote elements of W N by w ¼ ðw0,w#1, . . .Þ, and let

Wn ¼ ðWn,Wn#1, . . .Þ.

Lemma 3. For any b>0 and integer k* 1, supa2R EfNða,a þ b$kg <1.

Proof. Expanding the product shows that (N (a, aþ b])k %Rk, where

Rk ¼ k!
X

1

n1¼0

X

1

n2¼n1

) ) )
X

1

nk¼nk#1

1ða,aþb$ðSn1
Þ . ) ) ) . 1ða,aþb$ðSnk

Þ:

Then conditioning on X1, . . . ,Xnk#1
and using Uða # Snk#1

,

a # Snk#1
þ b$ % C0ð1 þ bÞ, shows that

EðRkÞ % k!E
X

1

n1¼0

) ) )
X

1

nk#1¼nk#2

1ða,aþb$ðSn1
Þ. )) ).1ða,aþb$ðSnk#1

ÞC0ð1þbÞ

" #

% kC0ð1þbÞEðRk#1Þ

for k* 2, from which the lemma follows by induction. s

Lemma 4. For every 0 < b <1 and 0<*<1, there are constants C1 and

C2 for which

X

1

n¼0

P½Wn 2 B, a < Sn % a þ b$ % C1P½W0 2 B$* ð12Þ

and

X

1

n¼0

P½Wn 2 B, a < Zn % a þ b$ % C2

Z

W02B

ð1 þ j$0jÞ
+dP

% &*

, ð13Þ

for all Borel sets B - W N and a* 0, where + ¼ ð1 # *
2Þ=* .

Proof. Let q¼ 1/* and p¼ 1/(1# *), so that p and q are conjugate values.

For Eq. (12), let S#n ¼ X#nþ1 þ ) ) ) þ X0 for n* 0. Then,

P½Wn 2 B, a < Sn % a þ b$ ¼ P½W0 2 B, a < S#n % a þ b$

by stationarity. Summing this relation over n shows that the left side of

Eq. (12) is

Non-linear Renewal Theory 63
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X

1

n¼0

P½Wn 2 B, a < Sn % a þ b$ ¼

Z

fW02Bg

~NNfða,a þ b$g dP, ð14Þ

where ~NNfAg ¼
P1

n¼0 1AðS#nÞ. Clearly ~NNfAg has the same distribution as

N{A} for any Borel set A - R and, therefore, C
p
1 :¼ supa2R .

Ef ~NNða, a þ b$pg <1. Relation (12) now follows since the integral on

the right side of Eq. (14) is at most

Ef ~NNða, a þ b$pg1=pP½W0 2 B$1=q % C1P½W0 2 B$*,

by Hölder’s Inequality.

For Eq. (13), let +¼ (1# *
2)/* and let C 0

1 be as in Eq. (12) with b

replaced by bþ 1. Then left side of Eq. (13) at most

X

1

n¼0

X

1

k¼#1

P½Wn 2 B, k # 1 < $n % k, a # k < Sn % a þ b # k þ 1$

% 2C 0
1

X

1

k¼0

P½W0 2 B, k % j$0j < k þ 1$*

% 2C 0
1

X

1

k¼0

1

1 þ k

! "*+ Z

W02B, k%j$0j<kþ1

ð1 þ j$0jÞ
+dP

% &*

,

% 2C 0
1

X

1

k¼0

1

1 þ k

! "1þ*
" #1#*

.
X

1

k¼0

Z

W02B, k%j$0j<kþ1

ð1 þ j$0jÞ
+dP

" #*

which has the form of the right side of Eq. (13). s

A RENEWAL THEOREM

For the proof of Eq. (2), let

$
ðkÞðw1, . . . ,wkÞ ¼ E ½$ðWn,Wn#1, . . .ÞjWn ¼ w1, . . . ,Wn#kþ1 ¼ wk$

¼

Z

WN

$ðw1, . . . ,wk,yÞQ1fdyg,

and

$
ðkÞ
n ¼ $

ðkÞðWn, . . . ,Wn#kþ1Þ,

Then Ej$ðkÞ
n # $nj does not depend on n and approaches 0 as k ! 1, by

the Martingale Convergence Theorem.
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Theorem 1. Let 0<)<1 and let m be as in Eq. (9). Then

lim
a!1

+

+

+

+

+

X

1

n¼0

P½ðWn, . . . ,Wn#mþ1Þ 2 B, $n % c, a < Zn % a þ b$

#
b

%
P½ðW0, . . . ,W#mþ1Þ 2 B, $0 % c$

+

+

+

+

+

¼ 0,

ð15Þ

uniformly with respect to Borel sets B - Wm for all 0 < b <1 and all

continuity points c of G.

Proof. It is first shown that Eq. (15) holds with Zn replaced by Sn; Eq. (15)

itself is then deduced from the Continuous Mapping Theorem. When Zn

is replaced by Sn, denote the sum on the first line of Eq. (15) by $a(B, c).

Fix b>0 and a continuity point c of G; let ">0 be a value for which c+ ,

are continuity points of G; and let

B+ ¼ B \ fw 2 Wm
: $

ðmÞðw1, . . . ,wmÞ % c + ,g,

$
+
a ¼

X

1

n¼0

P½ðWn, . . . ,Wn#mþ1Þ 2 B+, a < Sn % a þ b$,

and

ra ¼
X

1

n¼0

P½j$ðmÞ
n # $nj * ,, a < Sn % a þ b$:

Then $
#
a #ra % $aðB,cÞ % $

þ
a þ ra. So,

$aðB,cÞ #
b

%
P½ðW0, . . . ,W#mþ1Þ 2 B, $0 % c$

+

+

+

+

+

+

+

+

% max
+

$
+
a #

b

%
P½ðW0, . . . ,W#mþ1Þ 2 B+$

+

+

+

+

+

+

+

+

þ ra þ
b

%
P½c # , % $

ðmÞ
0 % c þ ,$:

By Eq. (12) with *¼ 1/2,

jraj % C1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pfj$
ðmÞ
0 # $0j * ,g

q

which approaches zero as a ! 1. Relation (15), with Zn replaced by Sn,

then follows from Lemma 2 by letting a ! 1 and , # 0.
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Some simplifications are possible in the general case. First, it suffices

to establish Eq. (15) for fixed, but arbitrary 0<b%% and continuity point

c of G; and it suffices to show that Eq. (15) holds for arbitrary families

Ba - Wm (since Ba may be chosen to nearly attain the supremum).

Further, it suffices to establish Eq. (15) for arbitrary sequences A0 ¼

fa1,a2, . . .g for which ak ! 1, and, by considering subsequences, there

is no loss of generality in supposing that ‘ ¼ lima2A0
PfðW1, . . . ,WmÞ 2

Bag exists. If ‘ ¼ 0, then Eq. (15) is clear. For then P½ðW0, . . . ,W#mþ1Þ 2

Ba$ ! 0 as a ! 1 (along the subsequence), and the sum on its left side is

at most

C2

Z

ðW0,#,W#mþ1Þ2Ba

ð1 þ j$0j
7=12ÞdP

" #3=4

,

by Eq. (13) with *¼ 3/4. So, it suffices to consider the case ‘ > 0.

Supposing that ‘ > 0, let ~GGaðcÞ ¼ Pf$0 % cjðW0, . . . ,W#mþ1Þ 2 Bag.

Then ~GGa are tight, since ‘ > 0, and there is no loss of generality in

supposing that ~GGa converges to a limit ~GG as a ! 1 along the subse-

quence. Let

Jaðb,cÞ ¼
X

1

n¼0

PfðWn, . . . ,Wn#mþ1Þ 2 Ba, $n % c, a < Sn % a þ bg,

Kaðb,cÞ ¼
X

1

n¼0

PfðWn, . . . ,Wn#mþ1Þ 2 Ba, $n % c, a < Zn % a þ bg,

and

J1ðb,cÞ ¼ ‘
b

%
~GGðcÞ

for 0 % b % % and #1 < c <1; and use the same symbols to denote the

induced measures over ½0,%$ . R. Thus, J1 ¼ l-. ~GG=% where - is

Lebesgue measure. Then Ja and Ka are finite measures over ½0,%$ . R

for which Ja converges weakly to J1, by the special case. Let

 ðx, yÞ ¼ ðx þ y, yÞ for 0 % x % % and #1 < y <1, where addition

is understood modulo %. Then  is continuous a.e. ðJ1Þ

and Kaðb, cÞ ¼ Jafðx; yÞ : x þ y % b, y % cg; that is, Ka ¼ Ja /  #1.

Clearly, J1 /  #1 ¼ J1, by the translation in variance of Lebesgue mea-

sure. That Ka converges weakly to J1 ¼ J1 /  #1 now follows directly

from the Continuous Mapping Theorem to complete the proof. s

66 Kim and Woodroofe



D
o

w
n

lo
a

d
e

d
 B

y
: 
[U

n
iv

e
rs

it
y
 o

f 
M

ic
h

ig
a

n
] 

A
t:
 2

2
:3

4
 2

7
 O

c
to

b
e

r 
2

0
0

7
 

©2003 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

MARCEL DEKKER, INC. • 270 MADISON AVENUE • NEW YORK, NY 10016

THE EXCESS

The Limiting Distribution. Recall that the first passage times ta and

excesses Ra are defined by Eqs. (3) and (4), and observe that

lim
a!1

1

a
ta ¼

1

%
w:p:1,

since limn!1 $n=n ¼ 0w:p:1, limn!1 Zn=n ¼ % w.p.1, and Zta#1=ta %

a=ta % Zta
=ta for all sufficiently large a,

Theorem 2. For 0 < r < s <1 and continuity points #1 < b < c <

1 of G,

lim
a!1

P½b < $ta % c, r < Ra % s$ ¼
1

%

Z s

r

P½b < $0 % c, inf
k<0

Zk * u$ du,

where Zn ¼ ðXnþ1 þ ) ) ) þ X0Þ þ ð$0 # $nÞ for n % #1.

Proof. Let m¼ma be as in Eq. (9) and let k¼ ka ¼m/2. Then

P½ta * m, r < Ra % s, b < $ta % c$ ¼
X

1

n¼m

P½ta * n, r < Zn

#a % s, b < $n % c$

If , > 0, then

fta * n, r< Zn # a % sg ¼ fZj % a,81 % j < n, r< Zn # a % sg

- fZn #Zn#j * r,81< j % kg

- fSn #Sn#j þ ð$ðkÞ
n # $

ðkÞ
n#jÞ * r# 2,,81 % j < kg

[ fj$n#j # $
ðkÞ
n#jj * ,,91 % j < kg

for all n * m, where 8 and 9 are to be read ‘‘for all’’ and ‘‘for some’’. Let

Ba be the set of w ¼ ðw0, . . . ,w#mþ1Þ 2 Wm for which

x0 þ ) ) ) þ x#jþ1 þ $
ðkÞðw0, . . . ,w#kþ1Þ # $

ðkÞðw#j , . . . ,w#j#kþ1Þ * r # 2,

for all 1 % j < k, where xj ¼ ’ ðwjÞ ; and let

Ca ¼ fw 2 WN
: j$ðw#j,w#j#1, . . .Þ

# $
ðkÞðw#j , . . . ,w#j#kþ1Þj * , 91 % j < kg:

Then fta * n, r < Zn # ag - fðWn, . . . ,Wn#mþ1Þ 2 Bag [ fWn 2 Cag. So,
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X

1

n¼m

P½ta * n, r < Zn # a % s, b < $
k
n % c$

%
X

1

n¼m

P½ðWn, . . . ,Wn#mþ1Þ 2 Ba, r < Zn # a % s, b < $
ðkÞ
n % c$

þ
X

1

n¼m

P½Wn 2 Ca, r # c < Sn # a % s # b$:

%
s # r

%
P½ðW0, . . . ,W#mþ1Þ 2 Ba; b < $

ðkÞ
0 % c$

þ oð1Þ þ C1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P½W0 2 Ca$
p

,

So, since P½ta < m$ ! 0, and P½ðW0, . . . ,W#mþ1Þ 2 Ba$ !

P½infk<0 Zk * r # 2,$ as a ! 1, it follows from Theorem 1 that

lim sup
a!1

P½r < Ra % s, b < $ta % c$ %
s # r

%
P½b < $0 % c, inf

k<0
Zk * r$,

ð16Þ

by first letting a ! 1 and then , # 0. Next, partition the interval (r, s]

into ‘ subintervals of equal length as r ¼ r0 < r1 < ) ) ) < r‘, ¼ s, so that

P½r < Ra < s, b % $ta % c$ ¼
P‘

j¼1 P½rj#1 < Ra % rj , b < $ta % c$. Applying

(16) to each term in the sum and then letting ‘! 1, it follows that

lim sup
a!1

P½b < $ta % c, r < Ra % s$ %
1

%

Z s

r

P½b < $0 % c, inf
k<0

Zk * u$ du:

A dual lower may be obtained similarly to complete the proof. s

Corollary. As a ! 1, ðRa,$ta Þ ) H, where H is as in Eq. (5) and )

denotes convergence in distribution.

Proof. This is clear. s

Uniform Integrability. Let Un ¼ Xn þ $n # $n#1, so that

Zn ¼ Zn#1 þ Un.

Lemma 5. For any 0 < * < 1, there is a constant C3 for which

PfWta
2 Bg % C3

Z

W02B

ð1 þ Uþ
0 Þ1þ+ð1 þ j$0jÞ

+ dP

% &*

for all Borel sets B - WN and a>0, where + ¼ ð1 # *
2Þ=*.
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Proof. Since fta ¼ ng - fZn#1 % a < Zng,

PfWta
2 Bg %

X

1

n¼1

PfZn#1 % a < Zn, Wn 2 Bg

%
X

k%aþ1

X

1

n¼1

Pfk # 1 < Zn#1 % k,Un * a # k,Wn 2 Bg

% C2

X

k%aþ1

Z

W02B,U0>a#k

ð1 þ j$0jÞ
+ dP

% &*

,

by Eq. (13). As in proof of Lemma 4, the last line is at most

2C2

X

1

k¼0

1

1þk

! "*+ Z

W02B,U0>k

ð1þUþ
0 Þ+ð1þ j$0jÞ

+dP

% &*

%2C2

X

1

k¼0

1

1þk

! "1þ*
" #1#*

.
X

1

k¼0

Z

W02B,U0>k

ð1þUþ
0 Þ+ð1þ j$0jÞ

+dP

" #*

Finally, reversing the orders of summation and integration, in the second

sum on the last line is at most

Z

W02B

X

k%U0

ð1 þ Uþ
0 Þ+ð1 þ j$0jÞ

+ dP %

Z

W02B

ð1 þ Uþ
0 Þ1þ+ð1 þ j$0jÞ

+ dP,

completing the proof of the lemma. s

Theorem 3. If F and G have finite ð2 þ #Þth moments for some # > 0, then

Ra and $ta are uniformly integrable in a>0.

Proof. Suppose that 0 < # % 1 (without loss of generality); recall that

+ ¼ ð1 # *
2Þ=*; let . ¼ ð2 # *Þ=*; let * < 1 be so close to one that

+ % #=4 and . % 1 þ #=4. Then E ½ð1 þ Uþ
0 Þ1þ+ð1 þ j$0jÞ

+þ. $ <1 by

Schwarz’ Inequality and E ½ð1 þ Uþ
0 Þ1þ+þ.ð1 þ j$0jÞ

+$ <1 by Hölder’s

Inequality. It follows that

Pfj$ta j > rg % C3

Z

j$0j>r

ð1 þ Uþ
0 Þ1þ+ð1 þ j$0jÞ

+ dP

% &*

,

%
C3

ð1 þ rÞ*.

Z

ð1 þ Uþ
0 Þ1þ+ð1 þ j$0jÞ

.þ+ dP

% &*

,

which is independent of a and integrable over 0 % r <1, since

*. ¼ 2 # * > 1. So $ta are uniformly integrable. Similarly,
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P½Ra>r$%P½Uþ
ta
>r$%C3

Z

Uþ
0
>r

ð1þUþ
0 Þ1þ+ð1þj$0jÞ

+dP

" #*

%
C3

ð1þrÞ*.

Z

Uþ
0
>r

ð1þUþ
0 Þ1þ+þ.ð1þj$0jÞ

+dP

" #*

,

so that Ra are uniformly integrable.

Corollary. Let ' and v be the means of the asymptotic distributions of Ra

and $ta . Then

EðtaÞ ¼
1

%
ða þ '# vÞ þ oð1Þ:

Proof. This follows from Wald’s Lemma, Theorem 3, and the relation

Sta
þ $ta ¼ a þ Ra. s

Approximate stationarity. In the application to the SPRT, the log-

likelihood ratios were of the form

~ZZn ¼ Sn þ ~$$n,

where Sn is a random walk with a positive drift and ~$$n were

approximately stationary. Consider ~$$n of the form

~$$n ¼ /nðWnÞ, ð17Þ

where /n : W ! R are measurable functions for which limn!1 /nðwÞ ¼

$ðwÞ for a.e. wðQ1Þ ; and let

~tta ¼ inffn * 1 : ~ZZn > ag ð17aÞ

and

~RRa ¼ ~ZZ ~tta
# a: ð17bÞ

The next theorem provides conditions under which ~RRa and ~$$ ~tta have

the same asymptotic properties as Ra and $ta . Let

#//ðwÞ ¼ sup
n

j/nðwÞj,

#//n ¼ #//ðWnÞ,

Vn ¼ X þ
n þ #//n þ #//n#1:
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Lemma 6. For any 0 < b <1 and 0 < * < 1, there are constant C3 and C4

for which

X

1

n¼0

P½Wn 2 B, a < ~ZZn % a þ b$ % C3

Z

B

ð1 þ #//0Þ
1þ+ dP

% &*

ð18Þ

and

P½W ~tta
2 B$ % C4

Z

V02B

ð1 þ V0Þ
1þ+ð1 þ #//0Þ

1þ+ dP

% &*

ð19Þ

for all Borel sets B - W N , where + ¼ ð1 # *
2Þ=* .

Proof. The proof is similar to those of Lemmas 4 and 5, effectively

trading additional moment conditions for the exact stationarity.

The details are presented after the proof of Theorem 4.

Theorem 4. Let $n be as in Eq. (8) and ~$$n, n * 1, be as in Eq. (17). If

limn!1 j ~$$n # $nj ¼ 0 w.p.1, then

lim
a!1

P½~tta ¼ ta$ ¼ 1 ð21Þ

and

j ~$$ ~tta # $ta j þ j ~RRa # Raj ! 0 ð22Þ

in probability as a ! 1 . If also, X0 and #//0 have finite (3þ #)th moments

for some # > 0 , then ~RRa and ~$$ ~tta are uniformly integrable.

Proof. First observe that limn!1
~$$n=n ! 0 w.p.1 and, therefore,

lima!1
~tta=a ¼ 1=%. Next, let ,>0 and 0<)<1, and let Ba be the event

Ba ¼ ta * m, ~tta * m, Ra#, * 2,, sup
n*m

j ~$$n # $nj % ,

- .

,

where m is as in Eq. (9). Then Ba implies that ta ¼ ta#, ¼ ~tta. The first

equality is clear. For the second, Ba implies that ~tta * m, that
~ZZk ¼ Zk þ ~$$k # $k % a for m % k < ta#,, and that ~ZZta

¼ Zta
þ ~$$ta # $ta >

a þ ,# , ¼ a, so that ~tta ¼ ta. Thus,

lim sup
a!1

P ~tta 6¼ ta
/ 0

% lim
a!1

PðB0
aÞ ¼ Hð2,Þ:
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Relation (21) follows since lim,!0 Hð2,Þ ¼ 0 ; and Eq. (22) is an easy

consequence. For example, j ~$$~tta # $ta j % j ~$$ ~tta # $ ~tta j þ j$ ~tta # $ta j of which the

first term approaches zero w.p.1 as a ! 1 of the second equals zero with

probability approaching one.

The proof the uniform integrability is similar to that in Theorem 3.

For ~$$ ~tta , let *<1 be so close to one 6+<# and .<1þ (1/2)#. Then

ð1 þ V0Þ
1þ+ð1 þ #//0Þ

1þ.þ+ is integrable by Hölder’s Inequality, and

P ~$$ ~tta > r
h i

% P #// ~tta > r
/ 0

% C3

Z

#//0>r

ð1 þ V0Þ
1þ+ð1 þ #//0Þ

1þ+dP

% &*

%
C3

ð1 þ rÞ*.

Z

#//0>r

ð1 þ V0Þ
1þ+ð1 þ #//0Þ

1þ.þ+dP

% &*

,

which is independent of a and integrable of 0% r< 1. So, ~$$ ~tta are uni-

formly integrable; and ~RRa may be handled similarly. s

Proof of Lemma 6. Let Ak ¼ fw 2 W N
: inf j j/jðwÞ # kj % 1=2g for k ¼ 0,

+1, + 2; . . . . Then the left side of Eq. (18) is at most

X

1

k¼#1

X

1

n¼0

P Wn 2 B, k# 1
2
< ~$$n % kþ 1

2
, a# k# 1

2
< Sn % aþ b# kþ 1

2

h i

%
X

1

k¼#1

X

1

n¼0

P Wn 2 Ak \B, a# k# 1
2
< Sn % aþ b# kþ 1

2

/ 0

% C2

X

1

k¼#1

P Wn 2 Ak \B½ $d

for some constant C2, by Eq. (12). If k 6¼ 0, then Ak - fw : #//ðwÞ * 1
2
jkjg,

and

P½W0 2 Ak \ B$ %
2

1 þ jkj

! "+Z

Wo2B, #//0>
1
2
jkj

ð1 þ #//0Þ
+dP;

and the latter inequality is also (trivially) true if k¼ 0. So, summing over

k and using Hölder’s Inequality with p¼ 1/(1# *) and q¼ 1/*,
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X

1

k¼#1

P½Wn 2 Ak \ B$*

% 2
X

1

k¼0

2

1 þ k

! "*+ Z

Wo2B, #//o>
1
2
k

ð1 þ #//0Þ
+dP

" #*

% 2
X

1

k¼0

2

1 þ k

! "1þ*
" #1#*

X

1

k¼#1

Z

Wo2B, #//o>
1
2
k

ð1 þ #//0Þ
+dP

" #*

from which Eq. (18) follows by reversing the summation and integration

symbols in the second factor.

For Eq. (19), first observe that ~ZZn # ~ZZn#1 ¼ Xn þ ~$$n # ~$$n#1 %

X þ
n þ #//n þ #//n#1 ¼ Vn for all n. So, there is a constant C3 for which

P½W ~tta
2 B$ %

X

1

n¼1

P½ ~ZZn#1 % a < ~ZZn, Wn 2 B$

%
X

k%aþ1

X

1

n¼1

P½k # 1 < ~ZZn#1 % k, Vn > a # k, Wn 2 B$

% C3

X

k%aþ1

Z

W02B, V0>a#k

ð1 þ #//0Þ
1þ+dP

% &*

:

As above, the last line is at most

2C3

X

1

k¼0

1

1þk

! "*+ Z

W02B,V0*k

ð1þV0Þ
+ð1þ #//0Þ

1þ+dP

% &*

% 2C3

X

1

k¼0

1

1þk

! "*+
" #1#*

X

1

k¼0

Z

Wo2B,V0*k

ð1þV0Þ
+ð1þ #//0Þ

1þ+dP

" #*

% 2C3

X

1

k¼0

1

1þk

! "*+
" #1#*"

Z

Wo2B

ð1þV0Þ
1þ+ð1þ #//0Þ

1þ+dP

#*

,

establishing Eq. (19).
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