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INTR ODUCT ION

Sequential problems that involve both censoring and staggeredentry
lead to processes that are random walks perturbed, not by slowly
changing terms, but (approximately) stationary ones. To see how,
consider the followi ng simple example. Suppose that patients arrive for
treatment at times 0 ! ! 0 < ! 1 < ! 2 < . . . , are treated, and live for
exponentially distribut ed periods Y1,Y2, . . . thereafter, with an unknown
failure rate ". Then the data available at time ! n consist of

Ynk ! min"Yk,! n # ! k# 1$,

! nk ! 1fYk%! n# ! k# 1g

for k ! 1, . . . , n. The log-likelihood function given Yn1, . . . , Ynn,
! n1, . . . , ! nn is

Ôn&"' ! Kn log&" ' # "Tn,

whereKn ! ! n1 ( ) ) ) ( ! nn and Tn ! Yn1 ( ) ) ) ( Ynn are the number of
failures and the total time on test at time ! n. The sequential probability
ratio test for testing H0 : " ! 1 vs. H1:" ! #6! 1 may be described as
follows: Let

" n ! Ôn&#' # Ôn&1' ,

Na ! inf fn * 1 : " n > ag,

and

M b ! inf fn * 1 : " n < # bg

for a, b* 0. The test takesa sample of sizemin(Na, M b) and rejects H0 in
favor of H1 i! Na< M b. The dominant term in the type I error probability
is then

P1"Na < 1 $!
Z

fNa< 1g
e# " Na dP# ! e# aE#"e

#&" Na# a' $,

and the asymptotic distribut ion of " Na
# a is of interest. Fol lowing the

procedure in Lai and Siegmund,[3,4] it seemsnatural to write " n as a
perturbed random walk. This is not di" cult, since

" n ! n log&#' # &## 1'&Y1 ( ) ) ) ( Yn' ( ~$$n,

56 Kim and Woodroofe
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where

~$$n ! &## 1'
Xn

j! 1

"Yn# j( 1 # &! n # ! n# j '$
( # log&#'

Xn

j! 1

1fYn# j( 1> ! n# ! n# j g,

1B denotes the indicator function of B, and x( ! max(x, 0).
Unfor tunately, ~$$n is not slowly changing, as required by Lai and
Siegmund. However, if the arrival times ! k form a renewal process
(so that ! k # ! k# 1, k ! 0, + 1, + 2, . . . are i.i .d.), then ~$$n does have some
structure, since

~$$n , &## 1'
X1

j! 1

"Yn# j( 1 # &! n # ! n# j '$
( # log&#'

X1

j! 1

1fYn# j( 1> ! n# ! n# j g ! $n,

say, and the right side is a stationary process.
The proceedingis intended to motivate the study of renewal theory

for processesof the form

Zn ! Sn ( $n, &1'

where Sn is a random walk with a positive drif t %, say, and $n is a
stationary sequencewith common marginal distribution function G,
say. The goal of the article is to contribute to such a study. A main
result is that

lim
a!1

X1

n! 1

Pf$n % c,a < Zn % a ( b$!
b
%

G&c' &2'

for 0 < b < 1 and continuity points c of G, under modest conditions.
Denote the Þrst passagetimes and excessesby

ta ! inf fn * 1 : Zn > ag &3'

Ra ! Z ta
# a: &4'

Then the asymptotic joint distribution of $ta
and Ra may be obtained

as from Eq. (2). It is shown that $ta
and Ra have asymptotic joint

distribut ion function,

H &c,r' !
1
%

Z r

0
P"$0 % c,M * u$du &5'

where

M ! inf
k< 0

Z k &6'

Non-linear RenewalTheory 57
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and

Z k ! Xk( 1 ( ) ) ) ( X0 ( &$0 # $k ' &7'

for k %# 1. Under additional moment conditions, it is shown that Ra

and $ta
are unifor mly integrable in a>0 and that the main results

continue to hold for approximately stationary sequences. The main
resultsare specialized to the exponential casein Sec.2, and the accuracy
of the resulting approximations is assessed using simulation. Formal
statements and proofs of the main results are presented in Secs. 4
and 5. Sec.3 contains somepreliminary lemmas.

The asymptotic (marginal) distribut ion of Ra is not new. It may
be obtained from Lal leyÕs[5] generalrenewal theoremfor sumsof station-
ary processes.Relations (2), (5), and the unifor m integrabilit y are new,
however (to the bestof the authorsÕknowledge),and the derivation of the
asymptotic distribution di! ers greatly from LalleyÕs.The work of
MelÞ[6,7] and Su[8,9] is related.

THE EXPONENT IAL CASE

The limiting distribut ion (5) of Ra and $ta
suggestsapproximati ons to

the actual distribut ions. The useof theseapproximations is illu strated in
this section, and their accuracyassessed, in the exponential model with
! k ! k. Then

Xk ! log&#' # &## 1' Yk,

$k !
X1

j! 1

"&## 1'"Yk# j( 1 # j $( # log&#' 1fYk# j( 1> jg$,

whereYk are i.i.d. exponentially distribut ed random variablesand #6! 1,
and Sn ! X1 ( ) ) ) ( Xn. As indicated in Introduction , there is special
interest in the distribution of Ra when " ! #. Then the mean of Xk is

%!
1
#

# 1 # log
1
#

! "
> 0:

The distribut ion function H of Eq. (5) does not simplify, evenin the
exponential case. It can be approximated by simulation, however. In
thesesimulations, the inÞmum M in Eq. (6) was truncated after 5000.
DeÞne~tta and ~RRa by Eqs. (1), (3), and (4) with $n replaced by ~$$n. Then the
meansof the asymptotic distribution of ~$$#tta

and ~RRa are

58 Kim and Woodroofe
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&!
Z

R

Z 1

0
cHfdcdrg!

1
%

E&M ( $0'

and

' !
Z

R

Z 1

0
rH fdcdrg!

1
2%

E "&M ( ' 2$;

and

lim
a!1

E&e# ~RRa ' ! E
1 # e# M (

%

" #

:

The Þnal rows of Tables 1Ð3 below list Monte Carlo estimates of
thesevalues,basedon 50,000replications for #! 0.5, 0.75,1.25,and 1.5.

To assessthe speedof convergence, E#&~$$#tta
' , E#&~RRa' , and E#&e

# ~RRa '
were simulated for selected values of a. The di! erences are at most
two standard deviations for a* 4 in all but one case, and in many
casesfor a* 2. The densities of Ra are compared to their limiting value
in Fig. 1.

Table 1. Convergencerate of averageexcess.

#! 0.5 #! 0.75 #! 1.25 #! 1.5

a ÊE&~RRa' ± ~(( &~RRa' ÊE&~RRa' ± (̂( &~RRa' ÊE&~RRa' ± (̂( &~RRa' ÊE&~RRa' ± (̂( &~RRa'
0.5 0.5649±0.0017 0.2153±0.0007 0.0753±0.0002 0.1403±0.0004
1 0.4870±0.0014 0.2162±0.0008 0.0756±0.0002 0.1392±0.0004
2 0.5377±0.0019 0.2199±0.0008 0.0758±0.0002 0.1388±0.0004
4 0.5598±0.0020 0.2227±0.0008 0.0757±0.0002 0.1394±0.0004
8 0.5724±0.0021 0.2216±0.0008 0.0758±0.0002 0.1393±0.0004
1 0.5751±0.0060 0.2248±0.0040 0.0758±0.0009 0.1391±0.0013

Table 2. Convergencerate of E!e" ~RRa#.

#! 0.5 #! 0.75 #! 1.25 #! 1.5

a ÊE&e# ~RRa ' ± (̂( e# ~RRa ÊE&e# ~RRa ' ± (̂( e# ~RRa ÊE&e# ~RRa ' ± (̂( e# ~RRa ÊE&e# ~RRa ' ± (̂( e# ~RRa

0.5 0.6094±0.0010 0.8155±0.0005 0.9288±0.0002 0.8730±0.0004
1 0.6433±0.0008 0.8171±0.0006 0.9285±0.0002 0.8741±0.0004
2 0.6319±0.0010 0.8145±0.0006 0.9283±0.0002 0.8744±0.0004
4 0.6228±0.0010 0.8123±0.0006 0.9284±0.0002 0.8739±0.0004
8 0.6176±0.0010 0.8133±0.0006 0.9283±0.0002 0.8740±0.0004
1 0.6155±0.0040 0.8196±0.0103 0.9305±0.0097 0.8717±0.0065

Non-linear RenewalTheory 59
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PRELIMIN ARIES

For the remainder of the article, . . . W# 1,W0,W1,W2, . . . denote i.i.d.
random elements with valuesin a Polish space,W say, and Xk ! Õ(Wk),
where Õ: W ! R is a Borel measurable function. Let Q denote the
(common) marginal distribut ion of the Wk; let F denote the marginal
distribut ion of the Xk; and supposethroughout that F is a non-arithmetic

Table 3. Convergencerate of E! ~!! ~tta
#:

#! 0.5 #! 0.75 #! 1.25 z#! 1.5

a ÊE&~$$~tta
' ± (̂( &~$$~tta

' ÊE&~$$~tta
' ± (̂( &~$$~tta

' ÊE&~$$~tta
' ± (̂( &~$$~tta

' ÊE&~$$~tta
' ± (̂( &~$$~tta

'
0.5 # 0.5843±0.0062 # 0.0950±0.0021 0.0000±0.0000 0.0000±0.0000

1 # 0.6724±0.0066 # 0.0993±0.0022 0.0000±0.0000 0.0000±0.0000
2 # 0.7409±0.0070 # 0.1021±0.0022 0.0000±0.0000 0.0000±0.0000
4 # 0.8315±0.0074 # 0.1004±0.0022 0.0000±0.0000 0.0000±0.0000
8 # 0.8688±0.0076 # 0.1031±0.0022 0.0000±0.0000 0.0000±0.0000

1 # 0.8458±0.0171 # 0.1137±0.0076 0.0000±0.0000 0.0000±0.0000

Figure 1. Limiting and empirical density of excess.

60 Kim and Woodroofe
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with a Þnite, positive mean%and variance( 2. Next, let $n be a sequence
of the form

$n ! $&Wn,Wn# 1, . . .' , &8'

where$ is a measurablefunction on W N and N ! f0,1,2,. . .g; let G bethe
marginal distribut ion function of $n; supposethroughout that G has a
Þnite mean; and deÞne Zn by Eq. (1) with Sn ! X1 ( ) ) ) ( Xn. The
exponential caseis of this form with Wk ! Yk.

Several lemmas are needed. Of these, Lemmas 2 and 4 are both
simple and crucial to subsequentdevelopments. Given 0< ) <1, let

m !
1 # )

%

! "
a

# $
, &9'

and

! 0&) ,a' !
Xm

n! 0

P"Zn > a$, &10'

where bxc is the greatestinteger that is lessthan or equal to x.

Lemma 1. If 0< ) <1, then lima!1 ! 0&) ,a' ! 0.

Proof. The BaumÐKatz[1] Inequalities are usedin the followi ng form: If
c>0 and n and r are positive integers, then

P max
1%k%n

jSk # k%j * c
% &

% n #FF
c
2r

' (
( 2

4r2n( 2

c2

 ! r

,

where #FF&c' ! F&#c' ( 1 # F&c#' . See Chow and Teicher[2] (pp. 373Ð375)
for a derivation. So, for n %m ! &1 # ) ' a=%

) *
,

P"Zn > a$% P Sn # n%>
1
2

) a
% &

( P $n >
1
2

) a
% &

% n #FF
) a
8

' (
( 2

64n( 2

) 2a2

 ! 2

( #GG
1
2

) a
! "

,

and the lemma follows by summing this relation over n%m. s
Let U denote the renewal measure for the random walk S0,S1,S2, . . . ;

that is,

UfBg!
X1

n! 0

P"Sn 2 B$

Non-linear RenewalTheory 61
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for Borel setsB - R. Then lima!1 Uf&a,a ( b$g! b=%, by the Renewal
Theorem. In addition, there is a constant C0 ! C0(F ) for which
Uf&a,a ( b$g% C0&1 ( b' for all a 2 R and b>0.

Lemma 2. If m * 1 is any integer, 0 < a,b < 1 , and B - Wm is a Borel
set, then

X1

n! m

P"&Wn, . . . , Wn# m( 1' 2 B, a < Sn % a ( b$

!
Z

B
Uf&a # s, a # s( b$gQmfdw1 ) ) )dwmg, &11'

where s ! Õ&w1' ( ) ) ) ( Õ&wm' , and Qm ! Q . )) ) . Q denotes the
product measure. Moreover, if m is as in Eq. (9), then

lim
a!1

X1

n! 0

P"&Wn, . . . , Wn# m( 1' 2 B, a < Sn % a ( b$#
b
%

QmfBg

+
+
+
+
+

+
+
+
+
+

! 0

uniformly with respect to Borel setsB - Wm for eachÞxed 0 < b < 1 .

Proof. By independenceand symmetry

P"&Wn, . . . , Wn# m( 1' 2 B, a < Sn % a ( b$

!
Z

B
P"a # s < Sn# m % a # s( b$Qmfdw1 ) ) )dwmg

for n* m. The Þrstassertionfollows by summing this relation over n* m.
If m is an in Eq. (9) then

X1

n! 0

P"&Wn, . . . , Wn# m( 1' 2 B, a < Sn % a ( b$#
b
%

QmfBg

+
+
+
+
+

+
+
+
+
+

%
Z

B
Uf&a # s, a # s( b$g#

b
%

+
+
+
+

+
+
+
+Q

mfdw1 ) ) )dwmg( ! 0&) , a'

Let ">0 be so small that &1 ( " '&1 # ) ' < 1 and let a0 !
"1 # &1 ( " '&1 # ) '$a. Then, dividi ng the last integral into the ranges
s%(1( ")m%and s>(1 ( ")m%showsthat previous line is at most

sup
r* a0

Uf&r, r ( b$g#
b
%

+
+
+
+

+
+
+
+( C0&1 ( b' P"Sm > m&1 ( " ' %$( ! 0&) , a' ,

62 Kim and Woodroofe



D
ow

nl
oa

de
d 

B
y:

 [U
ni

ve
rs

ity
 o

f M
ic

hi
ga

n]
 A

t: 
22

:3
4 

27
 O

ct
ob

er
 2

00
7 

©2003 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

MARCEL  DEKKER, INC . ¥ 270 MADISON  AVENUE ¥ NEW YORK, NY  10016

which is independent of B and approaches 0 as a ! 1 . The second
assertion of the lemma follows directly. s

For the next two lemmas, let NfBg!
P 1

n! 0 1B&Sn' , so that U{B} !
E[N{B}]. Also, denote elements of W N by w ! &w0,w# 1, . . .' , and let
Wn ! &Wn,Wn# 1, . . .' .

Lemma 3. For any b>0 and integer k * 1, supa2R EfN&a,a ( b$kg< 1 .

Proof. Expanding the product showsthat (N (a, a( b])k %Rk, where

Rk ! k!
X1

n1! 0

X1

n2! n1

) ) )
X1

nk ! nk# 1

1&a,a( b$&Sn1
' . ) ) ) . 1&a,a( b$&Snk

' :

Then conditioning on X1, . . . , Xnk# 1
and using U&a # Snk# 1

,
a # Snk# 1

( b$% C0&1 ( b' , showsthat

E&Rk ' %k!E
X1

n1! 0

)))
X1

nk# 1! nk# 2

1&a,a( b$&Sn1
' . ))). 1&a,a( b$&Snk# 1

' C0&1( b'

" #

%kC0&1( b' E&Rk# 1'

for k * 2, from which the lemma follows by induction. s

Lemma 4. For every0 < b < 1 and 0< * <1, thereare constantsC1 and
C2 for which

X1

n! 0

P"Wn 2 B, a < Sn %a ( b$% C1P"W0 2 B$* &12'

and

X1

n! 0

P"Wn 2 B, a < Zn % a ( b$% C2

Z

W02B
&1 ( j$0j' +dP

% &*

, &13'

for all Borel setsB - W N and a* 0, where+ ! &1 # * 2' =* .

Proof. Let q! 1/* and p! 1/(1# * ), so that p and q are conjugate values.
For Eq. (12), let S# n ! X# n( 1 ( ) ) ) ( X0 for n* 0. Then,

P"Wn 2 B, a < Sn % a ( b$! P"W0 2 B, a < S# n %a ( b$

by stationarity. Summing this relation over n shows that the left side of
Eq. (12) is

Non-linear RenewalTheory 63
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X1

n! 0

P"Wn 2 B, a < Sn % a ( b$!
Z

fW02Bg

~NNf&a,a ( b$gdP, &14'

where ~NNfAg!
P 1

n! 0 1A&S# n' . Clearly ~NNfAg has the samedistribut ion as
N{A} for any Borel set A - R and, therefore, Cp

1 :! supa2R .
Ef ~NN&a, a ( b$pg< 1 . Relation (12) now follows since the integral on
the right side of Eq. (14) is at most

Ef ~NN&a, a ( b$pg1=pP"W0 2 B$1=q % C1P"W0 2 B$* ,

by Ho¬lderÕsInequality.
For Eq. (13), let + ! (1# * 2)/* and let C 0

1 be as in Eq. (12) with b
replaced by b( 1. Then left side of Eq. (13) at most

X1

n! 0

X1

k!# 1

P"Wn 2 B, k # 1 < $n % k, a # k < Sn % a ( b # k ( 1$

% 2C 0
1

X1

k! 0

P"W0 2 B, k % j$0j < k ( 1$*

% 2C 0
1

X1

k! 0

1
1 ( k

! " *+ Z

W02B, k%j$0j< k( 1
&1 ( j$0j' +dP

% &*

,

% 2C 0
1

X1

k! 0

1
1 ( k

! " 1( *
" #1# *

.
X1

k! 0

Z

W02B, k%j$0j< k( 1
&1 ( j$0j' +dP

" #*

which has the form of the right side of Eq. (13). s

A RENEWAL THE OREM

For the proof of Eq. (2), let

$&k' &w1, . . . , wk ' ! E "$&Wn,Wn# 1, . . .' jWn ! w1, . . . , Wn# k( 1 ! wk$

!
Z

WN
$&w1, . . . , wk,y' Q1 fdyg,

and

$&k'
n ! $&k' &Wn, . . . , Wn# k( 1' ,

Then Ej$&k'
n # $nj doesnot dependon n and approaches0 as k ! 1 , by

the Martingale ConvergenceTheorem.
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Theorem1. Let 0< ) <1 and let m be as in Eq. (9). Then

lim
a!1

+
+
+
+
+

X1

n! 0

P"&Wn, . . . , Wn# m( 1' 2 B, $n % c, a < Zn %a ( b$

#
b
%

P"&W0, . . . , W# m( 1' 2 B, $0 % c$

+
+
+
+
+

! 0,

&15'

uniformly with respect to Borel sets B - Wm for all 0 < b < 1 and all
continuity points c of G.

Proof. It is Þrstshownthat Eq. (15)holds with Zn replacedby Sn; Eq. (15)
itself is then deducedfrom the Continuous Mapping Theorem. When Zn

is replaced by Sn, denote the sum on the Þrst line of Eq. (15) by $ a(B, c).
Fix b>0 and a continuity point c of G; let ">0 be a value for which c+ ,
are continuity points of G; and let

B+ ! B \ fw 2 Wm : $&m' &w1, . . . , wm' %c + , g,

$ +
a !

X1

n! 0

P"&Wn, . . . , Wn# m( 1' 2 B+ , a < Sn % a ( b$,

and

ra !
X1

n! 0

P"j$&m'
n # $nj * , , a < Sn % a ( b$:

Then $ #
a # ra % $ a&B,c' % $ (

a ( ra. So,

$ a&B,c' #
b
%

P"&W0, . . . , W# m( 1' 2 B, $0 % c$
+
+
+
+

+
+
+
+

% max
+

$ +
a #

b
%

P"&W0, . . . , W# m( 1' 2 B+ $
+
+
+
+

+
+
+
+

( ra (
b
%

P"c # , % $&m'
0 % c ( , $:

By Eq. (12) with * ! 1/2,

jraj % C1

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
Pfj $&m'

0 # $0j * , g
q

which approacheszero asa ! 1 . Relation (15), with Zn replacedby Sn,
then follows from Lemma 2 by letting a ! 1 and , # 0.
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SomesimpliÞcations are possible in the generalcase.First , it su" ces
to establish Eq. (15) for Þxed,but arbitrary 0< b%%and continuity point
c of G; and it su" cesto show that Eq. (15) holds for arbitrary famili es
Ba - Wm (since Ba may be chosen to nearly attain the supremum).
Further, it su" ces to establish Eq. (15) for arbit rary sequencesA0 !
fa1,a2, . . .g for which ak ! 1 , and, by considering subsequences,there
is no loss of generality in supposing that Ô! lima2A0

Pf&W1, . . . , Wm' 2
Bagexists. If Ô! 0, then Eq. (15) is clear. For then P"&W0, . . . , W# m( 1' 2
Ba$! 0 asa ! 1 (along the subsequence),and the sumon its left sideis
at most

C2

Z

&W0,# ,W# m( 1' 2Ba

&1 ( j$0j7=12' dP

" #3=4

,

by Eq. (13) with * ! 3/4. So, it su" cesto consider the caseÔ> 0.
Supposing that Ô> 0, let ~GGa&c' ! Pf$0 % cj&W0, . . . , W# m( 1' 2 Bag.

Then ~GGa are tight , since Ô> 0, and there is no loss of generality in
supposing that ~GGa convergesto a limit ~GG as a ! 1 along the subse-
quence.Let

Ja&b,c' !
X1

n! 0

Pf&Wn, . . . , Wn# m( 1' 2 Ba, $n %c, a < Sn % a ( bg,

Ka&b,c' !
X1

n! 0

Pf&Wn, . . . , Wn# m( 1' 2 Ba, $n % c, a < Zn % a ( bg,

and

J1 &b,c' ! Ô
b
%

~GG&c'

for 0 % b % %and # 1 < c < 1 ; and usethe samesymbols to denote the
induced measures over "0,%$. R. Thus, J1 ! l - . ~GG=% where - is
Lebesguemeasure. Then Ja and Ka are Þnite measures over "0,%$. R
for which Ja converges weakly to J1 , by the special case. Let
 &x, y' ! &x ( y, y' for 0 % x %% and # 1 < y < 1 , where addition
is understood modulo %. Then  is continuous a.e. &J1 '
and Ka&b, c' ! Jaf&x; y' : x ( y % b, y % cg; that is, Ka ! Ja /  # 1.
Clearly, J1 /  # 1 ! J1 , by the translation in varianceof Lebesguemea-
sure. That Ka convergesweakly to J1 ! J1 /  # 1 now foll ows directly
from the Continuous Mapping Theorem to complete the proof. s
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THE EXCESS

The Limi ting Distribution. Recall that the Þrst passagetimes ta and
excessesRa are deÞned by Eqs. (3) and (4), and observe that

lim
a!1

1
a

ta !
1
%

w:p:1,

since limn!1 $n=n ! 0w:p:1, limn!1 Zn=n ! % w.p.1, and Z ta# 1=ta %
a=ta % Z ta

=ta for all su" ciently large a,

Theorem 2. For 0 < r < s < 1 and continuity points # 1 < b < c <
1 of G,

lim
a!1

P"b < $ta
% c, r < Ra %s$!

1
%

Z s

r
P"b < $0 % c, inf

k< 0
Z k * u$du,

whereZn ! &Xn( 1 ( ) ) ) ( X0' ( &$0 # $n' for n % # 1.

Proof. Let m! ma be as in Eq. (9) and let k ! ka ! m/2. Then

P"ta * m, r < Ra % s, b < $ta
% c$!

X1

n! m

P"ta * n, r < Zn

# a % s, b < $n % c$

If , > 0, then

fta * n, r < Zn # a %sg! fZ j %a,81 %j < n, r < Zn # a %sg

- fZn # Zn# j * r,81 < j %kg

- fSn # Sn# j ( &$&k'
n # $&k'

n# j ' * r # 2, ,81 %j < kg

[ f j$n# j # $&k'
n# j j * , ,91 %j < kg

for all n * m, where 8 and 9 are to be read ÔÔfor allÕÕand ÔÔforsomeÕÕ.Let
Ba be the set of w ! &w0, . . . ,w# m( 1' 2 Wm for which

x0 ( ) ) ) ( x# j( 1 ( $&k' &w0, . . . ,w# k( 1' # $&k' &w# j , . . . ,w# j# k( 1' * r # 2,

for all 1 % j < k, where x j ! Õ&wj ' ; and let

Ca ! fw 2 WN : j$&w# j ,w# j# 1, . . .'

# $&k' &w# j , . . . ,w# j# k( 1' j * , 91 % j < kg:

Then fta * n, r < Zn # ag- f&Wn, . . . ,Wn# m( 1' 2 Bag[ fWn 2 Cag. So,
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X1

n! m

P"ta * n, r < Zn # a % s, b < $k
n % c$

%
X1

n! m

P"&Wn, . . . ,Wn# m( 1' 2 Ba, r < Zn # a % s, b < $&k'
n % c$

(
X1

n! m

P"Wn 2 Ca, r # c < Sn # a %s# b$:

%
s# r

%
P"&W0, . . . ,W# m( 1' 2 Ba; b < $&k'

0 % c$

( o&1' ( C1

,,,,,,,,,,,,,,,,,,,,,,,,
P"W0 2 Ca$

p
,

So, since P"ta < m$! 0, and P"&W0, . . . ,W# m( 1' 2 Ba$!
P"inf k< 0 Z k * r # 2, $as a ! 1 , it follows from Theorem 1 that

lim sup
a!1

P"r < Ra % s, b < $ta
% c$%

s# r
%

P"b < $0 % c, inf
k< 0

Z k * r$,

&16'

by Þrst letting a ! 1 and then , # 0. Next, partiti on the interval (r, s]
into Ôsubintervals of equal length as r ! r0 < r1 < ))) < rÔ, ! s, so that
P"r < Ra < s, b % $ta

% c$!
P Ô

j! 1 P"r j# 1 < Ra %r j , b < $ta
% c$. Apply ing

(16) to eachterm in the sum and then letting Ô! 1 , it foll ows that

lim sup
a!1

P"b < $ta
% c, r < Ra %s$%

1
%

Z s

r
P"b < $0 % c, inf

k< 0
Z k * u$du:

A dual lower may be obtained similarly to complete the proof. s

Corollary. As a ! 1 , &Ra,$ta
' ) H , where H is as in Eq. (5) and )

denotes convergencein distribution.

Proof. This is clear. s
Uniform Integrabilit y. Let Un ! Xn ( $n # $n# 1, so that

Zn ! Zn# 1 ( Un.

Lemma 5. For any 0 < * < 1, there is a constant C3 for which

PfWta
2 Bg%C3

Z

W02B
&1 ( U (

0 ' 1( +&1 ( j$0j' + dP
% &*

for all Borel setsB - WN and a>0, where + ! &1 # * 2' =* .
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Proof. Sincefta ! ng- fZn# 1 % a < Zng,

PfWta
2 Bg%

X1

n! 1

PfZn# 1 % a < Zn, Wn 2 Bg

%
X

k%a( 1

X1

n! 1

Pfk # 1 < Zn# 1 % k, Un * a # k, Wn 2 Bg

% C2

X

k%a( 1

Z

W02B, U0> a# k
&1 ( j$0j' + dP

% &*

,

by Eq. (13). As in proof of Lemma 4, the last line is at most

2C2

X1

k! 0

1
1( k

! " *+ Z

W02B,U0> k
&1( U (

0 ' +&1( j$0j' +dP
% &*

%2C2

X1

k! 0

1
1( k

! " 1( *
" #1# *

.
X1

k! 0

Z

W02B,U0> k
&1( U (

0 ' +&1( j$0j' + dP

" #*

Finall y, reversing the ordersof summation and integration, in the second
sum on the last line is at most

Z

W02B

X

k%U0

&1 ( U (
0 ' +&1 ( j$0j' + dP %

Z

W02B
&1 ( U (

0 ' 1( +&1 ( j$0j' + dP,

completing the proof of the lemma. s

Theorem3. If F and G haveÞnite &2 ( #' th momentsfor some# > 0, then
Ra and $ta

are uniformly integrable in a> 0.

Proof. Supposethat 0 < # % 1 (without loss of generality); recall that
+ ! &1 # * 2' =* ; let . ! &2 # * ' =* ; let * < 1 be so close to one that
+ % #=4 and . % 1 ( #=4. Then E "&1 ( U (

0 ' 1( +&1 ( j$0j' +( . $< 1 by
SchwarzÕInequality and E "&1 ( U (

0 ' 1( +( . &1 ( j$0j' +$< 1 by Ho¬lderÕs
Inequality. It follows that

Pfj $ta
j > rg% C3

Z

j$0j> r
&1 ( U (

0 ' 1( +&1 ( j$0j' + dP
% &*

,

%
C3

&1 ( r' *.

Z
&1 ( U (

0 ' 1( +&1 ( j$0j' . ( + dP
% &*

,

which is independent of a and integrable over 0 % r < 1 , since
*. ! 2 # * > 1. So $ta

are unifor mly integrable. Similarly,
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P"Ra> r$%P"U (
ta

> r$%C3

Z

U (
0 > r

&1( U (
0 ' 1( +&1( j$0j' +dP

" #*

%
C3

&1( r' *.

Z

U (
0 > r

&1( U (
0 ' 1( +( . &1( j$0j' +dP

" #*

,

so that Ra are unifor mly integrable.

Corollary. Let ' and v be the meansof the asymptotic distributions of Ra

and $ta
. Then

E&ta' !
1
%

&a ( ' # v' ( o&1' :

Proof. This foll ows from WaldÕs Lemma, Theorem 3, and the relation
Sta

( $ta
! a ( Ra. s

Approximate stationarity. In the application to the SPRT, the log-
likelihood ratios were of the form

~ZZn ! Sn ( ~$$n,

where Sn is a random walk with a positive drif t and ~$$n were
approximately stationary. Consider ~$$n of the form

~$$n ! / n&Wn' , &17'

where / n : W ! R are measurable functions for which limn!1 / n&w' !
$&w' for a.e. w&Q1 ' ; and let

~tta ! inf fn * 1 : ~ZZn > ag &17a'

and

~RRa ! ~ZZ ~tta
# a: &17b'

The next theorem provides conditions under which ~RRa and ~$$~tta
have

the sameasymptotic properties as Ra and $ta
. Let

#// &w' ! sup
n

j/ n&w' j,

#// n ! #// &Wn' ,

Vn ! X (
n ( #// n ( #// n# 1:
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Lemma 6. For any 0 < b < 1 and 0 < * < 1, thereareconstant C3 andC4

for which

X1

n! 0

P"Wn 2 B, a < ~ZZn % a ( b$% C3

Z

B
&1 ( #// 0' 1( + dP

% &*

&18'

and

P"W~tta
2 B$% C4

Z

V02B
&1 ( V0' 1( +&1 ( #// 0' 1( + dP

% &*

&19'

for all Borel setsB - W N , where + ! &1 # * 2' =* .

Proof. The proof is similar to those of Lemmas 4 and 5, e! ectively
trading additional moment conditions for the exact stationarity.
The details are presented after the proof of Theorem 4.

Theorem 4. Let $n be as in Eq. (8) and ~$$n, n * 1, be as in Eq. (17). If
limn!1 j ~$$n # $nj ! 0 w.p.1, then

lim
a!1

P"~tta ! ta$! 1 &21'

and

j ~$$~tta
# $ta

j ( j ~RRa # Raj ! 0 &22'

in probability asa ! 1 . If also, X0 and #// 0 haveÞnite (3 ( #)th moments
for some# > 0 , then ~RRa and ~$$~tta

are uniformly integrable.

Proof. First observe that limn!1
~$$n=n ! 0 w.p.1 and, therefore,

lima!1 ~tta=a ! 1=%. Next, let , >0 and 0< ) < 1, and let Ba be the event

Ba ! ta * m, ~tta * m, Ra# , * 2, , sup
n* m

j ~$$n # $nj % ,
- .

,

where m is as in Eq. (9). Then Ba implies that ta ! ta# , ! ~tta. The Þrst
equality is clear. For the second, Ba implies that ~tta * m, that
~ZZ k ! Z k ( ~$$k # $k %a for m % k < ta# , , and that ~ZZ ta

! Z ta
( ~$$ta

# $ta
>

a ( , # , ! a, so that ~tta ! ta. Thus,

lim sup
a!1

P ~tta 6! ta
/ 0

% lim
a!1

P&B0
a' ! H &2, ' :
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Relation (21) follows sincelim , ! 0 H &2, ' ! 0 ; and Eq. (22) is an easy
consequence.For example, j ~$$~tta

# $ta
j % j ~$$~tta

# $~tta
j ( j$~tta

# $ta
j of which the

Þrst term approacheszerow.p.1 asa ! 1 of the secondequalszerowith
probabil ity approaching one.

The proof the unifor m integrabilit y is similar to that in Theorem 3.
For ~$$~tta

, let * < 1 be so close to one 6+< # and . <1 ( (1/2)#. Then
&1 ( V0' 1( +&1 ( #// 0' 1( . ( + is integrable by Ho¬lderÕsInequality, and

P ~$$~tta
> r

h i
% P #// ~tta

> r
/ 0

% C3

Z

#// 0> r
&1 ( V0' 1( +&1 ( #// 0' 1( +dP

% &*

%
C3

&1 ( r' *.

Z

#// 0> r
&1 ( V0' 1( +&1 ( #// 0' 1( . ( +dP

% &*

,

which is independent of a and integrable of 0%r< 1 . So, ~$$~tta
are uni-

formly integrable; and ~RRa may be handled similarly. s

Proof of Lemma 6. Let Ak ! fw 2 W N : inf j j/ j&w' # kj % 1=2g for k ! 0,
+ 1, + 2; . . . . Then the left side of Eq. (18) is at most

X1

k!# 1

X1

n! 0

P Wn 2 B, k # 1
2 < ~$$n %k ( 1

2, a# k # 1
2 < Sn %a( b# k ( 1

2

h i

%
X1

k!# 1

X1

n! 0

P Wn 2 Ak \ B, a# k # 1
2 < Sn %a( b# k ( 1

2

/ 0

%C2

X1

k!# 1

P Wn 2 Ak \ B" $d

for someconstant C2, by Eq. (12). If k 6! 0, then Ak - fw : #// &w' * 1
2jkjg,

and

P"W0 2 Ak \ B$%
2

1 ( jkj

! " +Z

Wo2B, #// 0> 1
2jkj

&1 ( #// 0' +dP;

and the latter inequality is also (tr ivially) true if k ! 0. So, summing over
k and using Ho¬lderÕsInequality with p! 1/(1# * ) and q! 1/* ,
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X1

k!# 1

P"Wn 2 Ak \ B$*

% 2
X1

k! 0

2
1 ( k

! " *+ Z

Wo2B, #// o> 1
2k

&1 ( #// 0' +dP

" #*

% 2
X1

k! 0

2
1 ( k

! " 1( *
" #1# * X1

k!# 1

Z

Wo2B, #// o> 1
2k

&1 ( #// 0' +dP

" #*

from which Eq. (18) follows by reversing the summation and integration
symbols in the second factor.

For Eq. (19), Þrst observe that ~ZZn # ~ZZn# 1 ! Xn ( ~$$n # ~$$n# 1 %
X (

n ( #// n ( #// n# 1 ! Vn for all n. So, there is a constant C3 for which

P"W~tta
2 B$%

X1

n! 1

P" ~ZZn# 1 % a < ~ZZn, Wn 2 B$

%
X

k%a( 1

X1

n! 1

P"k # 1 < ~ZZn# 1 % k, Vn > a # k, Wn 2 B$

% C3

X

k%a( 1

Z

W02B, V0> a# k
&1 ( #// 0' 1( +dP

% &*

:

As above, the last line is at most

2C3

X1

k! 0

1
1( k

! " *+ Z

W02B, V0* k
&1( V0' +&1( #// 0' 1( +dP

% &*

%2C3

X1

k! 0

1
1( k

! " *+
" #1# * X1

k! 0

Z

Wo2B, V0* k
&1( V0' +&1( #// 0' 1( +dP

" #*

%2C3

X1

k! 0

1
1( k

! " *+
" #1# * " Z

Wo2B
&1( V0' 1( +&1( #// 0' 1( +dP

#*

,

establishing Eq. (19).
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