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Abstract

A nonlinear regression model is considered in which the design variable may be a function of
the previous responses. The aim is to construct confidence intervals for the parameter which are
asymptotically valid to a high order. This is accomplished by using a tilting argument to construct
a first approximation to a pivotal quantity, and then by using a version of Stein’s identity and very
weak expansions to determine the correction terms. The accuracy of the approximations is assessed by
simulation for two well-known nonlinear regression models—the first-order growth or decay model
and the Michaelis—Menten model, when one of the two parameters is known. Detailed proofs of the
expansions are given.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Consider a nonlinear regression model of the form
k=80 0) +e, k=12, ...,

wherex; € Z is a design variablg] € 2 is an unknown parametef,; 2 x Q — Risa
nonlinear function of a known form and, ¢, . . . are independent standard normal random

* Corresponding author.
E-mail addressmichaelw@umich.ed(M.B. Woodroofe).

0378-3758/$ - see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.jspi.2004.02.020


http://www.elsevier.com/locate/jspi
mailto:michaelw@umich.edu

64 D.S. Coad, M.B. Woodroofe / Journal of Statistical Planning and Inference 130 (2005) 63—83

variables. HereZ" is a compact space arfélis a compact interval. Denote the endpoints
of Q by 0 and0, so that@ = [0, 0]. It is assumed that has five derivatives ifl, that the
derivatives are jointly continuous ifx, ) and thatg’(x; 6) >0 for allx € Z andf € Q,
where’ denotes differentiation with respect@oThe model is adaptive in the sense that

Xk =xk(V1, .o yk—1), k=1,2,....

The above model is quite general and includes some well-known nonlinear models. Re-
cent surveys of adaptive nonlinear regression models are giv&oioyet al. (1989and
Chaudhuri and Mykland (1993)

An adaptive normal linear model with known variance was studied/bgdroofe (1989)
and Woodroofe and Coad (1997)sing a Bayesian approach aBdtein’'s (1981)iden-
tity, Woodroofe (1989)obtained asymptotic expansions for sampling distributions and
Woodroofe and Coad (199%¢pnstructed corrected confidence setsffoiThe latter re-
sults were applied to certain three-treatment clinical trial models. The case of unknown
variance was considered Boad and Woodroofe (1998nhdWoodroofe and Coad (1999)
and approximations for biases, variances and confidence sets were evaluated for several
other examples. A one-parameter adaptive normal nonlinear model has been studied by
Woodroofe (1991)who used a Bayesian approach and a Taylor series to obtain asymptotic
expansions for sampling distributions. The aim of the present paper is to obtain corrected
confidence intervals for the one-parameter case above, but using Stein’s identity instead of
a Taylor series. Another difference between the present work and tatarfroofe (1991)
is that a tilting argument is used in order to construct a first approximation to a pivotal
quantity; see, for exampl&arndorff-Nielsen and Cox (1989)

It is well known that the likelihood function is not affected by the adaptive nature of the
model or by the use of a stopping time; see, for exantpeger and Wolpert (1984Thus,
if y1, ..., y, are observed ang, (0) denotes the log-likelihood function,

1 n
() =—5 Y — g O,
k=1

6,0) =) Iy — glws O)}g' (i 0),
k=1

60) =" [{yk — gl O}g" (v 0) — ¢ (i 0)21,
k=1

£y (0) =" [y — 8 )8 (xi 0) — 3¢/ (ui: 008" (e 0)]
k=1
and

n

e90) =" Tk — g 0)8™@ 0 0) — 3¢ (i 02 — 4g’ (e 0)g” G O)],
k=1



D.S. Coad, M.B. Woodroofe / Journal of Statistical Planning and Inference 130 (2005) 63—83%5
Whereeff) denotes the fourth derivative 6f. Next, letr, (x) denote the design distributions,
1
n{B} = —#lk<n:x; € B}
n

for Borel setsB ¢ Z andn =1, 2, ..., and suppose that the desigrstable so that there
are distributionst(0; .) for which

T, = 1(0; )

in Py-probability asn — oo for eachl € Q, where= denotes weak convergence and the
7(0; .) depend continuously ofi Then, as shown in Section 8,

1
= £,(0) - — / g'(x; 0%r(0; dx) = —i(0), say,
n x

1 "
=, (0) — —3/ g (x; 0)g" (x; Om(0; dx) = k3(0),  say,

and

1 65,4)(9) - — 3/ g (x; 0)%n(0; dx) — 4/ g (x; Q)gw(x; 0)m(0; dx)
=x4(0), say,

in Py-probability for all0 € Q asn — oo.
Define

Zy = Zn(e) = \/;(0 - 9n)’

wherei, = —Zj{(@n) is the observed Fisher information aé;;l = @n(yl, ..., yn) is the

smallest maximum likelihood estimator &fso thatzn([)n) =SUR,cq n(w) and@,1 is the
smallest such value, if the maximum is attained at multiple points. Zhémasymptotically
standard normal as — oo and, so, may be treated as a first approximation to a pivotal
guantity. The main aims of this work are to find a tilted versiorZpf sayw,, = W, (0) =
v, (Z,), and data-dependent quantitfgsanda, such that

W= w (1)

On

is asymptotically a2 — oo standard normal to third order in the very weak sense of
Woodroofe (1986)

In Section 2, first-order asymptotics are developed from which the form of the tilted
approximationW,, = ,,(Z,) is deduced. Stein’s identity is then used to obtain asymptotic
expansions for posterior distributions in Section 3. In Section 4, very weak expansions for
Ey¢{h(W,)} are presented and the approximately pivotal quantitigsire constructed. Two
examples of nonlinear models are described in Section 5 and the accuracy of the approxi-
mations presented in Section 4 are assessed by simulation in Section 6. Some remarks and
an indication of extensions to the present work are given in Section 7. Proofs of the main
results are detailed in Section 8.
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2. First-order asymptotics

Consider the signed root transformation,

W = /2160 (0 — £(0)) sign(@ — B,). @

A Taylor series expansion yields

A 1 L35 3 Lan 4 1
0 (0) = 6,(0) =—Z 724+ =734+ 2278 1 op( =),
n(0) n(On) 2 n T 61,?/2 n T 24{3 nt Op n

wherets,, = £, (0,) andty,, = €5 (6,). A further expansion yield®, = W, + op(1/n),
where

2
W, = Z, g3,n 2 1 <3£4,n E3,n

— —=5 — == 73 = Zy), 3
61',?/2 n 72 ir% + ls) w =V (Zn) (3)

say. Itis then easily seen that

2
l3n o 1 (3a, 565,\ 4 1
Z, = — — : . ol — 1,
n Wn+6i3/2Wn+ 72\ 2 + 5 | Wi top|

n

and that
6,(0) = €,(0,) = — 3W2 + log R, (0),

where logR,, (0) =0p(1/n). It follows thatW, is approximately standard normal for large

for fixed 0, so that it provides a first approximation to a pivotal quantity. The transformation
v, is defined by (3) for moderate valuesaf only. For technical reasons, the construction
is modified for larger values following Lemma 3 in Section 8.

3. Expansions for posterior distributions

The ultimate goal is to derive a confidence inter¢gl, say, whose coverage probability
differs from a nominal value, say, by @1/n), wheren is the sample size. Letting, (0) =
Py(0 € 7,), the requirement is then that(0) =y +o(1/n) for all 0. This result is obtained
in a weak form,

1
[ n@z0d=;+o(}) @

for a large class of smooth prior densities. Of course, the left-hand side of (4) is just the
unconditional probability tha € .7, in a Bayesian model, and that may be computed by
first conditioning on the data and then integrating with respect to their marginal distribution.
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Thus, consider a Bayesian model in whithas a prior density on Q. Let E: denote
expectation in the Bayesian model in whigfs replaced with a random variabt® and let
EZ denote conditional expectation givér, yr, k =1, ...,n}. Then

Ee{h(Wy)} = Eg[Eg{h(Wn)}].

The approach here is to obtain asymptotic expansions for the posterior expectations and
then to integrate them with respect to the marginal distribution of the data.
If @ has a density, then its posterior density is
&(0) ox e O= 00 g(0) = e V2VER, 0)(0).
So, ifn >ng andB,;, defined in (17) below, occurs, then the posterior densitypfs

SO R, (0)Pp(w)

n (W) o =

where

dw, —
0 == = Vinl (Zy),

¢ denotes the standard normal density, Areshdw are related by (3). Thus, the posterior
density of W, is of the form

Li(w) = fuw)dp(w),

where

C(OR,(0)
Cn -,11(0) '

andc, is a normalising constant. Further, simple differentiation yields

e L(10  KO_ o)
fa(w) J,(0) | £(0) R, (0) Jn (0)

fa(w) =

and

dw 1 { O RO O 5O EO) RO 50
Fo@) — L@2 LEO) T TR0) EO) T 10 EO) T Ra(0) Jn(0)
Ri(O)  J7(0) 31,;<0>2}
Ru(0)  Ju(0) MO N

wheref; is obtained by differentiation with respecttoand¢’, R, andJ/, by differentiation
with respect td).

A version of Stein’s identity$tein, 198% may be applied to the posterior distribution of
W, in order to obtain asymptotic expansions. kdte a function of polynomial growth and
let

Oh = /OO h(w)d(w) dw.
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Then the Stein transformation is defined as

(0.¢]
Uh(w) =e<1/2>w2/ {h(y) — Phje~ 12 dy.
w

This is a linear transformation. Further, lettitid denote the composition &f with itself,
it is easily seen that

dUh = /Oo wh(w)p(w) dw

—00

and

dUh = %/oo (w? — Dh(w)d(w) dw.

For example, ifh;(w) = w' for i = 1,2, thenUhi(w) = 1 andUha(w) = w for all
—oo <w < oo. The conditional expectatio&”? {2(W,)} may be evaluated by applying
Stein’s identity. Let )

fo(w) I (w)
fn(w) fuw)’

wheref andw are related by (3) again. B, occurs and: is a measurable function of
polynomial growth, then

Fn,l(g) = \/ﬁ

and I',200)=n

(®)

n 1 n
Ez{h(Wn)} = Ph + Wi EAUR(W)I,1(0)}

1 1
= ®h + — PUREYT,1(0)} + = EH{Uh(W,)[,2(0))}. (6)
NG ¢ n ¢
Similar calculations are detailed byoodroofe (1992andCoad and Woodroofe (1996)
the context of a one-parameter exponential family.

4. Very weak expansions

In this section, third-order very weak expansions ¥igr are obtained, and an approxi-
mately pivotal quantityW* is constructed by standardising. L#t? be the class of mea-
surable functiong : R — R for which |k (z)| <1+ |z|" for all z. Further, let#, be the set
of h for whichh/c € 27 for somec, and let#’} be the set of symmetric € J# ... Also set

1 (1w &)
rs50) = {— } !
10 Jio 1370 T 0 v
and
o L [m® EO) 5 ks®?  1xa®)  '(0)
I30) = i(9)[ 0 <O 12902 40O O v
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Theorem 1. Suppose that the design is stabifel is any twice continuously differentiable
density for which

&(0) = &) =0=E0) = &0, )
then
_ony UM [ =
E:{h(W,)} = Ph + 7 fQFl(G)é(Q) d9+o<ﬁ> (10)
forall h € #» and
2 .
E:{h(Wy)} = ®h + (DZ h f!)rg(e)é(e) d9+o(%) (11)

for eachh € 5. Moreover (10) and (11) hold uniformly with respect té € 2% and
h € H5 N A%, respectively

The result may be obtained formally by observing that,lim, I, ; (0) = I“f(@) in Py-
probability asn — oo for all 8 € Q andi = 1, 2, and then formally exchanging limit and
expectation. The details are presented in Section 8, and a stronger form of uniformity is
established.

If h(w) =w, then®h =0, UL =1 anddU?h = 0. So, from (10),

1 p
Es(Wy) ﬁfg I5(0)E(0) do.
If i is absolutely continuous, then the last expression may be integrated by parts, so that

| riozow= [ uozow.
Q Q

u(0) = —= {3 1O | 1x0 } .
Jiy 12i0) 3 i)
This leads to the approximation
1
NG
in the very weak sense ®¥oodroofe (1986, 1989Next, letji, = u(@n), so that

Eg(Wn) = —= u(0)

it \? » i i
E? w, — — L = E" (W4 — 2L EN(W iy
(- G| eromp -2 v

If both i andxs are absolutely continuous, then applying (11) withv) = w? and another
integration by parts, yields

A 2
T D 1
Ez{(wn— ) }_1+ » [aweodro(3). 12)
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where

q(0) + u(0)?.

1 | 14'(0) ka(0) N 7 K3(0)? C1k50) 1 ka(0)
O |3i0) i) 36 @2 30 40

This leads to the very weak approximation

~ 2
EQ{( - %) }:1+ %ﬁ)=05(0),

say. Now Iet&ﬁ = 0,21((9,1) in (1). Then the main result of the paper may be stated:
Theorem 2. Suppose thatthe designis stable and that both iarfthve bounded piecewise

continuous derivativesf ¢ is any twice continuously differentiable density for wh{éh
holds then

E:{h(W);)} = ®h + o<1)

n
for all h € 2% and uniformly with respect tb € 5 N A75.

The proof will be presented in Section 8.4. An alternative statement is that, with the above
choices ofji, anda,,,

n

Eo{h(W,)} = ®h +0<1), (13)

very weakly. Relation (13) may be used to construct approximate confidence intervals for
0. Given a desired confidence levekQ < 1, let

gy = {0 W) < oL (%)} , (14)

where® denotes the standard normal distribution function. Then
114+ 1
Py € F,) = Py {|W,;“|<<15 : (7”)} ="/+o<;)

asn — oo, in the very weak sense. Thusg,, is an approximate 1906 confidence interval
for 0.

Remark 1. For the linear model witlg (x; 0) = x0, i(0) = [, x>m(0; dx), andk3(0) =
k4(0)=0. Thus, the above formulae fat0) andg (0) reduce to (16) and (17) &¥oodroofe
and Coad (1997yhen p = 1. The new results show that the non-linearity in the model
contributes an extra second-order term and also several additional third-order terms.
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Remark 2. Foranon-adaptive desigm0; .) does notdepend drand:’(0) /2= —i3(0)/3.
It follows that u(0) = 0, so thatW,, is asymptotically standard normal to second order in
the very weak sense @foodroofe (1986)Also note that, in the non-adaptive case,

l 1 U . / . ?
Q(Q)ZW [/ " (x; 0)%m(dx) — (9){/ g (x;0)g (x,ﬁ)ﬂ(dx)} }

5. Examples

Two well-known models will be considered. Recent accounts of these and similar adaptive
nonlinear models are given l:Fgfatkowsky (1983)Bates and Watts (1988andSeber and
Wild (1989) To a first approxmatlore has variance A{ng’(x; 0)°} (e.g.Draper and Smith,
199& For the locally D-optimal de5|gn the support point,1 is chosen to maximise
g (x; Bk) or, equivalently, that ofg’(x; Gk)| see, for exampleSilvey (1980) Atkinson
and Donev (1992)andPukelsheim (1993)Below, the locallyD-optimal design for each
model is described. Amusingly, the adaptive designs are simpler than optimal non-adaptive
designs; see, for exampBette et al. (2003)

Example 1 (First-order growth or decay model). This model has been studied by, for
exampleBox and Lucas (1959Here,

g(x; 0) = 01 exp(02x),

whereg is the amount of substance present; 0 is time, 61 > 0 is the initial amount of
substance present, afiglis the growth rate if)> > 0 and the decay rate % < 0. Suppose
that64 is known. Then the maximum likelihood estimatorfefsatisfies

n A A
Z (yk _ Bleen,Zxk)xkeen.Zxk =0
k=1

and the above criterion specifies that observatignl should be taken af,; 1 = —1/[9;{,2
fork=1,2,....Itfollows easily that

e20° 3e” 262
i0)==—52% 30 = L
05 3
and
202
xa(0) = 7€ 401
0
2

Thus, we have that(f) = 0 and

a2(0) =1+ ﬁz
n@l
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Example 2 (Michaelis—Menten model). This model is of importance in enzyme kinet-
ics; see, for exampl&urrie (1982) Here,

01x
92+x’

g(x; 0)=

whereg is the reaction velocity; > 0 is the substrate concentratidh,> 0 is the maximum
velocity of the reaction ané, > 0 is the half-saturation constant. As in Example 1, suppose
that04 is known. Then, here, the maximum likelihood estimatofpéatisfies

" 01xk Xk
E Yk — = 0

= .2 + Xk (@n,z + x1)?

and observatioh + 1 is taken afe; 11 = 9;(,2 fork=1,2,....Itfollows easily that

03 303
| 0 :—l s K 9 :—1
i(0) 1672 3(0) 1608

and

902

Ka(0) = ——=.
4(0) 169‘2‘

Thus, we have that(0) = 0 and

8

n?

a2(0) =1+

For both models, stability of the designs follows from consistency of the maximum like-
lihood estimator, which is established in Section 8.1, and the meastre is degenerate
at arg max|g’(x; 6)|. For each model, interest lies in constructing corrected confidence in-
tervals forf,. If ¢ is the upper 10A + y)/2 percentile of the standard normal distribution,
then, from (3) and (14), an approximate 19®confidence interval fof is

. ¢ R 1 (3¢ é, .
In= {62:‘(02—6,1,2){1— (02 — 0n.2) — —( 21y fé )(92—0,,,2>2}

6i, 72 in s
lan a-’l j|
—— | <c—=|.
\/ﬁ Vin

6. Simulation results
6.1. General
In order to assess the accuracy of the approximations in Section 5, a simulation study

based on 10,000 replications was carried out, for selected values of the design parame-
ters. The results are reported separately for the first-order growth or decay model and the
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Table 1
Monte Carlo estimates of coverage probabilities for the first-order growth or decay modehwh2h
01 02 Zn Wh W
y=0.95 y=0.90 y=0.95 7 =0.90 y=0.95 y=0.90
15 0.1 0.947 0.894 0.948 0.896 0.948 0.896
0.5 0.947 0.894 0.948 0.896 0.948 0.896
20 0.1 0.947 0.895 0.948 0.896 0.948 0.896
0.5 0.947 0.895 0.948 0.896 0.948 0.896
25 0.1 0.947 0.894 0.948 0.896 0.948 0.896
0.5 0.947 0.894 0.948 0.896 0.948 0.896

Michaelis—Menten model. In both cases, results are reported in detail wheB5 and

the Newton—Raphson method is used to @@,d fork=1, 2, ....Various initial estimates

were used fofl,. For comparison purposes, results are presented for the confidence intervals
constructed using each of the approximately pivotal quantfjgsw, and W,. This will

enable us to assess the increased accuracy of using a tilted approximation and the corrected
version of this.

6.2. First-order growth or decay model

Monte Carlo estimates of the coverage probabilities for the first-order growth or decay
model are presented fable 1 These indicate that use df, already works well, though
the coverage probabilities are always less than the nominal values. Although a slight im-
provement is possible by using the tilted versiorZpf no further improvement is achieved
by usingW,’. However, one explanation for the latter behaviour is that the mean correction

is zero in this example.

6.3. Michaelis—Menten model

Monte Carlo estimates of the coverage probabilities for the Michaelis—Menten model are
presented iMable 2 These exhibit a similar behaviour to thoseTable 1 Note that the
mean correction is also zero in this example.

7. Remarks

The main purpose of this paper was to extend existing work on corrected confidence
intervals following adaptive linear regression models to the nonlinear case. The non-linearity
in the model lead to a number of extra complications and the main finding was that a tilted
version ofZ, is nearly normal in this case. Given the simulation results in Section 6, it
would be interesting to consider an example in whi¢h) is non-zero.

We have considered a one-parameter adaptive nonlinear regression model in this paper.
In follow-up work, we extend the ideas in the present paper to a two-parameter non-linear
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Table 2
Monte Carlo estimates of coverage probabilities for the Michaelis—-Menten modelmsa &b
01 02 Zn Wh W
y=0.95 y=0.90 y=0.95 y=0.90 y=0.95 y=0.90
15 0.1 0.939 0.890 0.940 0.890 0.941 0.890
0.5 0.944 0.895 0.946 0.895 0.946 0.895
20 0.1 0.946 0.893 0.947 0.895 0.947 0.895
0.5 0.947 0.894 0.948 0.896 0.948 0.896
25 0.1 0.947 0.894 0.948 0.896 0.948 0.896
0.5 0.947 0.894 0.948 0.896 0.948 0.896

model and apply the results to a number of other well-known models. We are currently
attempting to extend our results to higher dimensions and generalised linear models, but
we have encountered several technical difficulties which we have not yet resolved.

One issue that we have not addressed is that of unknown variability. In this case, the
nonlinear regression model becomges= g(x; 0) + oe, fork=1,2, ..., wheres € X is
another unknown parameter ahds another compact interval. It is clear that the maximum

likelihood estimator o&2 is &,21 = pqlvk — glxx; @,,)}Z/n. Although the forms o¥,, and

W,, will remain the same, the correction terms will now be more complicated.
Subtractingjy, /+/n in (12) has the flavour of a bias correction, but is applied to the

approximate pivotW,, instead of the estimator. Approximate biases for adaptive designs

and linear models are considered in some detalCbsd and Woodroofe (1998)iaconis

and Zabell (1991have used higher-order versions of Stein’s identity in quite a different

way and with different motivation.

8. Proofs
8.1. Consistency of maximum likelihood estimators

The following basic inequality given in Lemma 1\Woodroofe (1991is used repeatedly
below.

Basic Inequality 1. Let Uy = ux(y1, ..., yk—1) be bounded measurable functiorsay
|Ur| < C forall k, and let

n
M, = Z Ureg.
k=1

Then
Ee(etM,,) < e(l/Z)nCth

forallr e R, 0 € Qandn>1.
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The Basic Inequality may be seen by conditioningyen. . ., y,_1, which leads to
Ep(eMn) = Ee(ezMn,ﬁ(l/z)UfrZ) < e(l/Z)CztzEe(etM,,,l)’

and using an induction argument. Alternatively, the inequality can be established by noting
that exgr M, — 2 et UkZ/Z) is a martingale for any. It then follows from the Basic
Inequality and Bernstein’s Inequality that

Py(|My| = ne) <2676/ 2C%)

forall ¢ > 0.
Now let x; ,(0, w) be the expression obtained whenp is replaced byg(xi; 0) in

¢ (w)/n, so that
1 ¢ . Y
Kon(0, ) =— I;{g(xk, 0) — g(xx; ))?,

l n
K1n (0, ) = — D {8 0) — gl )}g (i ),
k=1

1 n
Kon(0, ) == 3 [{g ks 0) — g 0uis )} (xis ) — &' (xis )],
k=1

1 " 7
K3 (0, ) = ~ D et 0) — glxis g (ks ) — 3¢/ (vks 0)g” (v )],
k=1

1 n
Kan(0, ) =~ 3 (g0 0) — goe; )}g® (s @) — 3¢ (s )
k=1

— 4g' (v )8 (i )],
and let
n
in(0) = —n12,,(0,0) =Y g'(xi; )%
k=1

Lemma 1. For everye > 0 and everyx > 0,

sup Py {Supwn (w) — En(e) - nKO,n(e, w)| > 8”} = o(n—at)

0eQ weR

and

sup Py { sup|es” (@) — nij (0, w)| > en} —o(n™%
0eQ we

forj=1,23,4,5asn — oo.
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Proof. For the first assertion, let, (0, ®) = €, (®) — €,,(0) — nko,(0, ®). Then

A0 (0, ) = {8 ) — g(xi; O)}ex
k=1

is of the form considered in the Basic Inequality for fix¢dndw, and

|4,(0. @2) — 4,0, 01)| < Clwz — w1] Y |, (15)
k=1
whereC is an upper bound fdg’(x; 0)|. Givene > 0, leté = ¢/(2C) and letd = wg < w1
<.+ <o, = 0 be equally spaced points for whieby — w;_1<dfori =1,...,m. If
|4,(0, )| <neg/2 fori =1,....,m and ) ;_; lex| <n, then supql|4,(0, )| <ne by
(15). So,

m 1 n
Py {SUDIAn((?, w)|>n8} <) Py {IAn(H, ;)] > 5%‘} + Py (Z lex| >n> :

wel i=1 k=1

Here each term in the sum igno ) uniformly in 0 for any« > 0, by the Basic Inequality.
Moreover,Py(}_;_;lek| > n) does not depend ofhand is @n~*) for any«, since thee|

have moments of all orders. The first assertion follows, and the others may be established
similarly. [

Lemma 2. There is a positive constantfor which

supPy(1fy 01> <26 ¥ 2 | o(n~%) (16)
S

forall e>0ando > 0.

Proof. Recall thatg’(x; ) > 0 for all x and . So, by compactness and continuity, there
are o> 0 andegp > 0 for which {g(x; @) — g(x; 0)}% > 4eo wheneverjw — 0] >y and

g (x; w2 — g (x; w){g(x; w) — glx; 0)}=2¢o whenever|w — 0]<Jp. Then we have
[0, (0, )| =2¢9 Wheneverlw — 0] >dg and |k2.,(0, ®)| > 2ep wheneverjo — 0] < do.
For fixed0, letA, = A, ¢ be the event

Ay = {SUPWn((U) — £y (0) — nico (0, )] <n80}
»

N {Supwg(w) —nk2.,(0, w)| gnso} .

we

Then

sup Py(Aj) =o(n™")
0

forall o > 0 by Lemma 1. Clearly4,, implies thatt; (w) < —neg for all | — 0] < do. It also
implies that0,, — 0] < 8o. For, if |0, — 0] > 5o, then 0K £, () — £, (0) < — 2ne0+ { £y () —
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2,(0) —nio (0, )} for some|w — 0] > do, in which caseA(, occurs. This establishes (16)
for e dg. For O< ¢ < dg, A, and@),, — 0> ¢imply that?;, (0 + ¢) > 0. Now,

G@) =Y &'t e — Y ¢ (s o){g (v ) — g 0)).

k=1 k=1

The first sum is of the form considered in the Basic Inequality. When0 + ¢, the second
is at least1y’¢ for some positive’. That there is a for which

Po[A, N {5;1(0 +é&) > O}] gef(l/z)”"/'sz

for all 0 and O< ¢ < dp now follows from the Basic Inequality, anéb(@n —0< —¢) may
be handled similarly to complete the proof]

Remark 3. The proof of Lemma 2 shows th&y(A,,, |(§n —0>¢)<2 exq—% nysz).
8.2. Towards the expansions: more lemmas

Clearly,i, (0) > 2neg for all 8 € Q, sincexy,, (0, w) > 2¢0 when|0 — w| < dg. Moreover,
Kk are uniformly bounded, sayc; ,(0, w)|<Cy forall 0, € ©,n=1,2,... and

j=2,3,45 Nowlett; , = Kf,j)(é,,) and letB,, be the event
By ={0<0, <0, in>neo} N {|€;nl <(CL+ D, j =2,3,4,5). (17)
Lemma 3. If ¢ is a twice continuously differentiable density@rior which(9) holds then
P:(BS) =0(n~%?)

and

L 1
/ Py(B)IE(0)]d0 = O (-) .
Q n

Proof. By Lemma 1,
A - 1
PB(Bﬁ)é PH[An N {071 :Q or 6}] + -
n
for all 8 € Q and largen. So, for largez,

. N o (0—D 2
n3/2p5(3’;)<2n3/2/;2{e*(1/2)ﬂ/(9*@2+e*(l/2)n/(979)2}5(g) do + ﬁ

N = 0 2\ am2y2 2
gZ/O n{5<Q+ﬁ>+5<9 ﬁ)}e ) dz+ﬁ
— {0+ &"(0)} / 2e W20 g,
0

by Remark 3 and the Dominated Convergence Theorem. This establishes the first assertion
and the second may be established similarlyl
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Let o, = log?n and lety, (z) be a three times continuously differentiable function for
which

0, 1 (3, G
V() =2 — 61'_372Z2_ = <_2n + 3 2
n

ln n

for |z| <oy, and

/ n _ _ 2 .
w//(z) _ { {l//n/(_an) + % (—on)(z — o) }e (1/2)(Z2a") if z< — ap,
" (W ) + W, (o) (z = o)y e /2 emm) if 2>,
Then
2
Z3n 1 3@4 n ESn 2
! = 1 - = s | — = ,
2
£3 n 1 3£4 n ESn
U@ =——%5 — 5| —+ -4 )z
n 31'3/2 12\ i2 i3

and

w1 (3, | B,
w"(Z)__u( I

n
for |z| <a,. It then follows that there are a constamitand an integerg for which
C2
Vn

for all z whenevemn >ng andB,, occurs.

1 ’ ” " C
Eélﬁn(z)él W, ()] < ¥, (Z)|<; (18)

Remark 4. It follows from Lemma 2 that sypE:(|Z,|"1p,) < oo for any &, and then
from (18) that SUpE:(|W,|"1p,) < oo for any <.

Recall that/, (0) = v/ip¥/' (Z,), S0 thats/ (0) = i,y (Z,) andJ/ () = i 2y, (Z,).
Lemma 4. If the design is stablghen

Jn(e)_)\/%, J,:(Q)_) K3(0)

n Ja(0) " 3i(0)
and
wo 1 :3x4(0> K3(0)2}
Jn(6) 12| i(0) i(0)?
in Py-probability for all 0 € Q asn — oo. Further, there is a constant C for which
J0 J(0
{ JZEG; T(G)) }13"“

for all sufficiently large n
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Proof. By Lemmas 1 and 2i,/n — i(0), ¢3,/n — k3(0) and{y,/n — Ka(0) in
Py-probability asn — oo, and Z,, is stochastically bounded iRy-probability for each

0 € Q. So, using Lemma 1 agaim, (Z,) — 1, Vi, (Z,) — —x3(0)/{3i(0)} and

il (Zp) = {3ra(0)/i(0) + r3(0)%/i(0)%}/12 in Py-probability asn — oco. The first
three assertions of the lemma follow directly, and the fourth is a direct consequence
of (18). O

Lemma 5. Suppose that the design is stable and:lee as in Lemm&. Then

lim / n
n—0oo Brl

Proof. Recalling that logR, (0) = £,(0) — £,(0,) + W2/2,

R, (0)
Ry (0)

2 |RIO)
R, (0)

2
} dPg: =0.

R, (0)
Ry (0)

= 0,0) + inV,(Zy) Wi

If B, occursg), (0) is expanded in a Taylor series abém andw; (Z,)W, is expanded as a

polynomial in(0 — 0,), the linear, guadratic and cubic terms all vanish. From the definition
of B,, it then follows that there is a constafitfor which

RyO)|,  _ [Cop/n it 1Zy| <o,
RoO)| 2SS Cn i 1Zu =

That

lim n
n—>0oo »

follows, using Lemma 2. The term involvirgy, is simpler analytically, if more complicated
algebraically. [J

2

RO gp. — 0

R (0)

Recall the definitions (5), (7) and (8) &%, 1(0), I's.2(0), T'5(6) andI'5(0).
Lemma 6. If the design is stable andlis as in Lemma3, then

lim / (1 p1— Ffl + 2~ FSI) dp;=0.
By

n—o0

Proof. This follows directly from Lemmas 4 and 5. To see how, observe that

!/ /
- |2 - LIS 2 Srhy _ ts
I Wil € I J; 3i3/2
By Lemmas 4 and 5, the right-hand side converges to zePe-jorobability and is bounded
on B, by a constant multiple of % |&'/&| + |R!/R,|, which is uniformly integrable.
The assertions concernirig 1 now follow from the Dominated Convergence Theorem, as
extended in Problem 16.4 8illingsley (1985) and!l’, » may be analysed similarly. O

R
Ry
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Recall that#! is the class of measurable functionsR — R forwhich|h(z)| <1+|z|"
for all z, and let

Aip = essunEg{h(Wn)} — ®h|
heA?]

fori =0, 1, and observe thatg , <2 min(2, 41.,).
Lemma 7. If the design is stablghenlim,,, oo E:(41,,15,) = 0.

Proof. If h € #9,then|Uh| <4, by Lemma 1 o¥NWoodroofe (1992)So, by Stein’s identity,

1 4
[ELR(W,)) = @iy, = = EHIURW Tl s, < —= EL(Tals,

which is independent df and approaches zero in the meamas oo, by Lemma 6. [J
8.3. Proof of Theorem 1

It suffices to establish the theorem o #5. If h € 4%, then

|h(Wa)| dP: < Pe(B)Y E{(1+ WHH Y4 =0 (%) :
B

1
Echv) = [ now,)dp; +o<;),

By

/h(Wn)dP5=/ EL(h(W,)) dP;
B, By,

and
E™Mh(W,)} = §h + = QUII, + 1 11,(h),
¢ Jn n
where
In=EZ{I'n,1(0)}
and

11,(h) = EH{Uh(Wa)T',2(0))}

on By, asin (17). Itis clear from Lemma 6 that
lim / I,dP; = Ez(I'5) =f 5 (0)é(0) do.
n—00 By, Q
So, it suffices to show that

lim / essupl 1, (h) — (PUPh)E;(I'y)| dP: = 0. (19)
B

n—o0 o he”g
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For this, write
I1,(h) = 11,1(h) + 11,2(h) + 11, 3(h),
where

11,1(h) = ®UPhT 2,

11,2(h) = EX[{Uh(W,) — ®Uh}T 2],

11,3(h) = EXUPR(Wy){T 2(0) — Ty 2}]
and

Fn,Z = Eg{rn,Z(@)}~

From Lemma 6, it is clear that

/ essupl 1, 1(h) — ((DUzh)Eé(FgﬂdngC/ I[2— T51dP: — 0
Bn he}{fg ) Bﬂ

and

/ essuplln,g(hndpégcf \[w2—Tp2ldP: — 0
B

n he%/‘g By

asn — oo, whereC denotes an upper bound fi@?x|. Similarly, using Lemma 7,

f essupnn,z(h)mpégc:/ [A0.n || n.2|dP: — 0O
Bn hE,}f% B" )

asn — oo. Relation (19) follows and provides more uniformity/rthan was asserted in
the theorem. [J

8.4. Proof of Theorem 2

One additional lemma is needed for the proof of Theorem Z.i¢fa function of poly-
nomial growth,y € R ando > 0, let

R*(w) = hy, o (w) = h (w - V) .

[

Then the following lemma may be obtained by specialising Lemma\Waddroofe and
Coad (1997)

Lemma 8. There is a constant C for which
|®h* — [®h + (PUZh){v? — (6® — DHISC(]® + |o? — 113/3),

|[PUR* + 2(DU2h)v| < C (v + |62 — 1)
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and
|OU2h* — dUh| < C(|v| + |62 — 1|)

forall h e #5 N A9, |v|<1,and|o? — 1| < 3.

For the proof of Theorem 2, let= i, //n anda? = 1 + §,/n in the definition ofi*,
whereg, = q(6,). Then

1
Eg{h(W,f)}=E§{h*(Wn)}=/ Eg{h*(Wn)}chj—i-O( )

Bﬂ n

uniformly with respect ta: € %, as in the proof of Theorem 1. if € #5 N 7, then
®U h* is of order ¥./n, and, from the proof of Theorem 1,

1 1 1
ELU (W) = Oh" + (@URELTS) + - (DUZN*)ELTS) + = A,

whereE:(|4,|1p,) — 0 asn — oc. Then, from Lemma 8,
1 P
Eh W)= h+ - @U%) [ (102 = g(0) = 200)1510)
¢ 1
+ I'5(0)}¢(0)d0 4o -
uniformly with respect td: € #5 N . Consider the integrand in the coefficient gfil
After collecting and taking advantage of cancellation, it may be written

1(rae\ (€Y

3 (—2) * (7 ’
the integral of which vanishes by (9). The calculation is similar to that which led to (12).
O

Acknowledgements

Part of this work was carried out while the first author was a visiting scholar at the Uni-
versity of Michigan during August and September 2000, and in receipt of Overseas Travel
Grant GR/N37568 from the U.K. Engineering and Physical Sciences Research Council.
The second author’s research for this paper was supported by the U.S. Army and National
Science Foundation. The authors also wish to thank the two referees for their comments
and suggestions.

References

Atkinson, A.C., Donev, A.N., 1992. Optimal Experimental Designs, Clarendon Press, Oxford.
Barndorff-Nielsen, O.E., Cox, D.R., 1989. Asymptotic Techniques for Use in Statistics, Chapman & Hall, London.



D.S. Coad, M.B. Woodroofe / Journal of Statistical Planning and Inference 130 (2005) 63—833

Bates, D.M., Watts, D.G., 1988. Nonlinear Regression Analysis and its Applications, Wiley, New York.

Berger, J.O., Wolpert, R.L., 1984. The Likelihood Principle, Institute of Mathematical Statistics, Hayward, CA.

Billingsley, P., 1985. Probability and Measure, 2nd Edition. Wiley, New York.

Box, G.E.P,, Lucas, H.L., 1959. Design of experiments in nonlinear situations. Biometrika 49, 77—-90.

Chaudhuri, P., Mykland, P.A., 1993. Nonlinear experiments: optimal design and inference based on likelihood. J.
Amer. Statist. Assoc. 88, 538—546.

Coad, D.S., Woodroofe, M.B., 1996. Corrected confidence intervals after sequential testing with applications to
survival analysis. Biometrika 83, 763-777.

Coad, D.S., Woodroofe, M.B., 1998. Approximate bias calculations for sequentially designed experiments.
Sequential Anal. 17, 1-31.

Currie, D.J., 1982. Estimating Michaelis—Menten parameters: bias, variance and experimental design. Biometrics
38, 907-919.

Dette, H., Melas, V.B., Pepelyshev, A., 2003. Standardised maxirroptimal designs for the Michaelis—Menten
model. Statist. Sinica 13, 1147-1163.

Diaconis, P., Zabell, S., 1991. Closed form summation for classical distributions: variations on a theme of de
Moivre. Statist. Sci. 6, 284—302.

Draper, N.R., Smith, H., 1998. Applied Regression Analysis, 3rd Edition. Wiley, New York.

Ford, I., Titterington, D.M., Kitsos, C.P., 1989. Recent advances in nonlinear experimental design. Technometrics
31, 49-60.

Pukelsheim, F., 1993. Optimal Design of Experiments, Wiley, New York.

Ratkowsky, D.A., 1983. Nonlinear Regression Modelling: A Unified Practical Approach, Marcel Dekker, New
York.

Seber, G.A.F., Wild, C.J., 1989. Nonlinear Regression, Wiley, New York.

Silvey, S.D., 1980. Optimal Design: An Introduction to the Theory for Parameter Estimation, Chapman & Hall,
London.

Stein, C., 1981. Estimation of the mean of a multivariate normal distribution. Ann. Statist. 9, 1135-1151.

Stein, C., 1986. Approximate Computation of Expectations, Institute of Mathematical Statistics, Hayward, CA.

Woodroofe, M., 1986. Very weak expansions for sequential confidence levels. Ann. Statist. 14, 1049-1067.

Woodroofe, M., 1989. Very weak expansions for sequentially designed experiments: linear models. Ann. Statist.
17,1087-1102.

Woodroofe, M., 1991. Corrected confidence levels for adaptive nonlinear regression. Amer. J. Math. Man. Sci. 11,
79-93.

Woodroofe, M., 1992. Integrable expansions for posterior distributions for one-parameter exponential families.
Statist. Sinica 2, 91-111.

Woodroofe, M., Coad, D.S., 1997. Corrected confidence sets for sequentially designed experiments. Statist. Sinica
7,53-74.

Woodroofe, M., Coad, D.S., 1999. Corrected confidence sets for sequentially designed experiments: examples. In:
Ghosh, S. (Ed.), Multivariate Analysis, Design of Experiments and Survey Sampling: A Tribute to Jagdish N.
Srivastava. Marcel Dekker, New York, pp. 135-161 (Reprinted in Sequential Anal. 21, 191-218 (2002)).



	Corrected confidence intervals for adaptive nonlinear regression models
	Introduction
	First-order asymptotics
	Expansions for posterior distributions
	Very weak expansions
	Examples
	Simulation results
	General
	First-order growth or decay model
	Michaelis--Menten model

	Remarks
	Proofs
	Consistency of maximum likelihood estimators
	Towards the expansions: more lemmas
	Proof of Theorem 1
	Proof of Theorem 2

	Acknowledgements
	References


