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ABSTRACT

A linear model is considered in which the design variables may be functions of pre-
vious responses and/or auxiliary randomisation. The model is observed ¢ successive
times, where ¢ is a stopping time, and interest lies in estimating the parameters of the
model. Approximations are derived for the bias and variance of the maximum likeli-
hood estimators of the parameters at time ¢. The derivations involve differentiating the
fundamental identity of sequential analysis. The accuracy of the approximations is as-
sessed by simulation for a multi-armed clinical trial model proposed by Coad (1995),
two autoregressive models and the sequential design of Ford and Silvey (1980). Very

weak expansions are used to justify the approximations.

1. INTRODUCTION

Consider an adaptive linear model of the form

Yy =210 +06, k=1,2,...,



where ¢ > 0 and € TR? are unknown parameters and €y, €y,... are independent
standard normal random variables. Adaptive means that each zp is a measurable

function of previous responses and/or auxiliary randomisation, say

T = xk(ub sy Uk, Y, - '7yk—1) € IR‘p7

where uy, uy,... are independent of ¢;,€y,.... The above model has a number of
possible applications. These include control problems, as in Lai and Wei (1982), the
adaptive designs of Wu (1985) for estimating non-linear functions, and Siegmund’s
(1993) test for comparing three treatments.

Suppose that the process is observed ¢ successive times, where ¢ is a stopping time
with respect to the filtration induced by (uy, zx, yx), & = 1,2,.... Then the model may
be written in the form

Yt = ‘X’ta + €y, (1)

where y; = (y1,...,y)7, X¢ = (21,...,2)7 and ¢ = (€1,...,¢)7. Let P,4 denote
the probability measure under which (1) holds. Of the stopping time ¢, it is required
that X7 X, is positive definite with probability one. See also (5) below.

It is well known that the use of a sequential design and/or stopping time does not
affect the likelihood function. See, for example, Berger and Walpole (1984). So, for

model (1), the maximum likelihood estimators of § and o* are

0, = (XI'X)' Xy, (2)
and )
— X0,
52 = lye t 04| : (3)
where ||.|| denotes the Euclidean norm of a vector. However, the sampling distributions

of f, and o} may be affected by the sequential design and stopping time. In particular,
0, may be a biased estimator of 6.
The purpose of this paper is to derive approximations for the bias and variance of

0, and &%. The present paper may be regarded as a continuation of Woodroofe and



Coad (1996) in which approximate confidence regions for 6 were derived for the case o
known. The derivations of the bias and variance approximations involve differentiating
the fundamental identity of sequential analysis. Similar calculations are detailed by
Woodroofe (1990) and Coad (1994) in the context of a one-parameter exponential
family. Whitehead (1986) describes a method of calculating adjusted estimates with
reduced bias. More recently, Todd, Whitehead and Facey (1996) show how bias-
adjusted estimates may be evaluated more accurately.

Expressions for the bias and variance of 0, and 6} are obtained in Section 2.
Approximations to these are given in Section 3. In Section 4, the approximations are
specialised to a multi-armed clinical trial model of Coad (1995), two autoregressive
models and the sequential design of Ford and Silvey (1980). The results of a simulation
study of these models are reported in Section 5, and the Ford-Silvey example is studied
further in Section 7. Theoretical justification of the approximations is provided in

Section 6 and an appendix. Possible extensions to the work are indicated in Section

8.

2. FORMULAE FOR THE BIAS AND VARIANCE

As noted above, the likelihood function is unaffected by the adaptive design and
optional stopping. So the likelihood function is

1 1 13
L) = exp{= 5l = X0l + Syl — L log(o*)) (@)
for all o > 0 and # € IR”. The gradient and Hessian of L with respect to § are
1
VLL‘(O-J 9) = ;(XtTyf - X?Xf0>Lt(0-7 9)

and

1 1
VQLt(U,(g) :{ )
g

F(XtTYt = Xy Xe0)(Xye = X[ Xe0)" — — (X Xo)} Lo(or, 0),

and the derivative with respect to o? is

13} 1 1 i
th(@@) = 5(;H3’t — X.0|” - ;)Lt(aae)
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for all ¢ > 0 and 8 € IR”.

To proceed further, some conditions are needed. Suppose that
Ea,g(XtTXt) and Ea,g{(XtTXt)_Z} are finite and continuous in @ for fixed o. (5)

Let M; = (XI'X;)™! and M(o,0) = F,4(M;), which is finite and continuous in #
for fixed o by (5). Then, by the fundamental identity of sequential analysis (e.g.
Woodroofe, 1982, Chap.1),

Eq,o(Myuy) = /Mtikdpa,e :/Mtiklft(a'ae)dpl,o

for i,k = 1,2,...,p. The condition (5) may be used to justify differentiating under
the integral sign. This yields

P 1 P
Z —Ea,e(Mn:k) = —2/ Z Mn:k(XtTYt - XtTXt0>de0',9
k=1 aak o k=1

1 A
= B~ 0)

o?
for:=1,2,...,p. Hence, we obtain
F,(0,) =04 o> M#(0,0)1, (6)

where

0
ME(0.0) = 55-Mis(o0) u

for i,k =1,2,...,p, and 1 is the unit p-vector.
Suppose next that F,(||M;]|*) is finite and continuous in 6 for fixed o, where ||.||

denotes the trace norm of a matrix. Then, again by the fundamental identity,
Eo,&(MtikMtjf.) :/MtikMtjf.dPa,H = /Mm’kMtjf.Lt(Ua‘9>dP1,0-

Differentiating the integral yields

u 0? 1 P D
Fo o Muin My =—/ My Myje( X[y — X[ X0
;;agkaaé n9( tik tjé) ! kz::lez::l{ tik tje( t Yt + Xt )k
< (X[ye— X/ X.0),}dP, 4
1 p P
- ;/ZZMﬂkMtﬂ(X?Xt)kedPa,e
k=1 /=1



for 2,7 =1,2,...,p, which leads to the relation

E,o{(6; — 0)(8, — 0)"} = 0’ M (0, 0) + o* M## (5, 0), (8)
where
## Y4 82
M 0) g E Eyo( My M 9
0' L L d&kdq% 6( tik tjé) ( )

for i, =1,2,...,p. Notice that the expressions (6) and (8) simplify when X[ X, is a
diagonal matrix, which will be the case for Example 1 in Section 4.
We can also obtain a simple expression for the bias of 2. By the fundamental
identity,
1 1
):/;dpa,g — / TLil,0)dPr .
If Fsp(t) is finite and continuous in o for fixed 6, then we may differentiate under the
integral sign, and
Bos() = 5o [ +lllye— Xl — to?)dP
= 5 4ve 0\ T = T - - — o o
do? " 201 ) gy =& i
1

1 N N
_ 2_/ ~(ly: — Xi0y||? + || Xe; — X,0)7 — t6?)dPyg.  (10)

Hence, by (3), we have the relation

A 0 1 X0, — X.012
Ea,é’(af) =g? + 20-4@E0’6(;) . Ea,e(l tYt t t H

)- (11)

Proceeding further, it follows easily from (10) that

1 1

] A A
=5 [ {(ye= X+ 1Xd = X0~ to?) ~ 200} P .

1, 17}
907 (27 g2 el

Hence, again by (3), we have the relation

. P !
E,o{(6] — )} = 204E09( ) + 20" —{20 552 Eno(3)}
X0, — X,0) ) X,0, — X,0|?
L Y I L S N

3. EXPANSTIONS




In many problems, asymptotic expansions for biases and variances may be ob-
tained, at least for some values of the parameters. Let {2 denote a convex open set of
IR? or, more generally, a set of the form (23) below.

For the asymptotic expansions, the stopping time ¢ is supposed to depend on a

design parameter @ > 1 in such a manner that

lim ~(X7X,) = (o, ) (13)

a—00

in P, g-probability for almost every o and 6 €  under Lebesgue measure. Asymptotic

expansions are sought for the bias and matrix of second moments
bo(c,0) = E,0(0: — 0)

and

Sa(0,0) = E,o{(6, — 6)(6, — 0)7}.

Suppose for the moment that Z(c,0) is positive definite for all o > 0 and 6 € Q, and
let n(c,0) = I(0,0)~". Further, let 1,(0,0) = E,s{a(XTX,)"'}. Then (6) may be
written as by(c,0) = o?n#(c,0)1/a, where n# (o, 0) is obtained from n,(c, ) as in (7),
which suggests the relation

2

by(0,0) ~ %n#(a,ﬂ)l. (14)

Similarly, (8) suggests the relation

2 4

o o
¥(0,0) ~ 7%(0, )+ a—2n##(a, 6), (15)

1

where n## (o, 0) is obtained from n(s,0) as in (9). Of course, (15) would be nicer
if n, could be replaced by n, or by n + ny/a, where 1, is easily computable. This is
possible in specific cases. However, we do not know how to do this in general without
imposing quite strong conditions on ¢ and the sequence of designs.

Asymptotic expansions are also sought for the bias and mean square error of &2,

pa(0”,0) = Eq (67 — 0°)
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and
va(0?,0) = B, o{(67 — 0?)*}.

Suppose that
a

lim — = x(0?,0) (16)

a—oo
in P, g-probability for almost every o and § € () under Lebesgue measure. Further,

let kq(0?,0) = E,g(a/t). Then (11) suggests the relation

) 2 4 2
,ua(az,ﬂ) ~ i/4;'(02,9) — E/i(UQ,Q), (17)

a a

where ’ denotes differentiation with respect to o?. Of course, the usual estimator of
o? for a fixed-sample design is 2 = 1672 /(t — p). It follows from (16) and relation (17)
that

Ea’g(&f) ~ gl 4 2;%4&'(02, 0).

In a similar manner to (17), (12) suggests the relation

201 201 K"
2 ~ 2 2 )2 4 2
U((f ,0) ~ - K',a(()' ,0) + e K,((f ,0) {40 " ((f ,0)

! !

Ho (02— ap — 2?2 0) 4 Spp -2} (18)

Conditions under which (14), (15), (17) and (18) are valid and proofs are given in

Section 6.

4. EXAMPLES

Frample 1. Multi-armed clinical trial model

Suppose that we wish to compare three treatments which produce normally distributed
responses with unknown means 6, §, and 5 and a common unknown variance o?.
Let y;; denote the ith observation on the jth treatment for e =1,2,... and y = 1,2, 3.
Then y;; may be written in the form 07z + o¢, where § = (0,,0,,05)", z is chosen

from (1,0,0)7, (0,1,0)T, or (0,0,1)7, and ¢ has a standard normal distribution. Thus,
model (1) holds with p = 3.



Coad (1995) proposed several sequential allocation rules for the above problem.
We consider one of these here, the triangular test. This test depends on two design

parameters, a > 1 and d > 0. Let

where by,by; > 0. Then, if o is estimated, triples (yii,yr2, yr3)’, k = 1,2,..., are
observed until time

max S — min 5S¢

s=inf{n:n >2 and > av, —dn},

Tn
where i and j range over the three treatments, S = STy for i = 1,2,3 and &2 is
the usual pooled estimate of 0. The quantity v, is an adjustment to the stopping
boundary to allow for the extra variability due to the estimation of . Denote the
ordered §’s by 01y < 03y < 6(3). Then

im &= 20700 i _ 00,

a—00 g a

say, in P, g-probability for all ¢ > 0 and # € IR”.

Let the data-dependent indices I = [*, J = J* and K = K" be determined
with probability one by és’[ < és,‘] < és,K, where és denotes the maximum likelihood
estimator of § at time s. After time s, treatment [ is eliminated and observations are

taken on treatments J and K until time

|SLK) — §()

t=inf{n:n >s and ”—”zayn—dn}.

Sampling is terminated at time ¢, and

O — 0
lim 2= 2O " 7@ 4 g = dy(0,0),

a—oo o

say, in P, g-probability for all ¢ > 0 and § € IR®. Now, it is clear that X/ X is a
diagonal matrix. Define i = 1,9, 7 = j, 0 and k = k, g by 01y = 0;, 02y = 0;, O3y = Oy,
1 < j if (9(1) = 9(2) andj < kif (9(2) = (9(3). Then

77(0-7 9) = ah_g% a(XtTXf)_l = diag{ﬁl(@ 9)7 nQ(Ja 9)) 773(07 9)}
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in P, g-probability for almost every o > 0 and § € IR®, where n; = dy and n; = n = ds.

The set ) in this example consists of 6 for which 1) < ) < 6(z). This is the
union of open convex sets as in (23). However, to determine the approximations given
by (14) and (15), it is only necessary to consider separate cases, according to the
ordering of the treatment means at time s. For each case, different expressions are
obtained for the n# and n## matrices.

Now consider the bias and variance of 7. First note that &7 is based on s + 2t
observations. Thus,

. di(o,8)dy(0,0)
9 9 _ 1 a _ 1 ’ )
/43<0' > ) aiglo s+ 2t d2(0, 0) + 2(11(07 0)

in P, g-probability for all ¢ > 0 and # € IR®. So an approximation to the bias of &7
may be determined from (17). Further, by using (18), it follows easily that

on 204 K"

var, ¢(67) ~ TKQ(JQ, 6) + ?&(02, 9)2{404;(02, 0)
K K
+ 204—(02, 9)2 + 202—(02, 6) — 3}.
K K
Example 2. First-order autoregression
Consider the autoregressive model
yr = Oyp_y +oeg,  k=1,2,...,

where yo = 0, 0 > 0 and |#] < 1. This is of the form (1) with p =1, 2y = 0 and

g = yp—1 for £ =2,3,.... The maximum likelihood estimator of 4 is
b 2 YrYk—1
n=" 2
2 Y1
Further,
1=

S T -1
n(o,0) = lim n(X; X,)™" =

o2

in P, g-probability for all ¢ > 0 and |#| < 1. So, from (14), we have that

E,g(f,) ~0——

n

©



and, from (15), a straightforward calculation leads to

1—02+1092—1

Val‘mg(én) ~ 5

n n

Example 3. Second-order autoregression

Consider the autoregressive model
Uk = 01yk—1 + Osyp—0 + o6,  k=1,2,...,

where y_; = yo = 0, 0 > 0 and 0 = (6,,0,)7 € Q, a triangular region defined by
b +60; < 1,6, —0; > —1 and [02] < 1. See, for example, Brockwell and Davis
(1991, Chap.8). Then model (1) holds with p = 2, z; = 0, z2 = (y1,0)” and x), =
(yr—1,yr—2)? for k =3,4,..., so that
n 2 n
Xr'x, = 2k=2 Yk—1 Zk:i Yk—1Yr—2 ) .
" ( 2 k=3 Yk—1Yk—2 Yoh=s Yio2

Thus, it follows that

. , _ 1 1 — 03 —01(1 4 6,)
_ T 1 - 2 1 2
1o, 0) = Jim n(, %)™ = 5 ( —0,(1+0;)  1-63

in P, g-probability for all o > 0 and 6 € Q. So, from (14), we have that

) 1 4,
Fualba 0= 3 ),

By using (15), straightforward calculations also show that

1( 1—62 _01(1+92))
—0

coveg(fy) -

(1 +6) 1—62
+i 07 —2(1 —30,)(1 4+ 6,)  6:(5+ 70,)
2 0,(5 + 76,) 1102420, -5 |~

Example 4. Ford-Silvey example
Ford and Silvey (1980) considered the model

yr = Oy + Oy + e, k=1,2,...,

10



where |z;| < 1 for all £ and § € IR?. Interest lay in estimating the non-linear function
g(0) = —01/(20;), the value at which the regression function attains its maximum.
They used the following sequential design. First take an observation each at + = £1.
For any n > 2, let yI denote the sum of all observations at = +1 and let y_ denote
the corresponding sum at # = —1. Then choose z,,; = +1 or —1 according as |y}| is
less than or greater than |y |. Clearly, the above model is of the form (1) with p =2
and zp = (x4, 23)" for k=1,2,..., so that

T _ Z;UZ Z:vz B n n — 2s,
X”X"_<Z;c2 Sat )\ n—2s, n ’

where s, is the number of observations taken at + = —1. Ford and Silvey (1980)

showed that
N B 1 k()
lim —(X, X,,) = ( KO) 1 )

n—oo n
in Ps-probability for all § € IR?, where k(8) = 2g or (2¢)~! according as |g| < 1 or

lg| > % Note that the limiting matrix above is singular if |g| = =, or, equivalently,

61] = 163,

1
29

The set  consists of § for which |6;| # |0;] here, and to determine approximations
to the bias and covariance matrix of én, we need to consider two separate cases,
lg| < % and |g| > 1. To simplify notation, let A(#) = max8? — min 0%. Then a simple
calculation shows that (14) yields

Eg(0,) ~ 0+ nh](é) ( z: ) '

By using (15), a lengthy but straightforward calculation leads to the approximation

(é ) ~ 1 max@? 9192 + 1 m1(9) 9102
VI n(0) \ 00, max0? ) T 2h(0)2 \ 0.0, ma(6) )

where my () = 07 + 205 or —07 and my(#) = —63 or 207 + 03 according as |g| < 3 or

1
gl > 7

5. SIMULATION RESULTS
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5.1. General

In order to assess the accuracy of the approximations presented in Section 4, a
simulation study based on 10,000 replications was conducted, for selected values of
the design parameters. In each case, the value of o was 1.0. The results are reported
separately for the multi-armed clinical trial model, the autoregressive models and the

Ford-Silvey example.

5.2. Multi-armed clinical trial model

We first consider the sequential procedure in Example 1 in Section 4. Monte
Carlo results are reported in detail for two sets of design parameters, a = 15.0 and
d =0.5, and @ = 30.0 and d = 0.5. These were chosen to agree with Coad (1995) and
correspond to truncation at n = 30 and n = 60, respectively. For adjustment v,,, we
have taken (by,by) = (0,0) in all cases.

Table T gives approximate and Monte Carlo values for the bias and covariance
matrix of 0. By comparing columns 4 and 5, we see that the approximation to
the bias is quite good, especially when there is a strict ordering in the treatment
means or when there is a single inferior treatment. Columns 6 to 11 indicate that the
approximation to the covariance matrix of 0, is most accurate when there is a single
better treatment. The Monte Carlo values are slightly underestimated in the other

cases.
TABLE T ABOUT HERE

Approximate and Monte Carlo values for the bias and variance of 67 are presented
in Table TI. The fourth and fifth columns show that the approximation to the bias is
very accurate for the first two configurations of means, and tends to underestimate
the true value in the other cases. The values for the variance of &7 in columns 6 and

7 exhibit a similar behaviour.

TABLE IT ABOUT HERE

12



5.3. Autoregressive models

We now consider Examples 2 and 3. In both cases, Monte Carlo results are
reported in detail when n = 25 and n = 50. Table III gives approximate and Monte
Carlo values for the bias and variance of 8, for Example 2. In almost all cases, the

approximations are remarkably accurate. Indeed, when n = 50, the discrepancy is at

most 0.002.
TABLE 11T ABOUT HERE

Approximate and Monte Carlo values for the bias and covariance matrix of 0, for
Example 3 are presented in Table IV. It is clear that the approximations are not quite
as accurate as those in Table 3, especially when 6 is near the boundary of the set (2.

In particular, the approximations tend to slightly underestimate the true values.
TABLE IV ABOUT HERE

5.4. Ford-Silvey example

Monte Carlo results for Example 4 are reported in detail when n = 25 and n = 50.
These are summarised in Table V. Note that we have taken |0;] < |03], and that
the choice of values for @ follows Ford and Silvey (1980). Similar results have been

obtained when [0;| > |0s].
TABLE V ABOUT HERE

A comparison of columns 3 and 4 in Table V indicates that the approximation to
the bias of 6, tends to slightly overestimate the true value. Comparing columns 5 and
6 with columns 7 and 8, the accuracy of the approximation to the covariance matrix

of 0, is impressive, especially when n = 25. The discrepancy is no more than 0.002.

6. VERY WEAK JUSTIFICATION

If C is a ¢ x p matrix of constants, then clearly C'b,(o,0) = Emg{C(ét —0)}. Ina

more general formulation, the matrix C' may be allowed to depend on a and the data

13



so that C, = Cu(y1,y2,-..,y:). Thus, let
ca(0,0) = aF,s{C.(6, — 0)}, (19)

assumed to exist for all & > 0 and 6 € Q. Of course, (19) includes the normalised
bias ab,(c,0) as a special case with C';, = [,. The more general formulation may be
useful if there is interest in estimating a non-linear function, say ¢g(#). Then a Taylor
series approximation includes a term of the form (19) with ¢, = Vg(ét).

The first step is to find a limiting function ¢(o, ) for which ¢, — ¢ in the very
weak sense of Woodroofe (1989); that is,

lim /Q {ca(0,0) — (0, 0)}£(0)dO = 0 (20)

a—00

for all continuously differentiable, compactly supported densities ¢ on 2. Relation (20)
holds under fairly modest assumptions. For a fixed family C, = Cy(y1,y2,...,y:),

a > 1, of matrices, suppose that there are matrices N(o,8), o > 0, 6 € Q, for which
[ N )78 < oo (21)
K

and

lim / aCL(XT X))~ — N(0,0)||d0 = 0 (22)
K

a—00
for all compact K C § and appropriate a > 0. If C, = [, for all a, then (21) imposes
a strong condition on Z(c, ) in (13). In other cases, (21) may hold even if Z(o,6) is
singular for some o and 6.

In Theorems 1, 2 and 3 below,  C TR? denotes a countable union of convex open

sets, say
Q= U Q;, (23)
i=1
where ,,€),,... are convex open sets, and approximations are asserted to hold only
on €.

Theorem 1. Suppose that (21), (22) and (23) hold with & = 1 and that the entries
n;;(c,0) of N(c,0) are continuously differentiable on Q. Let N#(o,6) be obtained

14



from N(o,0) as in (7) and suppose that | N#(,0)| is locally integrable on Q. Then
(20) holds for all continuously differentiable, compactly supported densities & on €
with

c(0,0) = N*(o,0)1,

where 1 is the unit p-vector.

Proof. Since o is fixed, there is no loss of generality in taking ¢ = 1. Further, ¢(8)
and N(0) are written for ¢(1,6) and N(1,0) throughout the proof. Thus, for a given
£, consider a Bayesian model in which 6 is replaced by a random vector © and model
(1) holds conditionally given @ = @ for every § € Q. Expectation in the Bayesian
model is denoted by Eg. Then the integral on the left-hand side of (20) is

| {e0(6) — €(0)}6(0)d0 = Fe{aC, (6, ~ ©) ~ c(O)}. (24)

Let Eé denote conditional expectation given z1,...,y:. Then the expectation on the

right-hand side of (24) may be simplified by using the two relations

Ei{aC,(0 — 0,)} = aCo(XTX,)™ B %5(@)} (25)

and

| N#0180)d0 = — [ N(0)VE(6)d0 = —E&N(@)%(@» (26)

The first of these relations is a direct consequence of Lemma 3 of Woodroofe (1989);
the second follows from a straightforward integration by parts, as in Corollary 1 of

Woodroofe (1989). Combining (24), (25) and (26), we have that

I/Q{ca(‘)) —c(0)}(0)do] = |Ee[{aCa(X[)X,)™" — N(O) %5@)” (27)

< [ EfllaCo(XT X)) = N(O)|[VE0)] a0

— 0

as a — 0o, by (22). O

15



There is an analogous result for the second moments. Suppose that the entries in

N(o,0) are twice differentiable on € and let
Sa(0,0) = E,¢{C.(0, — 0)(0;, — 0)TCT}.

Further, let N,(c,0) = Ea,g{aCa(X?Xt)_ICE} and let N##(U,Q) be obtained from
N(o,0) as in (9).

Theorem 2. Suppose that (21), (22) and (23) hold with a = 2 and that the entries

of N(o,8) are twice continuously differentiable. Then

5u(0:0) = T N.f0s0) + SN (o,0) 4 ol )
a o-’ - a a o-’ a2 0-7 0 a2
as a — oo in the very weak sense; that is,
o? ot s 1
L 152(0,0) = {Z-N(o,0) + ZN## (0, 0)}]€(0)d0 = o{ ) (28)

as a — oo for all twice continuously differentiable, compactly supported densities ¢

on {).

Proof. As in the proof of Theorem 1, we take ¢ = 1. For a given £, the integral
on the left-hand side of (27) is

. . 1
E{C.(0, —0)(0, —e)TCT —Cc,M,CT — ?N##(G))}.

But, as a direct consequence of (9) in Woodroofe and Coad (1996), we have that

2
BHC0: - 0)(, ~ 0)7CT — C.MCT} = B{CM, 5 (0) MICT,

Also, a straightforward integration by parts, as in (15) of Woodroofe and Coad (1996),
yields

PAN##(0)) = RN (0) L5

(O)N(0)"}.

The result (28) then follows as in (27). O
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For the bias of 67, suppose that a/t has a limit x(c?, ) for which

lim E,,,g{g — k(e 0)|}dodo” = 0 (29)
K

a—00 ¢

for all compact subsets K C (0,00) x €. Sufficient conditions for (29) are that (16)
holds, and that for every compact K C (0,00) x 2 there exists an ¢ > 0 for which
P,4(t < ea) = o(1/a) uniformly on K, as a — co. Suppose also that « is absolutely

continuous in o2 for fixed 0, let

Co(o,0) = aE,,,g(&f—UZ)

ly: = X:0l* 5

X,0, — X,0]2
p (I)—CLEWQ(H Vit t H

; )

= akg

say, and let
&(0,0) = 20%'(0%,0) — po’k(a®,0)

for a,o > 0 and 0 € Q. It is shown that ¢,(o, ) converges to ¢(c,0) in the very weak

sense.

Theorem 3. Suppose that (21), (22), (23) and (29) hold, that s is absolutely
continuous in o? for fixed 0, and that x'(¢%,0) is locally integrable over (c2,0) €

(0,00) x €. Then

lim /0 h /Q (2(0,0) = &0, 0)}E(0%, 0)dhdo® = 0

a—00

for all continuously differentiable densities ¢ with compact support in (0, 00) x €.

Proof. As above, consider a Bayesian model in which there are random variables
W and © with joint density ¢ and model (1) holds conditionally given W = ¢? and
O = 0 for every ¢ > 0 and 6 € . Probability and expectation in the Bayesian
model are denoted by P: and E¢, and conditional expectation given the data by Eé

The two terms ¢, (0, 0) and &, (o, 0) are considered separately. For the first, let
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((c?,0) = c*(0?,0). Then a simple integration by parts shows that

ly: — X:0|* _

/000/96&71(0,9)5(02,0)([0(102 = aB(P

— 2B{GWLW.0)) = —2B: (L (V.0

W)

Using (29) and another integration by parts, it is easily seen that the last line converges

to

!

_2E§{/~c(W,®)%(W,®)} - —2_/000/Q/i(UQ,G)('(UQ,G)deUQ
- 2/000/90453'(02,(9)5(02,0)d9d02,
as a — 00. So,

lim /oo / {Can(0,0) = 20%'(0%,0)}£(0?, 0)dOdo* = 0.
0 Q

a—r00

Next,
/0 /Q{aa,g(a,e)_pazm(az,e)}g(az,e)dedaz = Bf2(1X:d, — X,0]* — pW)}

+ PEW{T — k(W 0)}]

The second term on the right-hand side approaches zero as a — oo by (29), and the
first approaches zero by a simple application of Lemma 4 of Woodroofe (1989). O

7. MORE ON THE FORD-SILVEY EXAMPLE

For completeness, verification of the conditions (21), (22), (23) and (29) should be
included for each of the four examples. The sets (23) and matrices N were identified
in the examples, and (21) is clear. That leaves (22) and (29), which is an issue only in
Example 1. Quite similar verifications have been described by Woodroofe and Coad
(1996) in the context of Example 1 and will not be repeated here. The verification of
(22) for Examples 2 and 3 is straightforward and this too will be omitted. Verification
of (22) for Example 4, the Ford-Silvey example, is more interesting and is described

next.
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Recall that, in the Ford-Silvey example,
yr = O01xp + Oy + e, k=1,2,...,

where 6, and 0, are unknown parameters, x;, = +1, k > 1, are design variables, and

€1, €2, . .. are independent standard normal random variables. The sampling design is
as follows: to begin z; = —1 and o = +1; thereafter, zz41 = +1 if |y| < |y | and
Tr+1 = —1 otherwise, where
"1+ Tl
y;_L = Z( 9 )Yk
k=1
Let
"1+ "1+
A=Y () and R =3 (e
k=1 2 k=1 2
Then

yr = (02 £ 6,)AF + Ry

The verification of (22) depends on the following lemma. Since o is taken to be one

throughout, Py is written for P, .

Lemma 1. For all a,b >0 and all § = (6,,0,)" € IR?,

1
Py(|RE| > §QA§ +b,3k > 1) <27,

Proof. 1t is easily seen that for any o € IR,
1
ME = exp(aRE — §a2Af), E>1,
is a martingale for which Fy(MZ) =1 for all n =1,2,.... So,

Py(RE > %mf +b,3k <n) = P(ME>e 3k <n)

< e_abEg(Mni) =
for all n =1,2,.... The lemma follows easily. O
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Recall that the set € in (23) consists of (64,6,) for which |6 + 6,] > 0 and
|6 — 03] > 0. For definiteness, consider the subset Q%% say, where v+ := 6; + 63 > 0

and v~ := 0 — 0; > 0. Further, let & = min(v*,v7) and let B be the event
B = {|R}| < %m; +b,VE>1, and |RD| < %QA,; FoVE>1}. (30)

Then Py(B°) < 47" for all § € IR?, by Lemma 1. Observe that, if B occurs, then
lyiE — vEAE| < LaAF + b for all k > 1. So, if B occurs and
v=k—4b

Al <
k 1/++l/_

b

then

IN

) 1 I R
gt =il < F 4 Sa)AT b= {7 — sa)AT B}

1
< (vt uvT)AF + 26— gV k<0

and, therefore, z;11 = 1. Tt follows easily from this observation, Lemma 2 below, and

symmetry that
vtk —4b

AL >
k= I/++l/_

1 (31)
forall k> 1on B.

For the verification of (22) with C, = I, let £ be a compactly supported, but
not necessarily smooth, density on Q*t*. Suppose that the sample size is n and let
b =log*(n) in (30). Then B implies that (31) holds for all k¥ > 1 and, in particular,
for k = n. It follows easily that ||n(X! X, )~!||*15, n > 1, where 15 is the indicator of

the event B, are bounded and, therefore, uniformly integrable. Let 1 be the infimum

of a over the compact support of £. Then
/ (X7 X,)""|2dP: < n?P:(B°) < dn’e™™ 5 0
BC

as n — 0o.
It remains to verify (31). This relation follows by applying Lemma 2 below to the

sequence
v k —4b

= AL - vt + v~

E>1.

bl
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Lemma 2. let zi, k > 1, be a sequence of real numbers for which z; > 0,
|z — zp—1]| < 1 for all & > 2, and 2441 > 2z whenever z; < 0. Then z; > —1 for all
kE>1.

Proof. I z;; < 0, then there is a unique m > 1 for which z,,_; > 0 and z; < 0 for

7 =m,...,k,in which case z,, > —1 and

k
2y = Zm + Z (Zj — Zj—l) > zym > —1,
j=m+1

as required. O

8. DISCUSSTION

In this work, we have obtained approximations for the bias and variance of the
maximum likelihood estimators of the parameters for model (1). The simulations in
Section 5 indicate that the approximations are quite accurate for the four examples
described in Section 4. Very weak expansions were used in Section 6 to justify the
approximations. One open problem is to obtain fixed-parameter expansions for the
bias and variance as in, for example, Aras and Woodroofe (1993). These may require
additional conditions. There are also several possible extensions to the examples.

In Example 1, we considered one of the sequential procedures proposed by Coad
(1995). It would be interesting to determine the approximations for his other two
procedures and to compare them with respect to their estimation properties. The
comparison of more than three treatments is also a possibility. A natural extension
to Examples 2 and 3 is to consider a general autoregressive model of order p, p > 1.
It should not be difficult to determine an approximation to the bias of 0,. However,
the covariance matrix would present a problem, due to the difficulty in computing
nn. Whether the methods in this paper can be applied to other stationary time series
models is an open problem.

Perhaps the most interesting of the examples is Example 4. Open problems here

A

include computing approximations for the bias and variance of ¢(6,) and finding a
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corrected confidence interval for g(#). An extension to other sequential designs in
which interest lies in estimating a non-linear function would be useful, such as those

of Wu (1985). The case of a singular limiting matrix Z(o, #) deserves special attention.

APPENDIX: DIFFERENTIATION UNDER THE INTEGRATL SIGN

Let (X, B, A) denote a sigma-finite measure space, let £ be an open subset of IR?,
and let fz, 0 € Q, be a family of probability densities with respect to the measure A.
Recall that the family is said to be regular if the square roots sg = \/fg, 0 € Q, are
continuously differentiable in mean square. That is, the family is regular if and only

if there are measurable functions sg : X — IR? for which

/ 4]|2dA < oo, VO € Q, (A1)
X
lim/ 5. — S6||?dA = 0, V6 € Q, (A.2)
w—0 Jx
and
. So+hw — S0 — hwT 39 ,
hm/ | 2dA =0, V0 €Q, we R (A.3)
h—0Jx h

If sg(x) are continuously differentiable in # for almost every z under the measure A

with gradients denoted by Vsy(z), and if [y ||Vsg|[?dA is finite and continuous in 6,

Y

then (A.1), (A.2) and (A.3) hold with $5 = Vsg, 8 € 2. See the proof of Proposition
1 of Bickel et al. (1993, p.13).
The following result is known from Ibragimov and Khasminski (1981, Chap.1).

Proposition. Suppose that fy, § € Q, is regular. If ¢ : X — IR is a measurable
function for which [y ¢ fadA is locally bounded near §y € (2, then

9(0) i= [ gfodr

is continuously differentiable near 6y and

Vg(6) =2 /X gsesadA.
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This result may be applied to the model of Section 1 with A = P, g,

1 ) 1 t
Fraly) = expl—5 5y = Xl + Slyll* = 5 log(o)}

and
1 g, | g 1 2
ral¥) = expl= 5y = X+ Hyll? = S log(o”)}

for 0 > 0 and 6§ € Q. For fixed o > 0, s,4(y) is continuously differentiable in § € Q,

and

1
Vso(y) = 55 (X[ y — X/ Xi0)s0

20
for all # € Q. That (A.1), (A.2) an (A 3) are satisfied then follows easily since

[ I¥sall2an i /H y — XTX,0%dP,

= Eae(l

XI'x A4
o . (A4)

by the Optional Stopping and Martingale Convergence Theorems. See, for example,
Williams (1991, Chaps.10 and 11). The right-hand side of (A.4) is finite and continu-
ous by (5).

Relation (6) follows immediately from the Proposition, under the conditions that
E, (]| M]|?) be finite and continuous in 6 for fixed . Similarly, if E, g(||M;||*) is finite

and continuous, then

Z 90, Eso( My Myje) = o'ﬂ{(Mt(ét —0))} (A.5)

for all £ = 1,2,...,p. Further, if F09(||9t — 0]|*) is locally bounded in 6, then (8)
follows by differentiating (A.5) with respect to 8) and summing over k.
For fixed 6,

0 1 1 !
= soaly) = T (ly = Xl = t0%)s, = —{3 (k= T}

do° "
So, if E,4(t) is finite and continuous in o for fixed @, then
[ s A = (Bl = 1Y) = )
x do? ’ 402’ 7 k 8ot TN

k=1
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by Wald’s lemma. It follows that the family f,4, o > 0, is regular in o for fixed 6,

and (11) follows easily from the Proposition. Further,

0 1 1., 5 |IX6, — X.0)?
4 7 Y — - 2 2
20 507 Emg(ﬁ) = Emg{t(at o’ + .

)} (A.6)
and (12) follows by differentiating (A.6) with respect to .
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TABLE 1

Approximate and simulated values for the bias and covariance matrix of 0, for the

multi-armed clinical trial model

Bias Covariance matrix

0, 0, f;  Approx MC Approx MC

(a) a =15.0 and d = 0.5

-0.5 0.0 0.5 -0.059 -0.073 0.102 0.001 0.000 0.121 0.000 -0.001
-0.059 -0.067 0.001 0.076 -0.004 0.000 0.092 -0.011

0.066 0.060 0.000 -0.004 0.073 -0.001 -0.011 0.084

-0.25 -0.25 0.5 -0.033 -0.069 0.083 0.002 0.000 0.104 0.002 -0.007
-0.033 -0.077 0.002 0.088 -0.004 0.002 0.106 -0.005

0.066 0.064 0.000 -0.004 0.090 -0.007 -0.005 0.090

-0.5  0.25 0.25 -0.064 -0.074 0.088 0.000 0.000 0.114 -0.001 0.001
0.000 -0.005 0.000 0.037 0.000 -0.001 0.088 -0.027

0.001 -0.002 0.000 0.000 0.037 0.001 -0.027 0.087

0.0 0.0 0.0 0.000 -0.034 0.035 0.000 0.000 0.089 -0.014 -0.013

0.000 -0.030 0.000 0.035 0.000 -0.014 0.092 -0.013

0.000 -0.032 0.000 0.000 0.035 -0.013 -0.013 0.086

(b) @ =30.0 and d = 0.5

-0.5 0.0 0.5 -0.032 -0.034 0.051 0.000 0.000 0.055 0.000 -0.001
-0.033 -0.031 0.000 0.035 -0.001 0.000 0.035 -0.001

0.033 0.028 0.000 -0.001 0.036 -0.001 -0.001 0.037

-0.25 -0.25 0.5 -0.016 -0.032 0.043 0.000 -0.001 0.046 0.000 -0.001
-0.016 -0.037 0.000 0.043 -0.001 0.000 0.046 -0.001

0.033 0.027 -0.001 -0.001 0.043 -0.001 -0.001 0.040

-0.5  0.25 0.25 -0.033 -0.038 0.043 0.000 0.000 0.050 0.000 -0.001
0.000 0.001 0.000 0.017 0.000 0.000 0.031 -0.007

0.000 -0.002 0.000 0.000 0.017 -0.001 -0.007 0.031

0.0 0.0 0.0 0.000 -0.016  0.017 0.000 0.000 0.031 -0.004 -0.004

0.000 -0.015 0.000 0.017 0.000 -0.004 0.032 -0.003

0.000 -0.012 0.000 0.000 0.017 -0.004 -0.003 0.031
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TABLE 11
Approximate and simulated values for the bias and variance of &7 for the

multi-armed clinical trial model

Bias Variance

0, 0, 03  Approx MC  Approx MC

(a) a=15.0 and d = 0.5
-0.5 0.0 0.5 -0.089 -0.102 0.048 0.057
-0.25 -0.25 0.5 -0.100 -0.107 0.053 0.061
-0.5  0.25 0.25 -0.043 -0.087 0.027 0.046
0.0 0.0 0.0 -0.033 -0.075 0.021 0.038

(b) a =30.0 and d = 0.5
-0.5 0.0 0.5 -0.044 -0.045 0.024 0.026
-0.25 -0.25 0.5 -0.050 -0.050  0.027  0.028
-0.5  0.25 0.25 -0.022 -0.035 0.014 0.019
0.0 0.0 0.0 -0.017 -0.029 0.011 0.015
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TABLE III

Approximate and simulated values for the bias and variance of 0, for a first-order

autoregression

n =25 n =50
Bias Variance Bias Variance

0  Approx MC  Approx MC | Approx MC Approx MC

0.0 0.000 -0.001  0.039  0.039 0.000 -0.002 0.020 0.020
0.2 -0.016 -0.017 0.038 0.039 | -0.008 -0.009 0.019 0.019
0.4 -0.032 -0.032 0.035 0.036 | -0.016 -0.017 0.017 0.017
0.6 -0.048 -0.047 0.030 0.031 | -0.024 -0.024 0.014 0.014
0.8 -0.064 -0.061 0.023 0.023 | -0.032 -0.032 0.009 0.009
09 -0.072 -0.067 0.019 0.018 | -0.036 -0.035 0.007  0.007
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TABLE 1V

Approximate and simulated values for the bias and covariance matrix of 0, for a

second-order autoregression

Bias Covariance matrix

f, 6, Approx MC Approx MC

(a) n =25
0.0 0.0 0.000 -0.002 0.037 0.000 0.044 0.001
-0.040 -0.041 0.000 0.032 0.001 0.042
0.0 0.5 0.000 -0.003 0.032 0.000 0.041 0.001
-0.100 -0.096 0.000 0.028 0.001 0.039
1.5 -0.6 -0.060 -0.061 0.026 -0.022 0.033 -0.029
0.032 0.029 -0.022 0.022 -0.029 0.031
1.9 -0.9 -0.076 -0.098 0.012 -0.012 0.026 -0.027
0.068 0.090 -0.012 0.011 -0.027 0.029

(b) n =50
0.0 0.0 0.000 -0.002 0.019 0.000 0.021 0.000
-0.020 -0.021  0.000 0.018 0.000 0.020
0.0 0.5 0.000 -0.001 0.016 0.000 0.018 0.000
-0.050 -0.049 0.000 0.014 0.000 0.017
1.5 -0.6 -0.030 -0.031 0.013 -0.012 0.015 -0.013
0.016 0.016 -0.012 0.012 -0.013 0.014
1.9 -09 -0.038 0.051 0.005 -0.005 0.009 -0.009
0.034 0.047 -0.005 0.005 -0.009 0.009
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TABLE V

Approximate and simulated values for the bias and covariance matrix of 0,, for the

Ford-Silvey example

Bias Covariance matrix
f, 6, Approx MC Approx MC
(a) n =25

1.0 1.5 0.032 0.025 0.078 0.050 0.078 0.050
0.048  0.039 0.050 0.070 0.050 0.072
1.0 2.0 0.013 0.009 0.055 0.027 0.056 0.026
0.027  0.022 0.027 0.053 0.026 0.053
1.0 4.0 0.003 0.004 0.043 0.011 0.043 0.010
0.011T  0.009 0.011 0.043 0.010 0.043

(b) n =50
1.0 1.5 0.016 0.012 0.037 0.024 0.038 0.025
0.024  0.020 0.024 0.035 0.025 0.037
1.0 2.0 0.007 0.005 0.027 0.013 0.028 0.013
0.013 0.011 0.013 0.026 0.013 0.026
1.0 4.0 0.001 0.003 0.021 0.005 0.022 0.006
0.005 0.005 0.005 0.021 0.006 0.021
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