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A RESTRICTED MINIMAX DETERMINATION OF THE
INITIAL SAMPLE SIZE IN STEIN’S AND RELATED
TWO-STAGE PROCEDURE
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When the variance is known, a level 1 — a confidence interval of specified width
2h > 0 for the mean of a normal distribution requires a sample of size at least
n = c?0%/h?, where c is the upper (1 — %a)th quantile of the standard normal
distribution. If the variance is unknown, then such an interval may be constructed
using Stein’s double sampling procedure in which an initial sample of size m > 2 is

drawn and used to estimate 7. Here is it shown that if the experimenter can specify

a prior guess, 7o say, for 7, then / %(1 + c2)np is an approximately minimax choice
for the initial sample size. The formulation is, in fact, more general and includes

point estimation with equivariant loss as well as interval estimation.
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1. Introduction

Stein’s (1945) two-stage procedure for setting a confidence interval of pre-
scribed width 2h > 0 and confidence 1 — « for the mean of a normal distri-
bution may be described as follows: Let X1, X5, -+ be independent normal
variables with unknown mean g and variance o%; and let X,, and S2 denote
the sample mean and variance of X1, -+, X, so that nX, = X;1+---+ X,
and (n—1)S2 = (X; - X,,)?+- -+ (X, — X,,)%. First take an initial sample

of size m > 2 and compute S2; next let

2 2

S
Tm = max{m, (sz#}}’
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where ¢,, is the upper 1—«a/2 quantile of the t-distribution with m degrees of
freedom and [z] denotes the least integer that is greater than or equal to x;
then take an additional T},, —m observations and declare [Xr,, —h, X7, +h]
to be the interval. Stein showed that P, ,2[| X7, — p| < h] > 1— « for all
p and o? for any m > 2. Of course, if 02 were known, then a confidence
interval of width 2h and confidence 1 — « could be constructed by taking a
sample of size at least

o2

n= he (1)
where ¢ is the upper 1 — /2 quantile of the standard normal distribution.
Stein’s procedure effectively estimates n by T),.

The present paper centers on the choice of m in Stein’s procedure and
related ones. The choice of m has to be subjective at some level, because
there is no data when it is chosen. It is required here that the experimenter
specify a prior expectation, 03 say, for 02. That is, it is assumed that the

experimenter has a prior distribution & for which

o0
| oetay = o (2)
Equivalently, the experimenter must specify the prior expectation 7y =
c?a/h? for . No other details of the prior are required.
Let Zg be the class of prior distributions for which (2) holds. Then a
corollary to the main result asserts that

1+4¢2

5 )0 | (3)

is an asymptotically minimax choice for m within the class Zg in the fol-

mh=|— (

lowing sense:

[e'S) 2
inf sup [ E(Telde) = mo+ 2 (55w ko) (4
- E,2(T, )&{d
sup /0 (Ton,, )E{do}

as h | 0. For example, if « = .05, h = .1, and g9 = 1, then ny = 384.16

and the approximately minimax choice of m is mj; = 31. While only a
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prior guess for o2 is required, the minimax choice (3) is sensitive to that
choice, since mj, depends linearly on og. This is unfortunate, but in some
sense unavoidable, since only prior knowledge/opinion is available when m
is chosen.

There has been continuing interest in two-stage procedures for esti-
mating means since [7], but few explicit recommendations for the initial
sample size. On one hand there has been interest in asymptotic properties
of two-stage procedures. Much of this work is described in [6] and does
include some order of magnitude restrictions on the initial sample size. If
a lower bound for ¢ is known, say ¢ > o, > 0, then m must be at least
m. = c?02/h? and [m.] is suggested as an initial sample size. This remark
can be useful when o, > h. See [5] for an example. There has also been
some recent interest in Bayesian solutions, [3], [4] and [8], when the prior
distribution can be specified completely. A special case of our main result
appears in [12], the case of point estimation with squared error loss, as de-
scribed in the next section. For that case, it is shown that a statistician who
can specify the prior distribution completely may be led to take a larger
initial sample size than the minimax choice.

The proof of (4) requires finding an appropriate decision problem, one
for which Stein’s procedure is the (asymptotic minimax) solution. The
decision problem is identified in Section 2. The main result is stated there,
and (4) proved. Section 3 contains some preliminary lemmas. The first
two of these, at least, are intuitive. The main result is then established in
Section 4. The proof is substantially more involved that the special case in

[12], where simple explicit expressions were used extensively.

2. The Main Result

The proof of Stein’s result uses the observation: If ¢ = #(S2,) > m is an
(measurable) integer valued function of S, then the conditional distribu-

tion of X; given S2, is normal with mean p and variance o2/t. It then
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follows that

P, o2 [|Xe — p| < h| = E,e [2@(%\/%) -1, (5)

where ® denotes the standard normal distribution function. Using exten-
sions of (5) to fully sequential procedures, Woodroofe [11] showed a close
connection between the problem of setting a fixed width confidence inter-
val and an optimal stopping problem in which the statistician must find a

stopping time ¢ with respect to S5, 5%, - - - to minimize nE,2[K (t/n)], where

21 — ®(cv/7)]

K@) ===

+ x,

7 is as in (1) with ®(¢) = 1 — /2, and ¢ the standard normal density.
This connection is elaborated in the proof of Corollary 1 at the end of this
section.

A similar form arises in point estimation. To see how, suppose that it
is required to estimate y with a loss of the form A|X,, — pu|?" for estimation
error, where p > 0, and unit cost for each observation. Here A determines
the importance of estimation error relative to the cost of sampling and is
assumed to be large. If m > 2, t = t(S2) > m, and a sample of size t is
taken then, as in (5), the expected loss plus sampling cost is

Avpo?P
tp

E[AIX; — p|*? +t] = E,2] +t],

where v, = 2PT(% + p)//7, and this is of the form nE,2[K(t/n)] with
0= (Apy,) 7707t and K (x) = 1/(pa”) + .
Observe that for both the interval and point estimation problems, K is

of the form
K(z) = Ko(z) + =, (6)

where K| is a non-negative decreasing strictly convex function for which

K{(1) = —1 (so that K(z) is minimized when = = 1), and

n=ac*, (7)



December 11, 2005 6:12 Proceedings Trim Size: 9in x 6in twstgrev

ot

where 0 < a,q < oo. In the point estimation problem, Ko(xz) = 1/(pzP),
q=rp/(p+1), and a = (Apy,)"/P*TV. For interval estimation, Ko(x) =
2[1 — ®(cv/7)]/[cp(c)], ¢ = 1, and a = ¢ /h?.

In the statement of the main result, the statistician must specify a pair
§ = (m,t), where m > 2 is an integer, the initial sample size, and t = ¢(S2)
is a measurable integer valued function for which ¢ > m. The loss incurred
when ¢ is used is taken to be nK(t/n), where K and 7 are as in (6) and
(7), and the risk is then

t

R.(6;0%) = nE,» [K(E)]. (8)

The function K| is required to be a twice continuously differentiable convex

function for which
Ko(z) = O0(z™")

as x | 0 for some £ > 0.

For a given og, let =y be the class of prior distributions £ for which

/OO o%1¢{do} = agd.

0
Further, let
ra(8;0%) = Ra(8;0°) — K(1)n,
Ru(5:6) = [ Ru(sio?)ctaa),
and

m@ozéwm@fxwﬂ

for £ € =. Finally, let ny = ao'gq, the prior expectation of 7, and let é, be

the procedure defined by

ma = [q/ K" (1)no] 9)

and

to = max{mg, [aS>4]}. (10)
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Theorem 2.1. With the notation and assumptions of the previous two

paragraphs,
inf sup 74(3;€) = 2¢/ K" (1)no + o(y/no) = sup 74(6a;€)  (11)
% gezo g€
as a — 0.

The proof of Theorem 2.1) is presented in Section 4. The following
corollary contains (4) as a special case. In its statement 0 < a < 1 and
0 < 02 < oo are fixed, a = ¢?/h?, ng = c®03/h?, and h | 0.

Corollary 2.1. If §, = (mp,tn) are any procedures for which

P,o2[|Xe, —p| <h] 21—« (12)
for all i and o2, then
o0 14 ¢2
sup Eq: (tn)é{do} = mo + 24/ (—5—)mo + o(v/10) (13)
€50 JO

as h | 0. Moreover, there is equality in (13) if mp is as in (3) and tp, = T, .
Proof. If 6y, satisfies (12), then E,2[Ko(t/n)] < a/[cp(c)],

Ral0n3€) < 75+ Fe(tn) = K (1o + Feltn = o),

and, therefore,
/ E 2 (tn)é{do} —no > Ta(0p; &)
0

for all £ € Zy. The inequality asserted in (13) now follows directly from the
theorem, since ¢ = 1 and K”(1) = (1 + ¢?)/2 for interval estimation.
The equality asserted in the corollary follows from a direct calculation.
Clearly, T,,, < ¢2,_1S2 /h? + m + 1 for any m and, therefore,
2, —c
E¢(Ty —mo) < (%)08 +m+1
for any £ € 2. From [1], p. 949, or first principles, ¢,, = ¢+ (¢ + ¢®)/4m+

O(1/m?) as m — oo and, therefore,

2 2 2, 4 2
Ce1 —C\ o [(C°+C\ o 1 1+4c 1
( h? )UO o ( 2mh? )UO +O(m2h2) = 2m 1o +O(m2h2)'

Letting m = my and combining the last two expressions now shows that

there is equality in (13) when my, is as in (3). O
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3. Preliminary Lemmas
In the statements of lemmas below ¢ is fixed,
( ) ﬁQQy%aflefjﬁy
Jo,p\Y) = 1,
22°T(3a)
> 29T (30 + q)
Vo= [ Y'9an1(y)dy = —=3—~—
/ Tl
and
_ <yl
RKolo) = [ K )gar(wis (14)
0 o

where I' denotes the gamma function. Here K,(x) is defined for all 0 <
a,x < oo, though possibly infinite. Properties of K, are central to the
proof.

In the proofs of the following Lemmas, use is made of Stirling’s Formula,

logT'(2) = (2 — %) log(z) —z + %log(%) + le + O(Zig) (15)

as z — 00. See, for example, [1], p. 267. In particular, it follows from

Stirling’s Formula that
Vo = a? 4+ 0O(1)
as a — oo.

Lemma 3.1. i) The integral in (14) converges for all a > 24q.

i) If Ko(z) < oo for some 0 < o,z < o0, then K/ (2') < oo for all
o >aalx.

i) In this case, K, is a twice continuously differentiable, strictly convex
function, and K, (x) > K(z) for all z.

i) Finally,

w -I-O(é) (16)

Ko(z) = K(z) +

uniformly in © on compact subintervals of (0,00) as a — 0.
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Proof. Clearly, K, (z) < oo iff fol Ko(zy?/va)ga.1(y)dy < co. The first

assertion follows directly. For ii) and iii), write

Ro= [ K, iy (17)

The second assertion follows since g =~ ,_ 1 (y)/g _ 1 (y) remains bounded
asy — 0 when o > o and 0 < z, 2’ a<’roo. The géﬁtinuous differentiability
asserted in iii) also follows from (17), since gq g is an exponential family
in 3; K, is, in fact, analytic in # > 0. See Brown [2], pp. 34-36. That
K, is strictly convex and K,(x) > K(z), then follow from the convexity
of K, the positivity of go,1, and Jensen’s Inequality. Relation (16) may be
formally obtained by applying the delta method and rigorously established
along the lines of Chapter 3 in [9]. &

Lemma 3.2. For all a > 0,

inf Ko (z) > K(1). (18)

0<zr<oo

If K, is finite, then Ko () attains its minimum at a unique value T,. As
a— 00, To — 1 and
inf o) = Ka(1) +o(~) (19)
inf K,(z) = K, —).
x>0 * © [e%

Proof. Since (18) is clear when K,

= o0, it suffices to consider « for
which K, is finite. For such o, lim, .o, Kq(z) = 0o and

lim K = lim K’

lim Ko (2) = lim K'(x) <0,

so that the infimum cannot be attained as =z | 0 or x — oo. That the
infimum is attained at a unique point then follows from the strict convexity,
and Ko (7q) > K(zq) > K(1), establishing (18). Next inf|,_1|> Ko(z) >
inf|,_1>e K(z) > Kq(1) for all sufficiently large a for any ¢ > 0 and,

therefore, that x, — 1 as @ — oo. Relation (19) then follows from (16),
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since
7 202 K" (2, 1
Kalra) = K(2a) +2q ”a ~ (Fe) o(=)
K"(1 1
> K1)+ 1 ?( Lt o)
= Kall) +0(2),
where the inequality uses K (x) > K(1) and z, — 1. O

Let &4, be the prior distribution for o under which § = 1/0? has density
Ja,3- Also, write E, g for unconditional expectation in the Bayesian model
and E)" ; for conditional expectation given S2 , when o has prior £, 3. Then
B4

Va—2q

Uo ::/ a2qga,5{da}:/ 0, 5(0)d0 =
0 0

1/a 2

fora>2q,and £ € 5y iff =, 0§, in which case 19 = aUp. Similarly,

a—2q
x4
a

/0 ) MK (e s{do} = a /O“ —

Inverted gamma priors £, 3 are conjugate to scaled chi-squared distri-

_ T
)9a,5(0)d0 = no Ko —2q(—).
Mo

butions, and

B,

)
Va,,—2q

Up = Ezﬁ(oml) =
where

am =a+m—1,

Lemma 3.3. If a > 2({+ 1)q and x > 0, then
x _ x
EOty UK(_) = ﬁKOt— (T )
ﬂ[ n ] 2q 77)
where 7 = aBy 5(0?7).

Proof. The proof depends on the simple relation

q

H_qgaﬁ(@) = ga—QtJﬂ(G)-

Va—2q
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It follows that 7 = a39/vq—_24 and
T > p 67
Bop[nK ()] = [ b K(==)ga,5(0)d6

_ o / K(xoq)ga 2.5(0)d6

Va—2q

= / K( nfj:q )9a—2q,1(6)d0
= Ko Qq(n)
as asserted. ,
Lemma 3.4. There is a constant C' for which
P g[Unm > u] < C(Bu"7)7%

for all w > 0, provided that m > 2 and o +m — 1 > 2q + 1.

Proof. Let Z,, = Byn/B. Then the marginal density of Z,, is

for 1 < z < 0o. This is at most Com%"‘/zH%a for all @ > 2g and all z >1

for some constant Cy. So,

for all @ > 2g and z > 1. The Lemma is an easy consequence of this and

(15), since
1 1
vi o _ ue
PoplUm > u] = P g[Zm > %].
4. Proof of the Main Result
It suffices to show that
sup mf Ta(0;€) > 2q\/ K" (1)no + o(v/n0) (20)

£EE
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and

Sup Ta(0a; &) < 2qv/ K" ()10 + 0(v/100) (21)
€Eo

The Upper Bound. Relation (21) is established first. With m, and
t, as in (9) and (10), let a be so large that m, > 2¢q. Then it is clear from

the monotonicity of K that

S2 me +1
o)) 4 Dt
n g n
So,
Ra(5a§ 02) S nkmafl(ya) + Mg + ]-a

where y, = U, —1/(ma — 1)? and, therefore,

§Sup fa((sa;é-) < nO[Rmafl(ya) - K(]-)] + mg + ]-7

€=

The right side is easily analyized. From Stirling’s Formula, y, = 1 +
O(1/ma). Then Kp,-1(Ya) = K(ya) + ¢®v2K" (ya)/ma + 0(1/ma), by
Lemma 3.1, and K (ya) + ¢®y2 K" (ya)/me = K(1) +¢* K" (1) /ma+0(1/my)
by the continuity of K. This leaves

ZK// 1
sup Fa(a3€) < LI M 4y o0
£€8p mq me

< 2¢v/K"(1)no + o(y/mo)
where the last step uses the definition (9) of m,. This establishes (21).
The Lower Bound. Let 8 = 8, = a2/, and let @ = a, be deter-
mined by 89/vq—2q = ogq. Then the inverted gamma priors £, g are in Zo,

8 —0,a]| 2qas a— oo, and

1
§O£

em a |1 C
Poz Um —] < C —)a < — 292
alUn > T < OB < — (22)
for all m > 2,0 < e < 1, and large a. It will be shown that
inf 7(0; €a,5) = 24/ K" (1)10 + o(/0). (23)

To establish this, first observe that

. .5 . . m t
inf R(5:60,9) = inf, o { inf ELs [ ()] } (24)
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and

t _ t
21 K(=)| = 7mKo¢mf -
,6[77 (77)] n 211(77 )

m

for fixed m > 2 and t > m, where 7,, = aU,,. So, for fixed m,
t
. m ENES
tléliEaﬁ [nK(n)} > 1, + I,

where

Ly = ;I;fo M Ka,,—2q()

_ = m . =
Hm = Tm [Kam—Qq(ﬁ_m) - ;2% Kam—Qq(x)} 1{w;‘n<m/ﬁm}7

and z7, is the value at which K, _2,() is minimized. Clearly, E, g(Up,) =

Uy and, therefore, Eq g(7m) = mo. So,
Eo,3(Im) =m0 :igfo Kamf2q($)~

Now, infa<qo infyso Ko(z) > K(1) for any a® by Lemma 3.2. Combining
this with (21), it follows that the infimum in (24) can be restricted of
m > my for any given mg for all sufficiently large a.

Considering only large a and m,

27N
g°K"(1) 1
E,3(I,) =n|K(1 4 il
) =m[E() + LA oLy
Next,
Eaﬂ(”m)—ﬂlm EZ,m;
where
_ = m
El,m—/ nm[Kam—Qq(,_)_K(l)}dPa,ﬂ
¥, <m/Tm m
and
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Here
2 g7
_ ¢°K"(1) 1
Bl < [ T o]
xx <m/fim [ m m ]
217

m ¢*K"(1) 1
< -\ -
_xj;l[ m +O(m)}
=0(1).

For I ., observe that =}, < m/fy, iff 7, < m/z}, and recall that =}, — 1.
So, for any 0 < e < 1,
Iy > (1= €mPa gliim < %} > (1-e)’m

for all m > myg for all sufficiently large a, by (22). This leaves

i r(5:60) > it ([T oLy gzm o)

m>mo m
=2(1 = €)gv/ K" (1)no + o(\/10),

establishing (23) since € was arbitrary.
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