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When the variance is known, a level 1 − α confidence interval of specified width

2h > 0 for the mean of a normal distribution requires a sample of size at least

η = c2σ2/h2, where c is the upper (1 − 1

2
α)th quantile of the standard normal

distribution. If the variance is unknown, then such an interval may be constructed

using Stein’s double sampling procedure in which an initial sample of size m ≥ 2 is

drawn and used to estimate η. Here is it shown that if the experimenter can specify

a prior guess, η0 say, for η, then
q

1

2
(1 + c2)η0 is an approximately minimax choice

for the initial sample size. The formulation is, in fact, more general and includes

point estimation with equivariant loss as well as interval estimation.
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1. Introduction

Stein’s (1945) two-stage procedure for setting a confidence interval of pre-

scribed width 2h > 0 and confidence 1−α for the mean of a normal distri-

bution may be described as follows: Let X1, X2, · · · be independent normal

variables with unknown mean µ and variance σ2; and let X̄n and S2
n denote

the sample mean and variance of X1, · · · , Xn, so that nX̄n = X1 + · · ·+Xn

and (n−1)S2
n = (X1−X̄n)2 + · · ·+(Xn−X̄n)2. First take an initial sample

of size m ≥ 2 and compute S2
m; next let

Tm = max{m, dc2
m−1S

2
m

h2
e},

1
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where cm is the upper 1−α/2 quantile of the t-distribution with m degrees of

freedom and dxe denotes the least integer that is greater than or equal to x;

then take an additional Tm−m observations and declare [X̄Tm
−h, X̄Tm

+h]

to be the interval. Stein showed that Pµ,σ2 [|X̄Tm
− µ| ≤ h] ≥ 1 − α for all

µ and σ2 for any m ≥ 2. Of course, if σ2 were known, then a confidence

interval of width 2h and confidence 1−α could be constructed by taking a

sample of size at least

η =
c2σ2

h2
, (1)

where c is the upper 1− α/2 quantile of the standard normal distribution.

Stein’s procedure effectively estimates η by Tm.

The present paper centers on the choice of m in Stein’s procedure and

related ones. The choice of m has to be subjective at some level, because

there is no data when it is chosen. It is required here that the experimenter

specify a prior expectation, σ2
0 say, for σ2. That is, it is assumed that the

experimenter has a prior distribution ξ for which
∫ ∞

0

σ2ξ{dσ} = σ2
0 . (2)

Equivalently, the experimenter must specify the prior expectation η0 =

c2σ2
0/h2 for η. No other details of the prior are required.

Let Ξ0 be the class of prior distributions for which (2) holds. Then a

corollary to the main result asserts that

mh = d
√

(1 + c2

2

)

η0 e (3)

is an asymptotically minimax choice for m within the class Ξ0 in the fol-

lowing sense:

inf
m≥2

sup
ξ∈Ξ0

∫ ∞

0

Eσ2 (Tm)ξ{dσ} = η0 + 2

√

(1 + c2

2

)

η0 + o(
√

η0) (4)

= sup
ξ∈Ξ0

∫ ∞

0

Eσ2(Tmh
)ξ{dσ}

as h ↓ 0. For example, if α = .05, h = .1, and σ0 = 1, then η0 = 384.16

and the approximately minimax choice of m is mh = 31. While only a
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prior guess for σ2 is required, the minimax choice (3) is sensitive to that

choice, since mh depends linearly on σ0. This is unfortunate, but in some

sense unavoidable, since only prior knowledge/opinion is available when m

is chosen.

There has been continuing interest in two-stage procedures for esti-

mating means since [7], but few explicit recommendations for the initial

sample size. On one hand there has been interest in asymptotic properties

of two-stage procedures. Much of this work is described in [6] and does

include some order of magnitude restrictions on the initial sample size. If

a lower bound for σ is known, say σ ≥ σ∗ > 0, then m must be at least

m∗ = c2σ2
∗/h2 and dm∗e is suggested as an initial sample size. This remark

can be useful when σ∗ � h. See [5] for an example. There has also been

some recent interest in Bayesian solutions, [3], [4] and [8], when the prior

distribution can be specified completely. A special case of our main result

appears in [12], the case of point estimation with squared error loss, as de-

scribed in the next section. For that case, it is shown that a statistician who

can specify the prior distribution completely may be led to take a larger

initial sample size than the minimax choice.

The proof of (4) requires finding an appropriate decision problem, one

for which Stein’s procedure is the (asymptotic minimax) solution. The

decision problem is identified in Section 2. The main result is stated there,

and (4) proved. Section 3 contains some preliminary lemmas. The first

two of these, at least, are intuitive. The main result is then established in

Section 4. The proof is substantially more involved that the special case in

[12], where simple explicit expressions were used extensively.

2. The Main Result

The proof of Stein’s result uses the observation: If t = t(S2
m) ≥ m is an

(measurable) integer valued function of S2
m, then the conditional distribu-

tion of X̄t given S2
m is normal with mean µ and variance σ2/t. It then
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follows that

Pµ,σ2

[

|X̄t − µ| ≤ h
]

= Eσ2

[

2Φ
(h

√
t

σ

)

− 1
]

, (5)

where Φ denotes the standard normal distribution function. Using exten-

sions of (5) to fully sequential procedures, Woodroofe [11] showed a close

connection between the problem of setting a fixed width confidence inter-

val and an optimal stopping problem in which the statistician must find a

stopping time t with respect to S2
2 , S2

3 , · · · to minimize ηEσ2 [K(t/η)], where

K(x) =
2[1− Φ(c

√
x)]

cϕ(c)
+ x,

η is as in (1) with Φ(c) = 1 − α/2, and ϕ the standard normal density.

This connection is elaborated in the proof of Corollary 1 at the end of this

section.

A similar form arises in point estimation. To see how, suppose that it

is required to estimate µ with a loss of the form A|X̄n −µ|2p for estimation

error, where p > 0, and unit cost for each observation. Here A determines

the importance of estimation error relative to the cost of sampling and is

assumed to be large. If m ≥ 2, t = t(S2
m) ≥ m, and a sample of size t is

taken then, as in (5), the expected loss plus sampling cost is

E
[

A|X̄t − µ|2p + t
]

= Eσ2

[Aγpσ
2p

tp
+ t

]

,

where γp = 2pΓ( 1
2 + p)/

√
π, and this is of the form ηEσ2 [K(t/η)] with

η = (Apγp)
1

p+1 σ
2p

p+1 and K(x) = 1/(pxp) + x.

Observe that for both the interval and point estimation problems, K is

of the form

K(x) = K0(x) + x, (6)

where K0 is a non-negative decreasing strictly convex function for which

K ′
0(1) = −1 (so that K(x) is minimized when x = 1), and

η = aσ2q , (7)
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where 0 < a, q < ∞. In the point estimation problem, K0(x) = 1/(pxp),

q = p/(p + 1), and a = (Apγp)
1/(p+1). For interval estimation, K0(x) =

2[1 − Φ(c
√

x)]/[cϕ(c)], q = 1, and a = c2/h2.

In the statement of the main result, the statistician must specify a pair

δ = (m, t), where m ≥ 2 is an integer, the initial sample size, and t = t(S2
m)

is a measurable integer valued function for which t ≥ m. The loss incurred

when δ is used is taken to be ηK(t/η), where K and η are as in (6) and

(7), and the risk is then

Ra(δ; σ2) = ηEσ2

[

K(
t

η
)
]

. (8)

The function K0 is required to be a twice continuously differentiable convex

function for which

K0(x) = O(x−`)

as x ↓ 0 for some ` > 0.

For a given σ0, let Ξ0 be the class of prior distributions ξ for which
∫ ∞

0

σ2qξ{dσ} = σ2q
0 .

Further, let

ra(δ; σ2) = Ra(δ; σ2) − K(1)η,

R̄a(δ; ξ) =

∫ ∞

0

Ra(δ; σ2)ξ{dσ},

and

r̄a(δ; ξ) =

∫ ∞

0

ra(δ; σ2)ξ{dσ}

for ξ ∈ Ξ0. Finally, let η0 = aσ2q
0 , the prior expectation of η, and let δa be

the procedure defined by

ma = dq
√

K ′′(1)η0e (9)

and

ta = max{ma, daS2q
m e}. (10)
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Theorem 2.1. With the notation and assumptions of the previous two

paragraphs,

inf
δ

sup
ξ∈Ξ0

r̄a(δ; ξ) = 2q
√

K ′′(1)η0 + o(
√

η0) = sup
ξ∈Ξ0

r̄a(δa; ξ) (11)

as a → ∞.

The proof of Theorem 2.1) is presented in Section 4. The following

corollary contains (4) as a special case. In its statement 0 < α < 1 and

0 < σ2
0 < ∞ are fixed, a = c2/h2, η0 = c2σ2

0/h2, and h ↓ 0.

Corollary 2.1. If δh = (mh, th) are any procedures for which

Pµ,σ2

[

|X̄th
− µ| ≤ h

]

≥ 1 − α (12)

for all µ and σ2, then

sup
ξ∈Ξ0

∫ ∞

0

Eσ2(th)ξ{dσ} ≥ η0 + 2

√

(1 + c2

2

)

η0 + o(
√

η0) (13)

as h ↓ 0. Moreover, there is equality in (13) if mh is as in (3) and th = Tmh
.

Proof. If δh satisfies (12), then Eσ2 [K0(t/η)] ≤ α/[cϕ(c)],

R̄a(δh; ξ) ≤ αη0

cϕ(c)
+ Eξ(th) = K(1)η0 + Eξ(th − η0),

and, therefore,
∫ ∞

0

Eσ2 (th)ξ{dσ} − η0 ≥ r̄a(δh; ξ)

for all ξ ∈ Ξ0. The inequality asserted in (13) now follows directly from the

theorem, since q = 1 and K ′′(1) = (1 + c2)/2 for interval estimation.

The equality asserted in the corollary follows from a direct calculation.

Clearly, Tm ≤ c2
m−1S

2
m/h2 + m + 1 for any m and, therefore,

Eξ(Tm − η0) ≤
(c2

m−1 − c2

h2

)

σ2
0 + m + 1

for any ξ ∈ Ξ0. From [1], p. 949, or first principles, cm = c+(c + c3)/4m+

O(1/m2) as m → ∞ and, therefore,
(c2

m−1 − c2

h2

)

σ2
0 =

(c2 + c4

2mh2

)

σ2
0 + O(

1

m2h2
) = (

1 + c2

2m
)η0 + O(

1

m2h2
).

Letting m = mh and combining the last two expressions now shows that

there is equality in (13) when mh is as in (3). ♦
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3. Preliminary Lemmas

In the statements of lemmas below q is fixed,

gα,β(y) =
β

1
2
αy

1
2

α−1e−
1
2

βy

2
1
2
αΓ( 1

2α)

να =

∫ ∞

0

yqgα,1(y)dy =
2qΓ( 1

2α + q)

Γ( 1
2α)

.

and

K̄α(x) =

∫ ∞

0

K(
xyq

να
)gα,1(y)dy, (14)

where Γ denotes the gamma function. Here K̄α(x) is defined for all 0 <

α, x < ∞, though possibly infinite. Properties of K̄α are central to the

proof.

In the proofs of the following Lemmas, use is made of Stirling’s Formula,

log Γ(z) = (z − 1

2
) log(z) − z +

1

2
log(2π) +

1

12z
+ O(

1

z3
) (15)

as z → ∞. See, for example, [1], p. 267. In particular, it follows from

Stirling’s Formula that

να = αq + O(1)

as α → ∞.

Lemma 3.1. i) The integral in (14) converges for all α > 2`q.

ii) If K̄α(x) < ∞ for some 0 < α, x < ∞, then K̄α′(x′) < ∞ for all

α′ ≥ α all x′.

iii) In this case, K̄α is a twice continuously differentiable, strictly convex

function, and K̄α(x) > K(x) for all x.

iv) Finally,

K̄α(x) = K(x) +
q2x2K ′′(x)

α
+ o(

1

α
) (16)

uniformly in x on compact subintervals of (0,∞) as α → ∞.
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Proof. Clearly, K̄α(x) < ∞ iff
∫ 1

0 K0(xyq/να)gα,1(y)dy < ∞. The first

assertion follows directly. For ii) and iii), write

K̄α =

∫ ∞

0

K(
yq

να
)g

α,x
−

1
q
(y)dy. (17)

The second assertion follows since g
α′,x

′−
1
q
(y)/g

α,x
−

1
q
(y) remains bounded

as y → 0 when α′ ≥ α and 0 < x, x′ < ∞. The continuous differentiability

asserted in iii) also follows from (17), since gα,β is an exponential family

in β; K̄α is, in fact, analytic in x > 0. See Brown [2], pp. 34-36. That

K̄α is strictly convex and K̄α(x) > K(x), then follow from the convexity

of K, the positivity of gα,1, and Jensen’s Inequality. Relation (16) may be

formally obtained by applying the delta method and rigorously established

along the lines of Chapter 3 in [9]. ♦

Lemma 3.2. For all α > 0,

inf
0<x<∞

K̄α(x) > K(1). (18)

If K̄α is finite, then K̄α(x) attains its minimum at a unique value xα. As

α → ∞, xα → 1 and

inf
x>0

K̄α(x) = K̄α(1) + o(
1

α
). (19)

Proof. Since (18) is clear when K̄α ≡ ∞, it suffices to consider α for

which K̄α is finite. For such α, limx→∞ K̄α(x) = ∞ and

lim
x↓0

K̄ ′
α(x) = lim

x↓0
K ′(x) < 0,

so that the infimum cannot be attained as x ↓ 0 or x → ∞. That the

infimum is attained at a unique point then follows from the strict convexity,

and K̄α(xα) > K(xα) ≥ K(1), establishing (18). Next inf |x−1|≥ε K̄α(x) ≥
inf |x−1|≥ε K(x) > K̄α(1) for all sufficiently large α for any ε > 0 and,

therefore, that xα → 1 as α → ∞. Relation (19) then follows from (16),
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since

K̄α(xα) = K(xα) +
q2x2

αK ′′(xα)

α
+ o(

1

α
)

≥ K(1) +
q2K ′′(1)

α
+ o(

1

α
)

= K̄α(1) + o(
1

α
),

where the inequality uses K(x) ≥ K(1) and xα → 1. ♦
Let ξα,β be the prior distribution for σ under which θ = 1/σ2 has density

gα,β. Also, write Eα,β for unconditional expectation in the Bayesian model

and Em
α,β for conditional expectation given S2

m, when σ has prior ξα,β . Then

U0 :=

∫ ∞

0

σ2qξα,β{dσ} =

∫ ∞

0

θ−qgα,β(θ)dθ =
βq

να−2q

for α > 2q, and ξ ∈ Ξ0 iff β = ν
1/q
α−2qσ

2
0 , in which case η0 = aU0. Similarly,

∫ ∞

0

ηK(
x

η
)ξα,β{dσ} = a

∫ ∞

0

θ−qK(
xθq

a
)gα,β(θ)dθ = η0K̄α−2q(

x

η0
).

Inverted gamma priors ξα,β are conjugate to scaled chi-squared distri-

butions, and

Um := Em
α,β(σ2q) =

βq
m

ναm−2q
,

where

αm = α + m − 1,

βm = β + (m − 1)S2
m.

Lemma 3.3. If α > 2(` + 1)q and x > 0, then

Eα,β

[

ηK(
x

η
)
]

= η̄K̄α−2q(
x

η̄
),

where η̄ = aEα,β(σ2q).

Proof. The proof depends on the simple relation

θ−qgα,β(θ) =
βq

να−2q
gα−2q,β(θ).
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It follows that η̄ = aβq/να−2q and

Eα,β

[

ηK(
x

η
)
]

=

∫ ∞

0

aθ−qK(
xθq

a
)gα,β(θ)dθ

=
aβq

να−2q

∫ ∞

0

K(
xθq

a
)gα−2q,β(θ)dθ

= η̄

∫ ∞

0

K(
xθq

η̄να−2q
)gα−2q,1(θ)dθ

= η̄K̄α−2q(
x

η̄
),

as asserted. ♦

Lemma 3.4. There is a constant C for which

Pα,β [Um > u] ≤ C(βu− 1
q )

1
2
α

for all u > 0, provided that m ≥ 2 and α + m − 1 ≥ 2q + 1.

Proof. Let Zm = βm/β. Then the marginal density of Zm is

Γ(α+m−1
2 )

Γ(α
2 )Γ(m−1

2 )

(z − 1)
m−3

2

z
α+m−1

2

for 1 ≤ z < ∞. This is at most C0m
1
2
α/z1+ 1

2
α for all α > 2q and all z ≥ 1

for some constant C0. So,

Pα,β [Zm > z] ≤ C0m
1
2
α

qz
1
2
α

for all α > 2q and z ≥ 1. The Lemma is an easy consequence of this and

(15), since

Pα,β [Um > u] = Pα,β

[

Zm >
ν

1
q

αm−qu
1
q

β

]

.

4. Proof of the Main Result

It suffices to show that

sup
ξ∈Ξ0

inf
δ

r̄a(δ; ξ) ≥ 2q
√

K ′′(1)η0 + o(
√

η0) (20)
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and

sup
ξ∈Ξ0

r̄a(δa; ξ) ≤ 2q
√

K ′′(1)η0 + o(
√

η0) (21)

The Upper Bound. Relation (21) is established first. With ma and

ta as in (9) and (10), let a be so large that ma ≥ 2`q. Then it is clear from

the monotonicity of K0 that

K(
ta
η

) ≤ K[(
S2

ma

σ2
)q ] +

ma + 1

η
.

So,

Ra(δa; σ2) ≤ ηK̄ma−1(ya) + ma + 1,

where ya = νma−1/(ma − 1)q and, therefore,

sup
ξ∈Ξ0

r̄a(δa; ξ) ≤ η0[K̄ma−1(ya) − K(1)] + ma + 1,

The right side is easily analyized. From Stirling’s Formula, ya = 1 +

O(1/ma). Then K̄ma−1(ya) = K(ya) + q2y2
aK ′′(ya)/ma + o(1/ma), by

Lemma 3.1, and K(ya)+q2y2
aK

′′(ya)/ma = K(1)+q2K ′′(1)/ma +o(1/ma)

by the continuity of K ′′. This leaves

sup
ξ∈Ξ0

r̄a(δa; ξ) ≤ q2K ′′(1)η0

ma
+ ma + 1 + o(

η0

ma
)

≤ 2q
√

K ′′(1)η0 + o(
√

η0)

where the last step uses the definition (9) of ma. This establishes (21).

The Lower Bound. Let β = βa = a−2/q, and let α = αa be deter-

mined by βq/να−2q = σ2q
0 . Then the inverted gamma priors ξα,β are in Ξ0,

β → 0, α ↓ 2q as a → ∞, and

Pα,β [Um >
εm

a
] ≤ C

[

β(
a

εm
)

1
q

]
1
2
α ≤ C

ε
√

a
(22)

for all m ≥ 2, 0 < ε < 1, and large a. It will be shown that

inf
δ

r̄(δ; ξα,β) ≥ 2q
√

K ′′(1)η0 + o(
√

η0). (23)

To establish this, first observe that

inf
δ

R̄(δ; ξα,β) = inf
m≥2

Eα,β

{

inf
t≥m

Em
α,β

[

ηK(
t

η
)
]

}

(24)
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and

Em
α,β

[

ηK(
t

η
)
]

= η̄mK̄αm−2q(
t

η̄m
)

for fixed m ≥ 2 and t ≥ m, where η̄m = aUm. So, for fixed m,

inf
t≥m

Em
α,β

[

ηK(
t

η
)
]

≥ Im + IIm,

where

Im = inf
x>0

η̄mK̄αm−2q(x)

IIm = η̄m

[

K̄αm−2q(
m

η̄m
) − inf

x>0
K̄αm−2q(x)

]

1{x∗

m<m/η̄m},

and x∗
m is the value at which K̄αm−2q(x) is minimized. Clearly, Eα,β(Um) =

U0 and, therefore, Eα,β(η̄m) = η0. So,

Eα,β(Im) = η0 inf
x>0

K̄αm−2q(x).

Now, infα≤αo infx>0 K̄α(x) > K(1) for any αo by Lemma 3.2. Combining

this with (21), it follows that the infimum in (24) can be restricted of

m ≥ m0 for any given m0 for all sufficiently large a.

Considering only large a and m,

Eα,β(Im) = η0

[

K(1) +
q2K ′′(1)

α + m − 1
+ o(

1

m
)
]

Next,

Eα,β(IIm) = II1,m − II2,m,

where

II1,m =

∫

x∗

m<m/η̄m

η̄m

[

K̄αm−2q(
m

η̄m
) − K(1)

]

dPα,β

and

II2,m =

∫

x∗

m<m/η̄m

η̄m

[

inf
x>0

K̄αm−2q(x) − K(1)
]

dPα,β .
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Here

|II2,m| ≤
∫

x∗

m<m/η̄m

η̄m

[q2K ′′(1)

m
+ o(

1

m
)
]

dPα,β

≤ m

x∗
m

[q2K ′′(1)

m
+ o(

1

m
)
]

= O(1).

For II1,m observe that x∗
m ≤ m/η̄m iff η̄m ≤ m/x∗

m and recall that x∗
m → 1.

So, for any 0 < ε < 1,

II1,m ≥ (1 − ε)mPα,β [η̄m ≤ εm

K(1)
] ≥ (1 − ε)2m

for all m ≥ m0 for all sufficiently large a, by (22). This leaves

inf
δ

r̄(δ; ξα,β) ≥ inf
m≥m0

{

[
q2K ′′(1)

m
+ o(

1

m
)]η0 + (1 − ε)2m + O(1)

}

= 2(1 − ε)q
√

K ′′(1)η0 + o(
√

η0),

establishing (23) since ε was arbitrary.
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