Expectation
Chapter 7
Definitions
E(X):uX:/ zdFx (z).
— 00
Properties

e Transformations
e Linearity
e Monotonicity

e Expectation and Independence

Recall: py minimizes E[(X — ¢)?] w.r.t. c.

The Prediction Problem

The Problem: Let X and Y be JDRVs with
finite means and variances: find a and b to

minimize
MSE = E[(Y — aX —b)?
The Solution: For any a, (*) is minimized by
b=EY —aX)=py —aux,
in which case

MSE = E[(Y — aX)?],

(%)

So,

MSE = E(Y?) — 2aE(XY) + a*E(X?)

=0 —2a0xy + a*0%,

where

oxy = B(XY) = E[(X — px)(Y — py)].

Here

d
da
So, MSE' is minimum when

MSE = —20xy + 2a0%.

oxXyYy
2 )
Ox

if 0% > 0. With this a and b,

a= and b= py —apx,

Y=aX+b
is called the best linear predictor of Y.

Note: The minimum MSE is

2
2 2 _2 2 _ Oxy
oy —2a0xy ta‘ox =0y — —5
9x

where
Y=Y —py,
X=X- 125'¢
Example

Galton’s Data
In this example

X = father’s height,
Y = son’s height,

px = 68",
ny = 69“3
Ox =0y = ].N,
oxXy = .D.
So,
1
a= =,
2
1
b:69—§68:35,
and

. 1 1
V=354 X =69+ (X —68).

Regression Effect:




Covariance and Correlation

Def: If X and Y are JDRVs with finite means

and variances, then
oxy = E[(X — pux)(Y — py)]

is called the covariance between X and Y; and

is called correlation between X and Y

Interpretation: The minimum MSE is

02_U§(Y70,2 [1_ 2]
Y Og(—y 2

Identity: oxy = E(XY) — pxpy.
Special Cases: a) oxx = 0%.
b) If X LY, then oxy =0.

Note: Measures of dependence.

Example
Sampling

Suppose that a SRS of n = 2 is drawn w.o.r. from
R red and N — R white tickets; and let

p=R/N,
A; = {red on the i*" draw,

X; =14,

for ¢ =1,2. Then

B(X) = P(A) = 1 =».

Var(X) = pq,

and
012 = B(X1X2) — pajiz
_ R(R-1) R,
T N(N-1) (¥
_ NR(R—1)— (N - 1)R?
N N2(n—1)
_ R(N-R)
- N2(N-1)
___ DM
N-—-1
So,
o p/N -1
pq N -1

Example

If
X ~ Unif[-1,1],
Y = X2,

then

1 1
E(X):f/ zdx =0,
2/

‘ 1 [t
E(XY):E(X3):§/ 23dx = 0.
—1

So,
oxy = E(XY) — E(X)E(Y)=0—-0=0,

but X and Y are not independent.




Linear Functions

If

then

C(X"Y") = B(X" = px ) (Y = py)]
= Elac(X — px)(Y — py)]
=acC(X,Y).

and - - -

ac
pPxIyr = mpxy = dpxy

Note: 0%, = ox/ x = a’0x.

Sums

Theorem. Let X1, -+, X,,, Y1, ---,Y, be JDRVs

with finite means and variances, and let
S=X1+ -+ X,
T=Y+---+Y,.

Then
E(S) = E(X1) + -+ E(Xp),
E(T) = EM) +---+ E(Y,),
and
C(S,T) = iico{i,yj).
Proof. ---

The Variance of Sum

Corollary

D2(S) = iDQ(Xi) +2) ) C(X, X;).

i=1 i#
Proof. D?(S) = C(S,S).

Def: Xy,---,X,, are uncorrelated if C(X;, X;)
=0 for all i # j.

Corollary. If Xq,---,X,, are uncorrelated, then
D?*(S) = D*(X1) + -+ - + D*(Xm). (%)

In particular, (*) holds if X;,--- , X, are
independent.

Example: Binomial.

The Signal Plus Noise Problem

Suppose that

X=Y+7
where
YL1Z and E(Z)=0.
Then
E(Y) = E(X),
ok =0y +o7,
oxy =0Oyy + 0yz = 0y,
and

oXYy gy

Ox0y \/ U%/ + U% ’
Best Linear Predictor: Find

Y =(1-p)uy +p°X.




Conditional Expectation
If X,V ~ fand fx(z) >0, then

E(Y|X =)= yfyx(yl),

yeY
in the discrete case, or
BYVIX =)= [ yfvix(ulody

in the continuous case, where where

Frix () = ’;f—(y))

provided that the sum or integral converges.

Example
In a bridge game, South has five spades. How
many spades does North have? Let
X = #spades in South’s hand
Y = #spades in North’s hand

Then o a1
Frix(ylX =5) = %
(13)
fory=20,---,8. So,

E(Y|X = 5) = 13 x (3‘39).

Example

If
Y ~ Unif[0,1] and X|Y ~ Unif]0, y]
what is E(Y|X = 5)? Here
fr(y)=1
0<y<1land
P (aly) =
xly) = —
x|y ”

for0<ax <y<1. So,

F@9) = f ) i (aly) =

for0<ax<y<l,

1
fx(z) = C;y = log(y)|y=, = —log(x),

x

and




Smoothing

Notation: Write E(Y'|X) when z is replaced by
X.

Theorem. If Y has a finite expectation, then

E(Y) = E[E(Y|X)].

Proof. See the text.

Example: The Trapped Miner. Two doors:
e One leads to safety after 3 hours;
e Two leads back to the mine after 5.

Let Y be the time required to get back. Then
EY|X=1)=3,and EY|X=2)=5+3=8.1If

the miner chooses a door at random, then

E(Y) = %me =1)+ %E(Y|X =2) = 5.5.

Moment Generating Functions
If X ~F, then

M(t) = E(e"*) = /00 e dF ()

— 00

is called the moment generating function of X
and/ or F, provided that it converges in some

non-degenerate interval.

Example: Exponential. If X ~ Exp(\), then

M(t) = / e e M dx
0

=A /00 e~ A=z gy
0

e~ (A—t)
= - A—I
)\ —t |JL—0
A
A=t
for
t< A

Other Examples
See The Text

Poisson. If
X ~ Poisson(\),

then

for all —oc0 < t < 0.

Normal. If
X ~ Normal(y, 0?),

then

2,2

M(t) = etz

for —oco < t < 0.

Moments and the MGF

Moments: Recall

oo

= BE(X*) = / z*dF(z).

— 00

Theorem. If M (t) < oo for |t| < h for some

h > 0, then
M(0) =1,
M'(0) = p,
MN(O) = M2,

forall k=0,1,2,---.




Proof-Outline-The Discrete Case. If X has
PMF f, then

M(t)=> e f(x),

Example

M) = 1x f(z) =1,
TEX
M) = 3 aet” f(a),
TEX
M'(0) = af(x) =p,
TEX
Corollary
Let
m(t) = log[M(t)].
Then
1y M)
0=
and
npy — MOM"() — M'(t)?
m ( ) - M(t)2
So,
vy - M'0)
m(0) = 0y =#
and

m"(0) = po — p? = o>,

Cumulants: x; = m)(0).

Exponential
If
X ~ Exp(A),
then
A
M(t) = Pt
A
M'(t) =
2\
M'"(t) =
k')A
M®E @) = A
(t) (A — t)k+1
So,
k!
Pk = %
fork=1,2,---.
Sums

Theorem. If Xq,---  X,, are independent with
MGFs My, -, M,, then the MGF of

S=X1+---+ X,

Mg (t) = My(t) x -~ x My(t).

Proof. We have

Ms(t) = E(e®)

= H B(eX)
=[] :).

Note: Product, not convolution.




Unicity
Theorem: If
My (t) = My (1
for all ¢ in some non-degerate interval, then

Fx(z) = Fy(Z)

for all z.
Example. If
M(t) = cosh(t) = %,
then
P[X =41 = %

Example

Normal

If Xq,---, X, are independent and

X; ~™4 Normal(u;, 02),

then

S ~ Normal(u, o%),
where

f= 1+t i,

0'2:(7%4'—’_07217
since

n
= I I e'u‘it+%o-1%t2

— €Mt+ %(TQtQ




