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Expectation

The Definition. The mean of a random variable

X, say, is also called its expectation and denoted
by E(X).

The Discrete Case. If X is discrete with PMF
f, then

E(X) =) af(x), (1)
reX
where X is the range of X, provided that the sum

converges absolutely.

The Continuous Case. If X has density f, then

B = [ af(wyis, 2)
provided that the integral converges absolutely.

Notation: Combine (1) and (2) by writing,

B(X) = / " wdF(2).

—o0
Notes: e Shorthand notation.

e Riemann-Stieltjes Integral.

Examples

Poisson Distributions. If X ~ Poisson(A), then
_ 1 T, —A
f(z) = E)\ e

forz =0,1,2---, and
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Exponential Distributions. If X ~ Exp(}),
then f(z) = Ae™* for 0 < o < oo and

E(X)—/ zhe Mdx
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Symmetric Distributions
If X has density f for which
f(=z) = f(z),
/OO || f(z)dz < oo,

then

Example: The Standard Normal Density.

1 _
p(r) = Ee




Example
The Standard Cauchy

If
1
flo) = (14 z2)’
then
¢ ¢ zdx
[ talf@an =2 [
1
= —log(1 4 ¢?
—log(1+¢%)
— 0.
So,

| el = o,

and the expectation is not defined.

Transformations

Suppose
Xi, -+, Xm ~ f joint density or PMF.

Let
Y =w(Xy, -, Xm).

Theorem. If f is a PMF, then

xeX

provided that the sum converges absolutely. If f
is a density, then

BOY) = [ w0f(xs
provided that the integral converges absolutely.

Note: By definition,

An Example
Distance Between Two Points

Suppose
X,Y ~™md Unif[0, 1].
Then
1 if0<z,y<1
flay) = , :
0 if otherwise
Let
D=y -X|.
Then

E(D) :/01 [/01 ly — z|dy]da.

So,




Example
Towards a Derivation

Coins
PQPNDPQQDP

1+14+54+104+1+25+25+10+1=104

Or
P |4 =
N |1 =
D|2 =20
Q3 =75
=104

Transformations
Derivation: The Discrete Case

The PMF of Y = w(X)

) =PY =y = > fx().

Properties of Expectation
Linearity

Theorem. If X and Y are JDRVs with finite
expectations and if a,b € IR, then

E(aX +bY) = aE(X) + bE(Y).

Proof-In the Discrete Case. Let f be the
joint PMF. Then

BaX +bY)=> > (az+by)f(z,y)

zeEX yey

by the Transformation Theorem applied to

w(z,y) = ax + by.

zw(w)=y
So,
EY)=Y yfr(y)
yey
=Dy D Ix(@)
yey z:w(x)=y
= Z Z w(z) fx (x)
yeY | zw(z)=y
= S wle) fx(a).
TEX
Next,

S5 (aw +by) f(z,y)
TEX yey
=ad > af(zy)

TeEX ye)y

=b> Y yf(x,y)

reEX yey
— B(X) + bE(Y),

by the Transformation Theorem again, applied to
w(z,y) =z and w(z,y) = y.

Corollary. If X3, -+, X,, are JDRVs with
expectations and ¢y, -+ ,¢, € IR, then

E(Cle +---+ Can)
= ClE(X1> + -+ CnE(Xn)




Counting Variables

If Ay, -+, A, are events and
X =14, +---+14,,
then
E(X)=P(A1)+ -+ P(Ay,).
Example: Binomial. If Aq,---, A, are
independent with P(A;) = p, then

X ~ Binomial(n, p),
EX)=p+---+p=np.

Example

Hypergeometric

Suppose that a simple random sample of size n is
drawn w.o.r. from R red and N — R white
tickets. Let
Ay = {k* ticket drawn is red},
X=14,+--+14,.

Then
R
P(Ak) = N?
and
R
E(X)=n—
(X) = n.
even though A;,---, A, are not independent.

Note: P[X =] = (R) (N_R)/(N); and

T n—r n

- R
P[X = 1] = nt.
,,Z:Or [ 7] nN

The Mean and Variance

If X ~ F is a RV with a finite expectation,

uw=EX)= / zdF(x)
depends only on F'. It is called the mean of X
and/or F'. Then
D*(X) = E[(X — n)*]

is called the variance of X. Here

BX )= | (@ wPiFG)
also depends only on F'. It is called the variance
of F and/or X and denoted by
o? = D*(X).
Also,
oc=Vo?
is called the standard deviation of X and/or F.

Properties of the Variance
Theorem. Let p = F(X). Then, for any c,

E[(X — )% = 0 + (c - )"

Proof. We have
(X =) = (X — p)” +2(p — ) (X — )
+ (e — p)?.
So
B[(X = ¢)’] = B[(X — p)?]
+2(p = )E(X — p) + Bl(c — p)?]
=02 +2(p—c) x 0+ (c— p)?.

Corollary. E[(X — ¢)?] is minimized by ¢ = p,

and the minimum value is o2.

Corollary.




Moments

If X ~ F, then

e = B(XF) = /00 z*dF(z)

— 00

are called the moments of X and/or F, (provided
that they exist). Thus,

n= U1,

0% = pp — .
Example: Uniform. If X ~ Unif[0, 1], then
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Properties of Expectation
Monotonicity

If X and Y are JDRVs with expectations for
which

PIX<Y]=1,
then
E(X)<E®Y).

Proof. First, if P[Y > 0] = 1, then
PlY < 0] = 0 and, therefore,

B0 = [ varv) 2o
For the general case,
EY-X)>0
and, therefore,

E(Y) > E(X).

A Simple Identity
lz ail X Zb] = ZZaibj.
i=1 j=1 i=1 j=1

Example

(a1 + (12) X (b1 + bg)
= a1b1 + albg + a261 + bzaz.

Proof. Use induction.

Properties of Expectation

Expectation and Independence

Theorem. If X and Y are indpendent RVs with
expectations, then

E(XY)=E(X)E(Y).

Proof-In the Discrete Case. If X and Y are
independent, then

f(z,y) = fx(2) fy(y).
So,

E(XXY) = ayf(z,y)

reX yey

=) wyfx(@)fr(v)

rEX yey

=Y atx@][ Y vy )]

zeEX yey
— E(X)E(Y).




Independent Random Variables

If Xq,---, X, are independent with finite means
and variances, then

EXi+-+X,)=EX)+ -+ E(X, (1)
and

D*( X1+ 4 X,) = D*(X1) +- -+ D*(X,). (2)

Proof. (1) follows from linearity and does not
require independence. For (2) suppose that n = 2
and let E(X;), so that D?(X;) = E(X?). Then

D*(X1 + X5) = E[(X1 + X2)%]

(X2 42X, Xy + X2)

(X?) +2B(X1X2) + E(X3)
(X7) 4+ 2E(X1)E(Xs) + E(X3)
(X?) + B(X3)

(X1) + D*(Xy).

E
E
E
E
D?




