An Example

If a committee of size four is selected at random
from 5 Dems., 5 Inds., and 5 Reps, what is the
probability that there an equal number of Dems.
and Reps.? Let

X = #Dems,
Y = #Reps,

Then

and

250 + 1
PIX =Y] = w — .260.

Jointly Distributed Random Variables

Defs: Given a model, (2, P), random variables
XY Z - ---:Q—IR
are said to be jointly distributed.

Notation: Then, for example,

P[X € A)Y € B
=P(w: X(w) € Aand Y(w) € B})

and
P[(X,Y)e(Cl=P({w: [X(w),Y(w)] € C})

for A,BC IR and C C IR>.

The Joint Probability Mass Function

Two RVs: If X and Y are JD discrete RVs, then
their joint probability mass function is

flx,y) =PX =2Y =y]
for z,y € IR.

Example: Committees

@) 62y
(%)

for integers x,y > 0 for which z + y < 4, and

fla,y) =

f(z,y) = 0 otherwise.

Several Random Variables

If Xq,---,X,, are JD discrete RVs, then their
joint probability mass function is

f(xl,"‘,.’l?m):P[X:[:ZL'l,"',Xm:ZEm]
for z1, -+ ,xm € IR.

Vector Notation: Let X = (X, -+, X,,) and

for x = (1, -+ ,Zm) € R™.




Multivariate Hypergeometric Distributions

A box contains N; tickets of color i = 1,--- ,m;
let N = Ni+---+ N,,. If n tickets are drawn at

random w.o.r., then

X1 = #tickets of color 1,

X,, = Ftickets of color m,

are JD discrete RVs with joint PMF

e () (2 )

for integers x1,- -z, > 0 with 2y +--- 4+ 2, =n
and f(z1, -+ ,%m) = 0 otherwise.

Called Hypergeometric with parameters Ny, --- |
N,, and n.

Example: Committees. Ny = No = N3 =5, and

n = 4.

Partitions

Review

Ifn>1and ny,--- ,ny > 0 are integers for which
ny 4+ +n, =n,

then a set of n elements may be partitioned into
m subsets of sizes ny, -, Ny, in

n n!
N, M ny! X - X nyy!

Example: MISSISSIPPI

11 11!
= = 34650.
(4, 1,2,4) 11 x 2! x 412 34650

ways.

Example

If a balanced (6-sided) die is rolled 12 times, then
the probability that each face appears twice is

12! 1
F(é)u = .0034.

For an outcome is

w:(i17"' 72.12)7
where 1 < iy, -+ ,712 < 6; there are
#Q = 6"

such outcomes on

12 12!
2,2,2,2,2,2) 216

of which each face appears twice.

Multinomial Distributions

A Loaded Die: Now consider an m-sided,
loaded die. Let

p; = Prob[i spots]
on a single role. So,

p17"'3pm207
prt o+ pm =1

Repeated Trials: Suppose that the die is rolled
n times, and let

X; = #roles with i spots
fori=1,---,m. Then

f(xla"'7xm):P[X1:x1a"'7Xm:xm]

n xT
Z1 Lm
(7 Yot
1"13“. 7xm

is




for integers
‘7;17”'71.77120 (*)
with
1+ + Ty =N (%)
For the probability of any sequence with z; ¢’s is

Lm .

T
pllx...xpm,

< ' >
L1, Tm

and there are

such sequences.

Thus
Fan am) = (

if (*) holds and f(z1,---,2m) = 0 otherwise.

n
)pi:l N Xprxntn
T1, " Tm

Def: Called multinomial with parameters n, m,

andplf 5y Pme-

Properties of Multivariate PMF's

If f is the joint PMF of Xy, ---, X,,, then there is

a finite or countably infinite

X CIR™
for which
f(x) >0, for all x, (1)
fx)=0ifx¢ X, (2)
and
> fx) =1 (3)
xeX
Also,
PXeB = 3 fx)
xeBNX
for BC IR™.

Conversely, any f that satisfies (1), (2), and (3),
is the joint PMF of some random variables
X17 Ty Xm

Marginal Distributions
Two Variables

Let X and Y by JD discrete RVs with joint PMF
fl@y) =PX =z, Y =y

and ranges X’ and Y. So, f(x,y) =0 unless x € X
and y € Y. Then X and Y have individual
(marginal) PMF's

fx(.%‘> = Zf($7y)v

yey

K@) =" fz,y).

rxeX
For
{(X=a2}=J{X=2,Y=y}
yey

and, therefore,

PX=2]=) PX=ux Y=y
yey

Example

Two tickets are drawn w.o.r. from a box with

1 ticket labelled one,
2 tickets labelled two,
3 ticket labelled three,

Let

X = label on first ticket,

Y = label on second.

Then
Table of f(z,y)

X,y 1 2 3 fx(x)
2 3 1
1 0 55 35 5
9 2 2 6 2
30 30 30 6
3 3 6 6 3
30 30 30 6
friy) | § & 3




Marginal Distributions

Several Variables
Let

X=Xy, X))
and

Y = (Y, , V%)
be JD discrete RVs with joint PMF

f(xvy):P[sza Y:y]

and ranges X = X(2) and Y = Y(£2). Then X
and Y have individual (marginal) joint PMFs
fx(x) =" f(x,y)
yeY

and

fr(y) = f(xy)

xeX

Example
Multinomial Distributions

If
(X1, -+, Xyn) ~ Multinomial(n, m, p1, -+, Pm),
and 1 < k < n, then the distribution of
(Xl,"' 7Xk'7Xk'+1+"'+Xm)
is
Multinomial(n, k + 1, p1, -+ , Pks Dkt1," " s Pm)-
In particular,

X; ~ Binomial(n, p;).

Conditional Distributions
The Discrete Case

Let X and Y have joint PMF f. If fx(z) > 0,
then the conditional PMF of Y given X is

fyix(ylz) = m
Thus,
Tyix(ylz) = [XP:[;’ Y;:]_ vl
= PlY = y|X =2]

Note: fy|x is a PMF, since

> frixlole) = s S fle) = 1

yey yeY

Note: Can reverse the roles of X and Y.

Example
Box Ticket Models

= ()50 V0

for t +y <n, wheren < N, R,WW > 1 and
R+ W < N, then

fx(@) = (f) (JZ:R)/@)

st = () (0 VG 2)

Note: Intuitive.

If




Independence

JDRVs X and Y are independent if
P[X € A, Y € B] = P[X € A]P]Y € B|
for all nice subsets A, B C IR (for example,
intervals).
Conditions for Independence

PMFs: If X and Y are discrete, then X and Y
are independent iff

fz,y) = fx(z)fy(y) (*)

for all z and y. For if X and Y are independent,
then X =z iff X € [z, z], so that

= P[X = z]P[Y =y

= fx(@)fy (y).

Conversely, if (*) holds, then

> flay)

T€EANX yEBNY

YooY fx@fv(y)

T€EANX yeBNY

[ Z fx(@)] ] Z fr ()]

TEANX yEBNY
= P[X € A|P[Y € B],

P[X €A, Y € B]

where X and ) are the ranges of X and Y.

Example: If £ and F are independent events,
then 15 and 1 are independent random
variables. For example,

Pllg=1, 15 =1]

P(ENF)
(E)P(F)
g =1]P[1p =1]

P
P

Several Variables

Jointly distributed random variables Xy, .-, X,,

are independent if
P[X1 € B1,"' ,Xm € Bm]
= P[X; € By] x -+ P[X,;, € By]

for all B; C IR. As in the case of two variables,
this is equivalent to

f(xlv"' 737m) = fl(xi) X oo X fm(xm)

for all 1, -+, X,,.




