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Markov’s Inequality
IfY is any RV and 0 < ¢ < oo, then

1
P[lY| > ¢] < —=E|Y|.
c

Proof. Let
B ={|Y]| > ¢}.
Then
C].B < ‘Y|

So,
E|Y| > E(clp) = cP(B).

Chebyshev’s Inequality

If X has mean and variance

n=E(X),

then

Proof. Let
Y =X —uf?
in Markov’s Inequality. Then
P[IX — | > d = PIY > ]

Si

Alternative Statement: Let

X _
X* = H
o
Then
E(X*) =0,
D*(X*) =1,
and
" 1
Pl|X*| > ] < =

Remark: General, but seldom sharp.

Example: If X ~ Normal[y,o?], then X* ~ ®,
and

Pl|X™*| > 2] =--- =.046,
from the normal tables. Chebyshev asserts (only)

1
PIXT |22 <,




If

and

then

Sums of Independent RVs

X1, ,X, are independent,
E(X:) = i,
D*(X;) = o}

Special Case: If u; = p and o? = o2 for

Special Cases: Continued. Let

Then

and

Note: D?(X) — 0 as n — oo. So, for any € > 0,

=3 "
E@?Z%E@%=%w=m
D(X) = ()?DX(S)
= ()no
0.2

_ 1 _
PlIX —p[ =€ < ;zDQ(X)

0.2

ne2
—0

as n — OQ.

i=1,---,n, then
E(S) = np,
D?(8) = no?,
D(S,) = ov/n.
An Example
If
X1, ,X, are independent
and
1 w.p.
Xi = PP )
0 wp.g=1-p
then

E(X;) =p,
DAX) =p(1-p) < |,
E(X) =p,

)

Question: Using Chebyshev, find an N for which

P[|X —p| > .01] < .01

for all n > N. Here

iff

Note:

A
o
=

2500
> 220 _ 950, 000.
=0 ’

Conservative estimate.




Type of Convergence

If Y,, are RVs and c is a constant, then Y,,

converges to ¢ in mean square iff
lim B[(Y, —¢)?] = 0;
and Y,, converges to c in probability iff
nhﬂrgo PllY,, —c| > € =0

for all € > 0.

A Simple Relation: If Y,, —™% ¢, then Y,, —? ¢,

since
P(|Yy —¢| > ] = Pl|Y, — ¢[* > €]
1
S _2E|Yn - C|27
€

by Markov’s Inequality.

The Law of Large Numbers

Theorem. Let F' be a distribution function with

mean and variance

and let

Then

in mean square and in probability.

Proof. Here
% 2 2/ % o’
Bl(X, — ] = D*(X,) = = — 0,
as n — oQ.

Paraphase: For repeated trials. Let

X+ + X,
Time Ave = 2t An
n
and
Space Ave = p = / zdF (x).
Then

Time Ave = Space Ave.

Note: Can predict long run behavior.

Example
Roulette

A Single Game: The expected gain is

1 .p-9/19
x w.p. 9/ 7
—1  w.p. 10/19
then
9 10 1
S TR TR T

Many Games: The actual average game per

play is
X1+ + X, 1

— -
n 19

Note: Qualitative result; quantified later.




Indicators

If Ay, Ag,- - are independent with
P(A’L) =D,
then
E(]'Aq) =D,
and

1
Sla e la] o

Note: This is the frequentist interpretation of
“probability.”

The Law of Averages: Let

N,=14,+--+14,.

n

Then
PlAy1|Ny = k] =p

for all k& (assuming that p is fixed).

The Central Limit Theorem

Recall: If F is a DF with mean p and variance o2,

le”' 7XTL Nind F7
Sn:Xl++Xn7

then
E(S,) = nu,
D?*(S,,) = no?.
Let
o _ Sp— E(Sn)  Sp—np

" D(S,)  oyn
Also, let

D(z) = L e~ 3V dy

The Central Limit Theorem. For all real z,

lim P[S; < z] = ®(z). (%)

n—0o0

That is
P[S; < z] ~ ®(2)
for large n. Equivalently,

T —nu

avn

P[S, < z] =~ ®( ).

Remarks a). (*) is true for any F.
b). Speed of convergence does depend on F.
¢). Importance of the normal distribution.

Approximations

Example
Let
T = Tax,
(T') = closest integer,
X=T-(T).
Suppose
) 11
X ~ Unif(——, 5)
Then
uw=FEX)=0,
1
2
= X = —,
o Var(X) 13
Let

n = 12,000, 000,

. 11
Xy, X, ~nd Unif(—g, -),

2
S=Xi+  + Xn.




Question: How big is 57?7

Worst Case Analysis: |S| < 6,000,000, but
this is very conservative.

Probabilistic Analysis: By CLThm,
S ~ Normal[nu = 0,n0? = 1,000, 000].
Note:
Vna? = 1000.
So,

P[—2000 < S < 2000

2000 — 0 2000 — 0
~ & 1000 )= o 1000
= ®(2) — (—2)

= .954.




