Math /Stat 425
Problem Set 3

Instructor: Michael Woodroofe
GSIs: Olugbenga Olumoladeand and Runlong Tang

Statistics Department, UM

Note: For each problem, just one possible solution is provided. You solutions can be different.

1 Solution to Question 2:

Denote X as the blood pressure. Thus X ~ N(u,0). Let Z = (X — p)/o. Then Z ~ N(0, 1).

The percentage of college age men having blood pressures between 115 and 135 is

P(115 < X <135) = P((115— p)/o < (X — p)/o < (135 — ) /o)
= P((115—p)/o < Z < (135 —p)/o)
— P((115 —120)/10 < Z < (135 — 120)/10)
= P(-5<Z<15)
0.625.

Similarly, the percentage having blood pressure over 135 is

P(X >135) = P((X —u)/o > (135—pu)/o)
P(Z > (135 = p)/o)

P(Z > (135 — 120)/10)

— P(Z > 15)

~ 0.067.
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2 Solution to Question 4:

Since p(x,y) is a joint probability mass function,

Thus ¢ = 1/2.
When z € N, the marginal probability function of X is

= 27"

277 ifxr eN,

P<X:w):{ 0 ifreZ-N

When y € N, the marginal probability function of y is

PY =y) = iP(X—w,Y—

Y

= Zcx?‘y

r=1

= Y2717,
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When z € Z — N, the marginal probability function of y is

PY=y) = Y P(X=zY=y)

o [y2lvoifyeN,
P(Y_y)_{o ifyeZ—N

Since P(X = z,Y = y) = P(X = 2)P(Y = y) does not hold for every (x,y) € Z?, X and Y are not

independent.

P(X=Y) = iP(X:Y:k:)

- Yo
k=1

= c

= 1/2.

3 Solution to Question 6:

Denote the marginal density of Xy as fx,(x1). By definition, fy, (x;) = fR f(z1,29)dxs. When x; < 0,
f(zq1,29) =0, thus fx,(z1) = 0. When z; > 0,

/f Ty, T2)dx;
/ f(Il,l’2>d$2

le (xl)

e

/ [(1+ axy)(1 + axe) — alexp{—z1 — 2 — ax1z2}dxs

0

- /000[(1 + azy)(1 + axe) — alexp{—(1 + axy)zs tdxs

e (=1/(1+ axy)) /OOO[(l + az1)(1 4+ axs) — a]dexp{—(1 + axi)xs}

e (=1/(1+ az) {[(1 + az1)(1 + azs) — a]exp{—(1 + ax1)z2}|°

/OOO exp{—(1+ az)a}d[(1 + azy)(1 + azs) — al}

o0

= e (=1/0+ar){-(1+ax)+a— a/ exp{—(1 + axi)xo}d(1 + axy)xs}

e

0
0o

e (=1/1+ar){—(1+ az1) + a — a/ exp{—za}dzs}

e (=1/(1+ az)){~(1 +az) +a—a x 1}

—x1



Thus the marginal density of X is

e ifx; >0
le(‘“):{ 0 ifm <o

By symmetry, the marginal density of X5 is

e ifxy >0
sz(xz):{ 0 ifrs <0,

Since f(x,y) = fx,(z1)[x,(z2) does not hold every (z,y) € R?, X; and X, are not independent.

4 Solution to Question 8:

Denote the joint probability mass function of (X,Y") as f(x,y). The probability that the equation 22+2X2z+Y =
0 has real roots (in z) is

P((2X)*—4Y >0) = P(X*>Y)

z2>y

- /ﬁ/xzf(x,mdydﬁf /Wf(x,y)dydar
_ / / dydx+/ /dydx

= (13 + (v — V7))
-

— 1 as v — oo.

5 Solution to Question 10:

Suppose the lifetime of a light globe is X ~ exp(1). Then P(X <t)=1—e"and P(X >t) =€~
For any t > 0,
P(T <t) = P(only 2 globe is burning)
P(only 1 globes is burning)
P(only 0 globe is burning)
1

20) (X <0)PP(X > t)* + (110)13()( (X > B4 (100)P(X o

(
()= (P)a-enen s+ (P)a-eo
(

Y= e e+ () (1= e ?)! + () (1= ) ~ 0.856.

Thus P(T < 2) = (V)

The density of T is just %P(T <t) for t >0 and is 0 for ¢ < 0, where

d
EP(T <t)=360(1—e")Te ™.



6 Solution to Question 12:

In Problem 4,

PY<1X=1) = PY<1,X=1)/P(X=1)
= PY=1,X=1)/P(X=1)
= 27127
; 1/2.

Next let’s compute P(X, < 1|X; = 1) in Problem 6. Denote g(x2|z1) as the conditional density of X, given
X;. Then
1, xy) ifx; >0
g(zaz1) :{ f(@1,@2)/ fx, (21) 1

That is,
g(zo)21) = [(1+ ax1)(1 + axs) — alexp{—22 — ax122} if 21 >0 and 22 >0
o 0 orhterwise.
When z; =1,
(z2]1) = (14 a)(1 + azy) — alexp{—(1 + )z} if 252 >0
o 0 orhterwise.
Thus

1
P(X, <1X;=1) = / g(x2|1)dxs

(e 9]

= /0 (14 a)(1 + azy) — alexp{—(1 + o)z }dxy
= 1—(1+a)exp{—(1+a)}.



