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Preliminaries-Martingale Differences. Let (€2, A, P) be a probability space and let
A C A; C Ay C --- Abe a (finite or infinite) sequence of increasing sigma-algebras. Then
a (finite or infinite) collection X, Xo,--- of random variables are said to be martingale
differences with respect to Ao, Ai,- -+ if

- Xy is Ag-measurable;

- B|Xp| < oo;
. E(Xk|.,4k_1) =0 w.p.l
for all k. If martingale differences X7, Xy, -- are square integrable, then they are are

orthogonal. For, if j < k, then E(X;X}) = E[E(X;X|A;)] = E[X; x E(Xg|A;)] = 0.

Triangular Arrays. Consider a triangular array of square integrable martingale differ-
ences

{Xnk’Ank) k= 17 T akn}'

Thus, A0 C A,1 C -+ C Ak, are subsigma algebras, and X1, -+, Xk, are square inte-
grable random variables for which X, is Apk-measurable and E(X,k|Ank—1) = 0 w.p.1
for all k =1,---,n. Conditions are sought under which

S;:Xn1++Xnkn

are asymptotically normal. For the remainder of today {X,x, Ank, k=1, --,k,} denote
square integrable martingale differences.

For examples of such arrays, let Sy, S1,: - be a square martingale with respect to a
filtration Ag, A1, -, and let X = S — Sk_1. Then the conditions are satisifed by

1
Xnk = %Xk and Ankz == .Ak;
for k =1,---,n. For a more specific example, let Zy, Z1, Zs, - - - be i.i.d. with mean 0 and

finite positive variance; let Ax = 0{Zy,---,Zr}; and let Xy, = Zp_1Zk, k=1,2,---.
Notation. Now let

Uﬁk = E(ngwn,k—l)’
Vnk; :O',,2711+"'+0'721k,
and
Vn :Vnkn :0-3;1+...+0.3Lkn
for k=1,---,k,, and observe that Uik and V,; are both A, _i-measurable.
Two conditions are required for the main result. To state the first, let

kn
La(e) = ) E[X21{x0 e [ An 1]
k

=1



and observe that

E[Ln(e)] = Y E[X2 (X 26} ]-
Lindeberg-Feller Condition. For every € > 0,

lim L,(e) =0

n—oo

in probability. Observe that this is implied by the stronger condition

lim E[L,(e)] =0

n—oo

and that the two are equivalent if V,, are uniformly bounded.

The Stability Condition. There is a positive constant n for which

lim V,, =n.

n—00

Lemma 1. If the Lindeberg-Feller Condition is satisfied, then

lim max o2, =0
n—oo k<k,

in probability.
Proof. For any 0 < € < 1/2,

1
max 02, <€+ Ly(e) < 2 + Ly (¢)

So,
1
2 >el < > =
P{,@f Onk 2 €} < P{Ln(€) 2 5e},

which approaches zero as n — co.

Lemma 2. Suppose that the Stability Condition is satisfied and let

Xlk = Xnkl{VnkSZn}’ k= 1)' : ')kn-

n,

Then {X];, Ank, k=1,---,kn} are square integrable martingale differences for which
V, <2,
lim P{X,, =X, forallk=1,--- k,} =1,
n— o0
lim P{V! =V,}=1.

n— o0



Further, if {X,k, Ank, kK = 1,---,k,} satisfy the Lindeberg Feller Condition, then so do
{X] o Ank, E=1,---,k,}.

Proof. The X/, s are martingale differences, because
B Xkl Ank] = 1(v, <om B[ Xonk| An] =0

for all kK = 1,---,ky,. Since |X],| < |Xnk|, is clear that X, are square integrable,
L] (e<Ly(€), and

Tt = LV <2n} Tk
as above. If J is the largest k < k, for which V., < 27, then V!, = V, xas < 27
for all k£ < k,. Finally, if V,, < 2n, then X/, = X, for K < n and V,, = V,; and
lim, . P[V, < 21| =1.

Recall that
k—1

. 1, 1
|lox ()] = e — Z ﬁ(’t)J| < H|t|k
j=0
forallt € Rand k =1,2,---. Similarly, [e7* —1+¢| < #?/2 for t > 0.
A Martingale Central Limit Theorem. If the Stability and Lindeberg Feller Condi-

tions are satisfied, then
Sy = Z ~ Normal(0, 7).

Proof. There is no loss of generalty in supposing that n = 1 and that V,, < 2 w.p.1.
Under these conditions, it will be shown that

lim E[e*5h] = e 3t

n—oo
for all t. Fix t and write

Ele5n] — e 3% = ¢ 3 E[Rp1(t) + Rna(t)],
where . o
and o
R a(t) = etSitivat’ _ 1),

Clearly,

E|R, | < Ele?” — e3"%'| 0,

since V,, are bounded and, therefore, uniformly integrable. To estimate the second term,
write

Raa(t) = [eztSnH%Vnktz _ eztsn,kfﬁévn,kflﬁ]
k)

_ eztsn,k_nuévnktz [e”X"’“ _ e—%aiktz]



Here
|E{ezt5n,k—1+%v«n,kt2 [etink . e_%aiktz B 1} }|
= |E{ezt3n,k_1+%Vnkt2E [etink . e_%aiktz |An’k_1] } ‘

B

forallk=1,---,k,, since V,, <2 w.p.1. Next,

1
eZtXnk = 1 —|— ’ltXnk — ithf,%k + p3(tX’ﬂk)

and
e Eomt =1 %Uiktz + 52(—%‘77211@752),
where
p5(tX,)| < minft? X2, < 19X
and

N 1 1
o~ 0%t < ot

So, since E(Xnk|Ank—1) =0 and E(X2, |An k1) = 024,

) 1
E[eltXnk _ e_ia'rzlk|An’k_1:| = E[p3(tXnk) - ﬁ2(_§0’£k)|"4nak_1:|

and, therefore,

k
2 — N 1

E[Rnp () <€ ) Ellps(tXni)| + 172(—500)1]-

k=1
Here,
kn 1
E“ﬁz(—iafbk)ﬂ < —t*E[max oy, x Vo] =0,
k=1 "

as m — 00, since maxg<g,, aik X Vo — 0 xn = 0 in probability and maxy<g,, aikVn <
V2 < 4 w.p.1. Next, for any € > 0,

1
E|ps(tXne)| < 6|t|3/ |Xnk|3dP+t2/ | X |2dP
{| Xnnl<e} {| Xnk|>e}

1
< gelt® | XoldP £ [ | X |2dP
6 {1 X ne]?<e} {1 X k| >e}

k

" 1

> Elps(tXan)| << 86|t|3E[Vn] +t2E[Ln(e)]
k=1

so that



and, therefore,
k

= 1
limsup » _ E|ps(tXnk)| < 5elt]®.
n—oo k—1 3
That
lim |E[R,2]| =0
n—oo
follows easily, since € > 0 was arbitrary, completing the proof of the theorem. &
Ezxzample: Autoregressive Processes. Let ---Z_1,Zy, 21,23, -+ be i.i.d. random variables

with mean 0 and a finite positive variance 02; let —1 < § < 1; and let
o0
Ye=) 677,
j=0

for k € ZZ. The sum converges w.p.1 for each k, by the Two Series Theorem, and

0o
0.2

E(Y?) =) 0YE(Z;_;) = 12

=0

It is easily seen that
Yi = 0Y%_1+ Zg

for k = 1,2,---, and ---Y_1,Y,,Yq,Y5,---. For this reason Yy, Y, is called an auto
regressive process. If Yy, ---,Y,, are observed, then the least squares estimator of 6 is
0 — Yorey Y1y
n - n
D1 Yy
Observe that n
é _9= Zk:l Y12k
n ==t .

k=1 Vi

It will be shown that \/ﬁ(én — 0) is asymptotically normal, as a consequence of the last
theorem. In verifying the conditions, I will anticipate the Ergodic Theorem: if E|g(Yp)| <
o0, then

Tim = 3" (Vi) = Blg(¥9)]

It follows that

Let



for k = 1,---,n. Then X,1,---,X,, are martingale differences with respect to Ay

J{YO) Zla T Zk}> since
1
B(Xo | Ax) = = Y1 B(Z) = 0

for k=1,---,n. Moreover,

and

0% o
_ 2
= kE_l Yy 1 — [ w.p.1.

So, the Stability Condition is satisfied. For the Lindeberg Feller Condition

Y EXZ{xi>a] = BV 281y, 7, 15e0m)] = 0,

k=1

by the Dominated Convergence Theorem. So,

ZYk 12 = Xp1 + -+ + Xpnn = Normal0, 10—
k::

and

i -

= Normal(0, 1



