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September 22, 2004

Review: Ng, B C IRP denotes a stationary point process with intensity
A. Thus,
E[NB] = )‘VP(B)7

where v,(B) is the p-dimensional volume of B. Some quantities of interest

are
p(t) = P[NB(x,t) > 0]7
G(t) = P[NB(m,t) > 1|z € ./\/’},
and )
K(t) = XE[NB(m,t) — 1|:13 € N],
where

N:{IEERP:N{m}>O],
B(r,t) = {y € R? - d(z,y) < 1}

and d(z,y) is the Euclidean distance from z to y.
Example: For a Poisson process, Np has a Poisson distribution for every B,
and Np,,---, Np_ are independent when By, - - - , By, are mutually exclusive.

For a Poisson process in IR?,



Data: Suppose that the process is observed throughout a region £ C IRP.
Estimating K. Let

~ 1
Kot) =1 3 #lyeN:0<dy) <t}
nmENﬂE
where
n = NE,
and
N 1
Ko(t) = +— Y #HyeNNE:0<d(z,y) <t}
anNﬂE

Then (Ripley says)
E[Ko(t)] = K(t),

KO(t) S O(t)a

and, therefore,
BlRo(t) < BIK®).

That is, K has a negative bias.

Fact: For a Poisson process: Given Ng = n, the n points are indepen-

dently and uniformly distributed over E.

The Magnitude of the Bias: For a Poisson Process. Observe that for
n > 2,
)\K'O(t) #{(z,y):z,y e NNE, 0 <d(z,y) <t}
n—1 n(n —1) '
So, for n > 2,

MK (t)
n—1

E|

In] = Pd(X,Y) <t| = F(t), say,

where

X,Y ~™ Uniform(E).

F(t) can be computed for some shapes and approximated more generally.



Example. If E is a rectangle in IR?, then
?  2utd !

F(t) = a 3a? + 2a2’

where

a = area,

u = perimeter,

provided that ¢ does not exceed the length of the shorter sides.

Approximation: Based on this and other examples, Ripley suggests the

approximation ) ,
mt 2ut
PO~ =3
for small ¢ for convex E.
Back to Kj. Writing
-~ n—1 )\[A{()(t)
Ko(t) = h\ X 1
leads to .
~ n—1 AK()(t)
B[R(0)] = B{"— B[~ n]}
—1
= E[~—F(?)
Aa —1
= F(t);
)\ ( )’
or

Aa — 1 .7wt?  2ut?

BlRy ()] ~ 222 - 20,

There are two sources of bias here

)\a—1<

a

A

and 2 g
it ut 9
— — ——| < 7wt = K(t).
a[a 3(12] m ®)

The second is typically the more serious, at least of aA = E(n) is large.
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Figure 1: Approximate bias for a square and large A

Some Corrected Estimators. Border Corrections. Find sets E; C E
for which E; + B(0,t) C E. Then let

1
~ ANg,

Ky (t) #{(z,y) :z € E,y€ E,y #z, & d(z,y) < t}.

Here
E[)‘NEt] - A21/17(E75)
E[#{(z,y):z € E,,y€ E, 0 <d(z,y) <t}]
=E{Y E[#{(z,y):z€E, y€E, 0<d(z,y) <t}z]}

v€F,
= E[Ng K ()]
= XN'vp(E) K (1),
and K (t) is the ratio of the expections.

K (t) need not be a monotone function, however.



Figure 2: Boundary Length

Reweighting. Define k by

1 |0B[z,d(z,y)]|N E]|
k(z,y) 0B[z, d(z,y)]|
where 0B denotes the boundard of B and |0B| denotes its length, and
. 1
Kot) =1 D, k@ u) o<y
a
z,yeNNE
Then
BlRy(t)] = - = K(2),

under some general symmetry assumptions. For example, if E is the unit
square and z = (.5,0) and y = (0,0), then

1
0Ble, d(e, )M Bl = 2r 41
0Bz, d(w7 y)“ =,

and
2m

k(z,y) = p——t

More On Reweighting. There are more elaborate versions of K.
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