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We consider a two-stage procedure (TSP) for estimating \@rse re-
gression function at a given point, where isotonic regoesis used at stage
one to obtain an initial estimate and a local linear appraiom in the vicin-
ity of this estimate is used at stage two. We establish tlettnvergence
rate of the second-stage estimate can attain the paramétticate. Further-
more, a bootstrapped variant of TSP (BTSP) is introducedtamdnsistency
properties studied. This variant manages to overcome tive gheed of the
convergence in distribution and the estimation of the @gisie of the regres-
sion function at the unknown target quantity. Finally, timité sample perfor-
mance of BTSP is studied through simulations and the methdblistrated
on a data set.

1. Introduction. The problem of estimating aimverseregression function
has a long history in Statistics, due to its importance iredie areas including
toxicology, drug development and engineering. The cambrfiagrmulation of the
problem is as follows. Let

Y = f(X) +e,
where f is amonotonefunction establishing the relationship between the design
variable X and the respons¥®, ande an error term with zero mean and finite
variances2. Further, without loss of generality it is assumed tfias isotonic and
X € [0,1]. We are interested in estimating = f~1(6,) for somed, in the range
of f, given f’(dy) > 0.

Depending on the nature of the problem, one usually firstindtan estimate
of f and subsequently af,, either from observational data or from design studies
[16]. In the latter case, one specifies a number of values forekigd variable, and
obtains the corresponding responses, which are then uggd tioe estimates.

Motivated by an engineering application, briefly describetbw and more ex-
tensively in Sectiorb, we introduce a two-stage design for estimatifyg Specifi-
cally, we consider a complex queueing system operatingsicretie (slotted) time
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comprising multiple customer classes and a service resdhat can be allocated
to them. Further, the efficiency of service is modulated byxernal to the sys-
tem stochastic mechanism. The main issue is to efficienthgate the service re-
source so as to maximize the system’s throughput (averagéemof customers
processed per unit of time). Such a maximizing allocatidreste is described in
Bambos and Michailidisg]. Unfortunately the customers’ average delay which is
an important quality of service metric of the performancéhefsystem is not ana-
Iytically tractable and hence one needs to resort to expesdnulations to obtain
it. The average delay (over all customer classes) as a &umctithe system’s load-
ing (number of customers arriving per unit of time) is depicin Figurel. The
relationship between system loading and average delayatdvereasily captured
by a simple parametric model; hence, a nonparametric estinaight be more
useful. In addition, given that the responses are obtaimedigh simulation, only
a relatively small number of simulation runs can be perfatniigs of great interest
for the system’s operator to obtain accurate estimateseofoéding correspond-
ing to prespecified delay thresholds (e.g. 3, 5, 10 and 15 tinits), so as to be
able to decide whether to upgrade the available resourcgssehigher priority to
specific customer classes.

Some Data Points
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FIG 1. The average delay as a function of system’s loading.

The main idea of the proposed two-stage approach is sumedanixt: at stage
one, an initial set of design points and their correspondasgonses are generated.
Then a first-stage nonparametric estimatg¢ o obtained and subsequently a first-
stage estimate af,. Next, a second-stage sampling interval coveringvith high
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probability is specified and all new design points are laidat the two bound-
ary points of this interval and their responses obtaineckalR, a linear regression
model is fitted to the second-stage data by least squares secbad-stage esti-
mate ofd, computed as the inverse of the locally approximating ling atd,. As
we will see, the employment of a local linear approximatibstage two allows the
second-stage estimate &f to attain a,/n parametric rate of convergence, despite
the nonparametric nature of the problem. To overcome estimaf several tuning
parameters required by the second-stage estimate, arappestl variant is intro-
duced and its consistency properties established. Tohctime asymptotic results
of the proposed two-stage estimate and its bootstrappeutarpart, a number of
subtle technical issues need to be addressed and thesesalkedein subsequent
sections.

The inverse regression problem has been extensively dtudithe context of
different applications. For example, in statistical cediiibn, the goal is to estimate
a scalar quantityly from a modelZ = f(dy) + ¢, with Z observed. The informa-
tion about the underlying functiofi comes from experimental da{d’;, X;} that
follow the same regression model; namély—= f(X;) + ¢;. Osborne 18] gives a
comprehensive review of this topic and Grugf][provides a kernel based direct
nonparametric estimator df). It is clear that wher = 0, the calibration problem
becomes the canonical problem described above.

Another active area is the model-based dose-finding prabletoxicology and
drug development, wher#, corresponds to either the maximal tolerated dose or
the effective dose with respect to a given maximal toxicitaio efficacy level. Pos-
sible dose levels are often prespecified. The dose-respela®mnship is usually
assumed to be monotone and described either by parametdelsn@.g. probit,
logit [16], multihit [19], cubic logistic model 15]), or by nonparametric models,
for which kernel estimate®p] and isotonic regressior2f] are employed. On the
other hand, due to ethical and budget considerations, madies encompass se-
qguential designs, so that more subjects (e.g. patientg)veecloses close to the
targetd, (see Rosenberge??] and Rosenberger and Hain&S] for comprehen-
sive reviews of the subject). Stylianou and Flourn@@][compare parametric es-
timators using maximum likelihood and weighted least sgsidrased on the logit
model and nonparametric ones using sample mean and iso&gngssion with a
sequential up-and-down biased coin design, and show tha¢arly interpolated
isotonic regression estimator performs best in most siradlacenarios. Further,
Ivanova et al. 11] claim that the isotonic regression estimator still parisrbest
for small to moderate sample sizes with several sequersadjds from a family of
up-and-down designs. This partially motivates the usageadbnic regression in
our two-stage procedure, though it should be noted that gomoach is markedly
different from the ones discussed above, owing to the diffenature of the mo-
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tivating application; in particular, ethical constraitiiait prevent administration of
high dose-levels are absent in our situation.

In a nonparametric setting, one could also employ a fullyueatjal Robins-
Monro procedured0] for finding dj. It corresponds to a stochastic version of New-
ton’s scheme for root finding problems. Anbat €onsidered a modified Robbins-
Monro type procedure approximating the root from one sidegjoAd review of
this area is provided in LailP], in which it is also pointed out that the proce-
dure usually exhibits an “unsatisfactory finite-sampldqenance except for linear
problems” especially in noisy settings, due to the fact thdbes not incorporate
modeling for (re)using all the available —up to that ins&ndata. Another down-
side of a sequential design, as opposed td#dtehdesign employed in this study,
is the time and effort required to collect the data poidfg.[

The remainder of the paper is organized as follows: Se&ibescribes the two-
stage procedures. The asymptotic properties of the twgestatimators are ob-
tained in Sectior8. Simulation studies and data analysis are presented im8gct
4 and5, respectively. We close with a discussion in Sectpmvhich is followed
by an appendix containing technical details.

2. Two-Stage Procedures. In this Section, we review some necessary back-
ground material and introduce the proposed two-stage atimprocedures.

2.1. Preliminaries: A Single-Stage ProcedurelVe review some material on
estimating the parameter of inter@gtby using isotonic regression combined with
a single-stage design. The procedure is outlined next:

1. Samplen design pointsX; € [0, 1] from a Lebesgue density positive at
dp € (0,1) and subsequently obtain the corresponding responsesrthat a
generated according g = f(X;) +¢€;, i =1,2,--- ,n, wheref is in %,
a class of increasing real functions fin1] with positive first derivatives at
dy ande; are independently and identically distributed (iid) ramderrors
independent of the(;’s, with mean zero and constant variance

2. Obtain the isotonic regression estimdtef f from the data{(X;, Yi) e,
(For details see Chapter 1 of Robertson et2l])[

3. Estimatedy asdy) = f~1(6y) = inf{z € [0,1] : f(z) > 6o}, where
0o = f(do).

The following result provides the asymptotic distributmd%l).
THEOREM2.1. For f € %y, we have
n'A(d) — do) % C1,
whereC' := [462/(f(do)?g(do))]"/* andZ follows Chernoff’s distribution.



TWO-STAGE ESTIMATION OF INVERSE REGRESSION FUNCTION 5

REMARK 2.1. Chernoff's distribution is the distribution of the aist sure
unique maximizer ofB(t) — t*> on R, where B(t) denotes a two-sided standard
Brownian motion starting at the origin3(0) = 0). It is symmetric around zero,
with significantly less dispersion than the standard noritsistandard deviation
is about 0.51.), and its quantiles have been tabled in Gbmame and Wellnerq).

The proof of this result follows by minor adaptation of thganents from The-
orem 1 in Banerjee and Wellne3][ Hence, an approximate confidence interval for
dy with significance level — 2« can be constructed as follows

(2.1) [dY) —n3Cqq, d) + 7 3Cq0) M (0,1),

whereg,, denotes the upper quantile of Chernoff's distribution an@ a consistent
estimate ofC.

In the presence of relatively small budgets for design oitite slow conver-
gence rate and the need to estim#tel;) adversely impact the performance of
this procedure. In order to accelerate the convergence wetgropose next an
alternative that is based on a two-stage sampling desigrusesllocal linear ap-
proximation forf in stage two.

2.2. Procedures Based On Two-Stage Sampling Desigi&e describe next a
hybrid estimation procedure for estimatidg based on a two-stage sampling de-
sign. We focus on the simple modgl = f(X) + ¢, with e independent of{, in
order to simplify the presentation and at the same time lgjghthe main technical
challenges that need to be resolved. Nevertheless, soresexts of the model
are briefly discussed in the conclusions section.

Assume that the total budget consistsnofloses that are going to be allocated
in two stages.

1. Allocaten; = np, p € (0,1) design points and obtain the first-stage data
{(X;,Y;)}2,, the isotonic regression estimate pfand the estimate?f}l)

=1
of dy as outlined in Sectior2.1. (Note thatnp represents its integer part
whenever it is not an integer.)

2. Determine two second-stage sampling poinendU symmetrically around

A

d\), whereL = dY) — Kn7" andU = d\) + Kn ", for some constants
~v>0andK > 0.

3. Allocate the remaining —n, design pointgquallyto . andU and generate
the responses &§ = f(L) + ¢, andY” = f(U) + ¢/ fori =1,2,--- , no,
with {€;} and {¢/} being iid random errors with mean zero and constant
variances?, mutually independent and also independent®f} and{e;}.

4. Fitthe second-stage datél,Y/), (U,Y;”)} with the linear model = 5, +
(B1x using least squares. Denote the resulting intercept ampe stimates
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by (5o, 31), respectively. Then, the second-stage (or two-stagepasir of
dy is given byci%) = (60 — Bo)/ .

Asymptotic properties oi%) will be established in Subsecti@l For example,
when f is locally linear atdy (i.e. f”(dp) = 0) and~ € (1/8,1/3), we have

g

f(do)(1 = p)1/2

where-% denotes convergence in distribution. Thus, the convemeate of the
two-stage estimator af, becomes:!/2, the standard parametric convergence rate,
which is faster than the rate of convergence of the one-gtmjenic regression
estimator.

However, when constructing confidence intervals from themgdotic results
like (2.2), we face two difficulties. One is that the limiting distriimns of interest
still depend onf’(dy), accurate estimation of which is difficult for small to mod-
erate sample sizes. The other one, which is less obviousdshaps with more
serious practical implications, is that the asymptotialtssof interest suffer slow
speed of convergence in distribution. Therefore, a bagistariant of the two-
stage procedure that avoids direct estimatiorf’édy) is introduced and is seen to
relieve the slow convergence problem.

(2.2) n2(d? — do) & N(0,1),

2.3. Bootstrapping The Two-Stage Estimatorhe steps of the bootstrapped
two-stage procedure are outlined next.

1. Follow steps 1-4 to obtain the second stage design pbiasll/, responses
{7} and{Y;"} andd?.

2. Sample with replacement, responé®s*}72, and{Y; *}72,, from {Y/}72,
and{Y;"}:2,, respectively. Construct the corresponding bootstragpednd-
stage (or two-stage) estimatéf)*, and calculate the corresponding root
Ry = n'2(d — 4.

3. Repeat the previous stdp times to obtain{ R%’}2 . Subsequently, cal-
culate the lower and upper quantiles,qg; and ¢, of {R:*}Z . Finally,
construct al — 2« bootstrapped Wald-type confidence intervaldgras

(2.3) [dP —n12g5, d? — 2.

Note that the procedure does not require estimatioff @f).

The asymptotic properties of the bootstrapped two-statjmm&®r are estab-
lished in Subsectior8.2 For example, wherf is locally linear atdy, and~ €
(0,1/4), we have
g

f'(do)(1 = p)1/2

@.4)  pM2dPr —d?) L N(0,1), (P —a.s.),
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where®s implies convergence in distribution conditional on theadatttained from
the employed two-stage design.

From @.2) and @.4), the strong consistency of the bootstrapped estimﬁf&*r
is ensured fory € (1/8,1/4). However, weak consistency is achieved for a broader
range ofy values and does not require the assumption of local line@#e Theo-
rems3.6and Theoren3.7). Therefore, the bootstrapped procedure is theoretically
validated under certain conditions.

REMARK 2.2. Both the two-stage estimator and its bootstrappea@niarely
on the choice of a number of tuning parametersy and K. Procedures for their
selection will be discussed in Sectidn

3. Asymptotic Properties of Two-Stage Estimators. In this Section, we es-
tablish the asymptotic properties of both the two-stagemesor and its boot-
strapped variant fafly. We start by discussing the two-stage estimééf}r.

3.1. Two-Stage Estimator. According to the two-stage procedure, we have that

A~ ~

(Bo, B1) = argmin Y (Y = Bo — B1L)* + (Y] — Bo — BiU)?].

Bo,/1ER ;4

It is easy to see that

A 1 22 o A A 1 72
31 = — i// + i/ - dgll) 5 = i// - i/ .
B.1) b 5 ;:1(5 Vi) —dy/Br, B K ;:1(5 i)

Settingfy = o + /1d'Y, we obtain

2 1 n
6522) _ to T Bo o o — 2ns z':21(Y;'// + Yz/) n cz(l)

B B "

In order to analyzeig), additional assumptions about the smoothness of the un-
derlying functionf arounddy, are required. We consider the following two classes
of underlying functions:

(3.2)

F1 = {fe€Fo: f"(dy) #0, f" () is uniformly bounded
in a neighborhood of }

and

Fy = {feFy:f"(do)=0,f"(dy) # 0, fP(z) is uniformly bounded
in a neighborhood of }.
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ReEMARK 3.1. A function in.%, is exactly locally linear atiy while that in
%1 is not. Naotice that both¥; and.%#; depend oniy. For example, consider the
sigmoid functionf (z) = exp{a(x —b)}/(1 + exp{a(z — b)}) for some constants
a > 0andb € (0,1). It belongs to.%; if dy = b and to.#; otherwise. Obvi-
ously, the size of%, is much smaller than that af;. However, the asymptotic
results forf € .%, should also provide good approximations for functions #rat
approximately linear in the vicinity afy. Hence, the clas¥; is also of interest.

We consider next the asymptotic propertiesflg? for f € Z#,. We start with
the consistency of the two-stage estimator.

LEMMA 3.1. For f € % and~y € (0,1/2), we have:
Bo & F(do) — f'(do)do, P15 f'(do), and dP L d.

Based on Lemma.1, we derive the asymptotic distribution 5)5‘,?) given in the
next theorem.

THEOREM3.2. For f € 71, we have

n2(d® —dy) % ¢y, for v € (0,1/4)
n2dP —do) L Ci+CoZy,  for 4 =1/4
n2(d® —dy) L 0y, for v € (1/4,1/3)
n2d@ —dy) L CyZy + C4ZZs, for 4 =1/3
nO/6=N(d2) — dy) L T, for v € (1/3,1/2)
where Cy = —K?p=2 f"(do)/[2f'(do)], Ca = o/[f'(do)(1 — p)'/?], C3 =

CCy/K, C'is as given in Theore.1, Z; and Z; are standard normalZ fol-
lows Chernoff’s distribution and, 7, Z> are mutually independent.

REMARK 3.2. Theoren3.2characterizes the convergence rate of the estimator
in terms of the size of the shrinking neighborhood. It shdves fory € [1/4,1/3]
the parametric rate of'/2 is achieved. On the other hand, for the boundary values
of v = 1/4 and 1/3, there exists asymptotic bias in the former case, while in
the latter case the asymptotic variance increasesyFer1/3, the local interval
[L, U] is too short to contain, with probability going tol, whereas fory < 1/4
it proves too long for a satisfactory linear approximatidryaon the vicinity of dg.
The results theoretically suggest selectinim the (1/4,1/3) range.
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Next, we examine the case whefec .%5. Analogous to Lemm&.1and The-
orem 3.2, we establish consistency and derive the asymptotic bligion of the
two-stage estimator.

LEMMA 3.3. For f € % and~ € (0,1/2), we have
Go L f(do) — f'(do)do, B 2 f'(do), and dP L dy.

THEOREM3.4. For f € %, we have

n2d® —dy) L Cy2y, for v € (1/8,1/3)
n2(dP —dg) L CoZy + C3ZZs, for v =1/3
nG/6N (D —dg) L C472,, for v € (1/3,1/2)

whereCy, C3, Z1, Z9, Z andC are as in Theorer3.2

REMARK 3.3. Comparing Theorer8.2 and Theoren3.4, we see that the
asymptotic results are the same for> 1/4. This implies that the nonlinearity
of f atdy, becomes asymptotically ignorable as the length of the heidiood of
dy shrinks fast enough.

REMARK 3.4. Notice also that for thé?, function class, the.'/2 rate of con-
vergence is achieved for a slightly larger range of valuesyforhis is a conse-
guence of the near linearity gfin the vicinity of dy, which allows a good linear
approximation off with a relatively long interva|L, U].

REMARK 3.5. The case of < 1/8 has been omitted, since it involves a Taylor
expansion off up to its fifth derivative. Nevertheless, in principle noatkechnical
challenges are in play.

3.2. Bootstrapped Two-Stage EstimatokVe consider next the asymptotic prop-
erties of the bootstrapped two-stage estimator, which is:

(3.3) g = % B — J(do) = 53 2?221(1/}"* +Y) L dm
Bt Ioh !
where
(3.4) B* — L i(yﬂ* + Y,*) N CZ(l)B* B* _ # i(y//* B Y,*).
. 0 219 P z 7 ny X1 1 2Kn1_fyn2 pat i 7

The data generation mechanism is rather involved and pgeesenumber of
technical subtleties that need to be carefully addressedrder to establish the
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asymptotic properties of the bootstrapped estimator oiggly. In summary, the
design points and random errors involved in the samplinghai@ism come from
sequences but not from triangular arrays, whose treatraquires special care. We
present next the necessary probabilistic framework netxlesitablish the results.

Let X be a continuous random variable with a positive densitytiong; on the
interval [0, 1], ande be a continuous random variable awith mean0, positive
constant variance? and finite third absolute moment It is well known that
there exists a probability spac®, <7, P), on which{X;}°, are iid X, {¢;}2,,
{e;}52, and{e; }22, iid ¢, and{ X, }, {¢;}, {¢, } and{¢, } are mutually independent.
For example, we can first construct product probability epaf;, <7, P;) ,with
i = 1,2,3 and4, for {X;}°, being iid copies ofX, and {¢;}°,, {&;}2°, and
{€/12, being iid copies ofe, and then obtain the product probability space of
interest(Q), 7, P) with Q = x1 ,Q;, & = ®}_,4; andP = x}_, P, Finally,
let X;(w) = X;(w1), €(w) = &(ws), €(w) = &(ws), ande’ (w) = & (wy), for
w = (w1,ws,ws,wy) € Q.

Givenw € Q, {X;(w)}2,, {ei(w)}2,, {e(w)}2, and{e,; (w)}2, represent
fixed sequencesf real numbers. Let; and2ny with n = nq + 2ns denote the
first and second stage sample sizes, respectively.

According to the sampling mechanism used in the bootsthppecedure, the
data obtained from the first stage are giveq b¥; (w), Y;(w)) };2,, whereY;(w) =
f(Xi(w)) + €(w) fori = 1,2,--- ,ny, which are subsequently used to obtain
cz,&? (w), and the lower and upper boundary poititsv) and U (w) to be used in
the second stage. Hence, the second-stage data are giei(by, Y; (w)} and
{UW).Y] ()}, whereY; (w) = f(L(w))+¢;(w) andY;’ () = f(U(w))+¢] (w)
fori = 1,2,--- ,ng, and the resulting estimate t@f) (w). The procedure then
requires bootstrappingY; (w)}72, and{Y;" (w)}?2,, which is equivalent to boot-
strapping{; (w)}72, and{e; (w)}2, to get{e;*}2, and{e;*}12,, so thaty,* =
f(L(w)) + € andY;* = f(U(w)) + €, * fori = 1,2,--- ,ny. Note that given
w andn, the bootstrapped second-stage random efigt$;2, or {¢; *}2, are iid
uniform random variables of¥;(w)}72, or {¢; (w)}72,. Finally, the bootstrapped

estimated'?)* is calculated from{(L(w), Y;*), (U (w), Y;"*)}72,, the bootstrapped
second-stage data.

The upshot of this construction is that giverandn, the randomness mfﬁf)*
comes from the bootstrapping step; givenwith »n increasing more design points
and random errors are sampled from the four fixed sequencethe®bther hand,
the bootstrapped random errdis*}72, and{e, *}2, form triangular arrays.

Under the above theoretical setting, it turns out that tlyenpsotic behavior of
cZ,(f)* for both functional classe$;, and.%#; is the same. Hence, for the remainder
of this Section, it is assumed thatelongs to# = .97 U .%5.
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The following lemma shows the strong consistency3pfand the conditional
weak consistency gf}.

LEMMA 3.5. For f € . and~y € (0,1/2), we have

B = f(do), (P —as), B;5 f(do), (P —a.s.),
where”: denotes convergence in probability conditional on a given

We establish next strong and weak consistency results édvdbtstrapped two-
stage estimator. The latter result provides a unified fraonkevior using the esti-
mator in practice, since it covers both functional classBs énd.%») and allows
~ to go up tol /3.

THEOREM3.6. For f € .# and~ € (0,1/4), we have
nl/Q(CZg)* - ng)) d—*> Cng, (P — CL.S.),

where®: denotes convergence in probability conditional on a giveandCs and
Z1 are as in Theorerm3.2 That is,

sup |P* (nl/z(czg)* —d?) < t) —P(CyZy <t)| %20,

teR

where P* denotes the probability of the bootstrapped data cond#iam the orig-
inal data.

THEOREM3.7. For f € #,~v € (0,1/3) andt € R, we have

sup |P* (nl/Q(J,(f)* — J,(f)) < t) — P (CyZy <t)] 5 0,
teER

whereP* is as in the previous Theorem afd and Z; are as in Theorer3.2

REMARK 3.6. Comparing Theorer®.6 with Theorem3.2 and Theoren8.4,
we see that the bootstrapped estimator is strongly consifde f € %, andy €
(1/8,1/4). However, forf € .#;, our current result does not ensure the strong
consistency of the bootstrapped estimator. The fundaresason is thai!/* is
the currently available upper bound on the almost sure cgawnee rate of the
first-stage estimator afy. If the upper bound could be increasedntbfor some
a € (1/4,1/3), it would have been possible to establish the strong camsigtof
the bootstrapped estimator fére .%; and~y € (1/4, «). (For technical details see
LemmaA.1 and the proof of LemmaA.2.)
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On the other hand, comparing TheoréhY with Theorem3.2 and Theorem
3.4 shows that the bootstrapped estimator is weakly consistent € .%, and
v € (1/8,1/3) orfor f € .7, andy € (1/4,1/3).

Finally, comparing Theorer8.6 and Theoren8.7 shows that a weakening of
the mode of convergence allowsgo go up to 1/3. Hence, weak consistency of the
bootstrapped estimator for functions in tBg class is established.

4. Performance Evaluation. In this section, through an extensive simulation
study we investigate the finite sample performance of the-8tage Procedure
(henceforth, OSP), the proposed Two-Stage Procedure @r®Fijs bootstrapped
variant (BTSP).

Notice that for practically implementing the OSP, as wellastwo-stage proce-
dures, estimates gf (dy) ando? need to be obtained; the resulting procedures are
called POSP, PTSP and PBTSP, respectively (Practical C&3Pand BTSP). For
o2, we employ the nonparametric estimator proposed by Gasakr], which is
based on local linear fitting. Suppose the dgta’;, Y;)}! , are already sorted in
ascending order ak;’s. Then, we calculate

2 _ 22
S Zciei,

n =2

wheree; = a;Y;_1 +b0;Yi1—Ys, CZ2 = (a?—i—b?—i—l)_l, a; = (Xi+1 _Xi)/(Xi+1 —
Xi—l) andb; = (Xz _Xi—l)/(Xi—i-l _Xi—l); fori = 2,3,--- ,n—1.An estimate
of f'(dp) is obtained through the local quadratic regression estimabposed by
Fan and GijbelsT], at the estimatéﬁll). Specifically, letK (-) denote the Epanech-
nikov kernel function andv > 0 the bandwidth, so thak’;,(-) = (1/h)K(-/h).

Further, let3 = (5o, 51, 52) given by

n

~

B = argmingeg2 Z

2
2
Vi =) Bi(Xi — 62511))3} Kp(X; —dD).
i=1 =0

Then, the local quadratic regression estimatof’¢d., ) is given by3;. The band-
width h is chosen by first fitting a fifth order polynomial function teetdata and
have f(z) = Z?:o ajx’ . Next, the estimate of the third order derivative fof

atdy) is obtained by/® (d\)) = 665 + 24a4d + 60a5(d)2. Finally the
bandwidthh is calculated as

) st 1,
hopt = 01,2(K) lm} n s

whereC 5(K) = 2.275.



TWO-STAGE ESTIMATION OF INVERSE REGRESSION FUNCTION 13

For the two-stage procedures, a number of tuning paramgteysand K') need
to be specified for obtaining the second-stage samplinggpbiandU. We select
them as the end points oftégh level confidence intervablculated from the first-
stage data; that is, and K satisfy

4.1) Kny" = Cqgn; '/,

wheregg is the uppers quantile ofZ. On the other hand, a good quantitative rule
for selecting the first-stage proportion of samples not available; nevertheless, a
practical qualitative rule of thumb dictates theshould decrease, whiten should
increase as the sample size increases. In our simulatidyp amumber of different
values forp were considered.

Finally, due to presence of small sample sizes the followglification of the
second-stage estimator in both two-stage procedures Eexatio

g _ { min(max((6o — Bo)/61,0), 1) if By >0,
" dtY otherwise.

The same modification applies to the bootstrapped secag@-sstimator in BTSP.
The basic settings of the simulation study are as follows: tegression func-
tions are consideredf;(z) = z2 and fo(z) = @05 /(1 4 4==09)) for
x € [0,1]. The first-stage design points are drawn from the uniforrtritigion.
Further, the target is set t§ = 0.5, the standard deviation of the random error
o t0 0.1, 0.3 and0.5, the sample size ranges from 50 to 500 in increments of
50, while the first-stage sample proportipfirom 0.2 to 0.8 in increments of 0.1.
Finally, the levels of significance andg are set td.025. The following quanti-
ties are computed: coverage rates and average lengthsfafarore intervals, and
mean squared errors of second-stage estimators.

REMARK 4.1. Choosingy andK via equation 4.1) is theoretically equivalent
to havingy = 1/3 and K = Cqg. Notice that strictly speaking, weak consistency
for v+ = 1/3 is not expected to hold for the bootstrapped estimatoresine nor-
malized first-stage estimatar/3(d\) — dy) has neither an almost sure nor an in
probability limit (see Theoren3.7). However, it is reasonable to expect that for
relatively small samples, the performance of the bootsivapld be satisfactory,
sincey = 1/3 is at the boundary of weak consistency. The obtained siionolat
results certainly vindicate this expectation.

4.1. Comparison of Two-Stage Procedurefecall that from the first-stage
data, we obtain the following asymptotit — 23) confidence interval fod, with
the true parameter (see Theorgrf):

[dY) = Cagny 2, dY) + Cagny I N[0,1);

) ni
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We consider the above confidence interval, as the sampliegval [L, U] with
v =1/3 andK = Cqg. Then, for the case = 1/3 in Theorem3.2and Theorem
3.4, we get forf € .7,

n'2(d? — do) L Cs 2y + C3Z7.

Hence, the corresponding asymptatic— 2«)) confidence interval ofly is given
by:

(4.2) AP = Gan™%,d3) + Gan~ 1[0, 1],

whereq, is the uppeix quantile ofCy 71 + C37Z.Z5.

Next we compare the two-stage procedures, focusing on terage rates. In
the first row of Figure2, the coverage rates of thd.p) confidence intervals for
combinations off,n ando are shown based on 5000 replications, usingtthe
parameterg”’(dy) ando (i.e. the trueC', C; andC5 in constructing the confidence
intervals). It can be seen that in general, coverage ra¢dsedow the nominal level
0.95, which is depicted by a solid horizontal line in eachptab As expected, the
results improve for small noise levels, larger sample saasfunctions closer to
linearity in the vicinity ofd.

The second row in Figur2 shows the coverage rates of the bootstrapped pro-
cedure, based on 1000 replicates and 3000 bootstrap sapgplesplicate, using
the true parameterf (dy) ando at stage one. It can be seen that forfor almost
all proportionsp, noise levels and larger sample sizeX 150) the coverage rates
achieve the nominal level. On the other hand, farthis is the case only for small
noise levels ¢ < 0.3), larger sample sizes:(> 150) and first-stage proportion
0.5 < p < 0.7. It can be concluded, that the BTSP exhibits superior perdmice
to the TSP for settings with small noise and relatively lasgmple sizes.

Finally, the third row in Figure depicts the coverage rates of the bootstrapped
procedure, when botl’(dy) ando are estimated at stage one, as outlined above.
The results based on 1000 replicates and 3000 bootstrapesapgp replicate indi-
cate a high level of agreement with those of the BTSP, whidhrim suggests that
the PBTSP is reliable in applications.

The above findings strongly suggest that 0.4 is a good choice for functions
exhibiting a strong linear trend in the vicinity @f, while p = 0.6 is preferable
otherwise.

4.2. Comparison of One- and Two-Stage Procedurédle compare next the
POSP and the PBTSP, in terms of coverage rates and averagleslerf the con-
fidence intervals, as well as the mean squared errors of thmadss ofdy. The
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Coverage Rates of TSP, BTSP and PBTSP
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FiG 2. Coverage Rate plot grouped with differeris.

results for POSP are based on 5000 replications, while tab®8TSP on 1000
replications and 3000 bootstrap samples per replicatioa,td its computational
intensity. It can be seen from the results shown in Taltleat except for the case
where the sample size is small & 50) and the noise larges(= 0.5) both pro-
cedures perform well in terms of coverage rates. Furthateuthe PBTSP, con-
fidence intervals usually have shorter average lengthde\itine estimates fod,
smaller mean squared errors, with the biggest gains accimithe f; case. How-
ever, both procedures suffer in tlfie case with large noise and small to moderate
sample sizes.

REMARK 4.2. One of the advantages of the bootstrap procedure, Biegaut
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TABLE 1
CR, AL and MSE stand for coverage rates, average lengths aaah squared errors of PBTSP
while CR1, AL1 and MSE1 stand for those of POSP.

[/ [» o [n [CR |[CRL [AL [ALL ]| MSE | MSEL |

50 | 0938 | 0958 | 0.15| 0.19 | 1.1e-03| 2.1e-03
100 | 0.942 | 0.950 | 0.09 | 0.15 | 4.5e-04| 1.3e-03
0.1 | 150 | 0.939 | 0.940 | 0.07 | 0.13 | 2.9e-04| 1.1e-03
200 | 0949 | 0943 | 0.06 | 0.12 | 1.9e-04| 9.2e-04
300 | 0.956 | 0.936 | 0.05| 0.10 | 1.3e-04| 7.4e-04
50 | 0.853| 0.899| 0.43| 0.37 | 2.5e-02| 1.1e-02
100 | 0.917 | 0932 | 0.33 | 0.30 | 9.6e-03| 6.5e-03
f1 1 06| 03] 150 | 0940 | 0932 | 0.27 | 0.27 | 4.4e-03| 5.0e-03
200 | 0.945 | 0.942 | 0.22 | 0.24 | 2.8e-03| 4.2e-03
300 | 0.955 | 0949 | 0.17 | 0.21 | 1.8e-03| 3.0e-03
50 | 0.721| 0.831| 0.48 | 0.48 | 5.1e-02| 2.3e-02
100 | 0.820| 0.911 | 0.48 | 0.41 | 3.0e-02| 1.3e-02
0.5| 150 | 0.896 | 0.903 | 0.43 | 0.37 | 1.9e-02| 1.0e-02
200 | 0.919| 0.919| 0.40 | 0.34 | 1.4e-02| 8.7e-03
300 | 0.932 | 0.934 | 0.33 | 0.30 | 8.0e-03| 5.9e-03

50 | 0941 | 0955 | 0.09 | 0.20 | 6.1e-04| 2.4e-03
100 | 0.956 | 0.955 | 0.06 | 0.16 | 2.4e-04| 1.4e-03
0.1 | 150 | 0.953 | 0.954 | 0.05| 0.14 | 1.6e-04| 1.1e-03
200 | 0952 | 0.955 | 0.04| 0.12 | 1.2e-04| 9.4e-04
300 | 0.963 | 0.961 | 0.03 | 0.11 | 7.1e-05| 7.0e-04
50 | 0.920| 0.935 | 0.38 | 0.39 | 1.1e-02| 9.6e-03
100 | 0.941 | 0938 | 0.25| 0.32 | 4.2e-03| 6.3e-03
f2104103] 150 | 0950 | 0.951 | 0.19 | 0.28 | 2.0e-03| 5.1e-03
200 | 0961 | 0.955 | 0.16 | 0.25 | 1.5e-03| 3.8e-03
300 | 0.960 | 0.950 | 0.12 | 0.22 | 8.8e-04| 3.0e-03
50 | 0.808 | 0.840| 0.51 | 0.49 | 4.0e-02| 2.2e-02
100 | 0.898 | 0.899 | 0.44 | 0.42 | 1.7e-02| 1.3e-02
0.5| 150 | 0.917| 0.927 | 0.36 | 0.38 | 1.2e-02| 9.0e-03
200 | 0941 | 0931 | 0.32 | 0.35 | 6.7e-03| 8.2e-03
300 | 0952 | 0939 | 0.24| 0.31 | 4.0e-03| 5.9e-03

in Subsectior?.3, is that its implementation does not require knowledgé¢’ o).
One might feel that the practical implementation of the btvap procedure defeats
this advantage, sincg/(dy) is estimated from the first-stage data to construct the
second stage sampling interval. However, note that onlyghrand ready estimate
of f'(dy) would suffice for the purpose of setting the sampling inter@m the
contrary, to set a confidence interval directly from the gsigtic distribution of
the second stage estimate requires a much more precisasony’(dy). Thus,

the really crucial advantage with the bootstrap is that itiaes the need for a
precise estimate of' (dy).
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REMARK 4.3. Notice that the sigmoid functiofy belongs to class?; for the
casedy = 0.5, since its second-derivative vanishes at that point. Iif ipracti-
cal interest to investigate the performance of the PBTSRHhercase where the
regression function at the target point is close to, but mat#y, linear. We have
examined the case fgs anddy = 0.4 and0.6 under the previously considered set-
tings. The curvatures of the regression functions at thesgbints are about 0.76
and -0.76, respectively. The results are very close to thbssned fordy = 0.5.

REMARK 4.4. In PBTSP, the second stage sampling pairasidU are identi-
fied through a Wald-type confidence interval constructedstanatingf’(dy) and
o?, with cZSlll) at the center ofL, U]. An alternative, albeit ad-hoc way of obtain-
ing an interval centered af,) is to setL = d\) — L, /2 andU = d3") + L,,/2,
whereL,, is the length of the likelihood-ratio-based confidenceriakfor d, ob-
tained from the first-stage data. The likelihood ratio pchge tests the hypothesis
Hygq: f71(00) = dvs Hy 4 : f~1(0y) # d and assigng to the confidence set
if the likelihood-ratio statistic falls below an approgeahreshold determined by
a pre-specified quantile of its limit distribution (whédn= d, holds true), which
is completely parameter-free and therefore enables thstremtion of the confi-
dence set without the need for nuisance parameter estim@te B] for details).
Alternatively, we can use the extremities of the likeliheatio-based confidence
interval itself as the sampling points for the second st&ge both cases, simula-
tions show that their results are very similar to those of BBTising the Wald-type
confidence interval, thus implying that the procedure isaasticularly sensitive to
the exact specification df andU'.

REMARK 4.5. In the case of € .%7, one may question the use of a linear
working model for approximating arounddy. Instead, fitting a higher order poly-
nomial working model may seem more appropriate. We exantinedase off;
using a quadratic working model. The results show that treslehimproves the
mean squared error of the estimates when the noise is largieaols to substantial
undercoverage.

REMARK 4.6. Our simulation results indicate that good choicesfare0.6
for f1 and 0.4 forfs, respectively. Our practical recommendatiop is 0.5, when-
ever no prior information about the linearity gfaroundd, is available.

5. Data Application. A brief description of the engineering system under
consideration is given next. We consider a complex queusystem comprised
of N first-in-first-out infinite capacity queues holding diffateclasses of cus-
tomers and a set of service resources. These resourcestanealy modulated
by a stochastic process. The main issue is to allocate thkalsiearesources to
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the queue in an appropriate manner so as to maximize thensgseroughput.
This system represents a canonical model for wirelesswiéta/transmissions, in
flexible manufacturing and in call centers (for more detsds P]).

An important quality of service metric is the average del&yobs (over all
classes). This quantity can only be obtained through sitionl@f the system, due
to its analytical intractability. The average delay of thbg in a two-class system
as a function of its loading under the optimal throughputgyahtroduced in 2] is
shown in Figurel. It can be seen that delay is, in general, an increasingiumoft
the loading. The response was obtained by a discrete evenliegion of the system
for each loading, based on 20,000 events. Notice that olityatsi simulate the
system at any loading in order to obtain the response, allevis easily implement
the proposed two-stage procedure.

It is of interest to estimatdy = f~'(dy) for §y = 3, 5, 10 and 15 units of
delay. For comparison purposes between the one- and tge-ptacedures we fix
a budget ofn = 100. The obtained one stage data (black points) are shown in
Figure3. It can be seen that the response is heteroskedastic, dalos not affect
the isotonic regression based estimatiory @nd thus ofd,. However, it impacts
the construction of confidence intervals through the edionaof the variance at
dy. To overcome this issue, the variance was estimated lpdatlychoosing an

appropriate radius > 0 and using only the points in the inter\,{ailﬁ}) + r]. After
careful examination of the data plot, we chaes® be 0.15, 0.15, 0.075 and 0.075
for the varioud)y’s.

When implementing the two-stage procedure, we selecteabisprom those
used in the one-stage procedupe={ 0.5). Then, the following values of were se-
lected for obtaining the second-stage sampling intervais:0.15,0.1,0.1,0.075
for the variousfy’s. After obtaining the 50 second-stage responses, thendeco
stage estimator ofy, was computed using weighted least squares, with weights
being the reciprocals of the estimated local variancesattmresponding sam-
pling points.

The point estimates and the associated confidence intdrgaisthe POSP and
the PBTSP are given in the first two blocks of TaBland the first two plots in
Figure 3. It can be seen that the point estimates are fairly similafo= 3,5
and10, but differ somewhat fof, = 15. Notice that the PBTSP should provide a
better estimate in the latter case, since in that dgds close to the boundary of
the domain and isotonic regression does not work partigulaell; on the other
hand, there is strong linearity gfaroundd, = 0.85, which supports the obtained
estimates from the two-stage procedure. More significatitt/length of the con-
fidence intervals from PBTSP are much smaller than those RQ8P. This can
be attributed to two factors: (i) the applicability of thadar model locally and (ii)
the presence of a strong signal (small noise) in the data.
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We also used the PBTSP with only 20 second stage points, bgtsej at ran-
dom 10 out of the original 25 frond. andU. The results are shown in the last
block of Table2 and the last plot of Figur8. It is clear that the point estimates are
quite close to those of the two-stage procedure based oaldtaiget ofn = 100;
specifically, the confidence intervals become wider, butssitemuch narrower
than those of the one-stage procedure.

TABLE 2
Comparing PBTSP and POSP
| o [ 3 ] 5 [ 10 ] 15 |
dP T o.270[ 0.578] 0.806 | 0.906
POSP 95% || 0.196 | 0.542 | 0.763 | 0.885
n =100 Cl || 0.344| 0.614 | 0.846 | 0.927
d? | 0.265| 0.569 | 0.779] 0.861
PBTSP 95% || 0.259 | 0.565 | 0.776 | 0.856

n=50+2x25| CI 0.272| 0.572 | 0.782 | 0.866

d? | 0.272] 0.566 | 0.780 | 0.864
PBTSP 95% || 0.262 | 0.559 | 0.777 | 0.856
n=50+2x10| CI | 0.281| 0.574| 0.782| 0.872

6. Conclusions. In this study, a two-stage hybrid procedure for estimating a
inverse regression function at a given point was introdudé proposed proce-
dure, by first obtaining a non-parametric estimate of theession function and
subsequently fitting a parametric linear model in an appatgly shrinking neigh-
borhood of the parameter of interest, achievegrarate of convergence for the
corresponding estimator. Note that isotonic regressios ugd in the first stage
as it works with minimal assumptions on the underlying regi@n function; nev-
ertheless, other non-parametric procedures could be &sether, the local ap-
proximation was primarily based on a linear model, althogghadratic and when
suitable higher-order approximations could be used, égpem the presence of
a small budget of design points, since the first stage saqplterval may not be
short enough.

A bootstrapped version of the two-stage procedure is peavid overcome the
difficulties posed by the requirement of estimating a de¢iveaof the regression
function at the unknown target point, especially with smallmoderate sample
sizes. Its asymptotic properties are also investigatedtsindnsistency established.

Our simulation results indicate that the practical boafgted procedure per-
forms well in a variety of settings. Nevertheless, for rigkly small budgets, a
sequence of deterministic points (e.g. quantile based)yiedg an improved per-
formance.

Finally, we note that the main results generalize readilyeieroskedastic mod-
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els of the formY” = f(X) + o(X)e, where the error termis independenof the
design variableX ando(X) is a scaling function that determines the conditional
error variance. Further, the proposed procedure shoutdvedsk for discrete re-
sponse models; for example, univariate binary and Poissgnession models with
a monotone mean function. Qualitatively, the results apeeted to be analogous
to those established in this study; namely,/a rate of convergence would be
obtained for the estimator of the parameter of interest. él@y the asymptotic
behavior of the second-stage estimator and its bootstraptegart would be dif-
ferent and depend in an explicit manner on the specific mawgiuconsideration.

Acknowledgements. The authors thank Professor Michael Woodroofe for his
suggestion of employing a local linear approximation in @gting neighborhood
of the target quantity and for many useful discussions cattpic.

APPENDIX A: APPENDIX

In order to establish the asymptotic distribution of the tst@apped two-stage
estimator, we need a rate of the almost sure convergenchdanmte-stage estima-
tor of d, obtained by isotonic regression. Lemwal below shows that'/* is a
possible boundary rate.

Before proceeding, a theoretical clarification is requiled.emmaA.1 below,
we intend to prove that an event involving the first-stag@resbr of dy, say B,
happensP-almost surely, wher is the product probability for the product space
(Q, o7) defined in SubsectioB.2 Since B only depends on the first-stage data,
there existsB € o/ ® ., such thatB = {w € Q : (w1, ws) € B,ws € Q3,wy €
4} and thatP(B) = Plg(B), whereP;», = P; x P,. Thus, it suffices to show that
P13(B) = 1, which is exactly what the next lemma does. For simplicitpatiation,
we use((, <7, P) generically. That is, we still denote the product prob&papace
for the first-stage data d$2, <7, P), whereQ2 = Qy x Qq, & = & ® o and
P = Py,. This principle of using generic notation is applied to $ansituations
in the following part of this paper.

LEMMA A.1l. Supposef € % is Lipschitz continuous, anfl is positive and
continuous in a neighborhood d§. Then, for any,, — oo we have

P lim 2 " A g—0) =1
n1—>n§oa_n<loglogn(logn)2) d? = do] =0 =1.

Thus, for alloe < 1/4, we have

P (lim n°(d)) - do) = 0) = 1.

n—oo
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FiG 4. For the proof of Lemma.1

REMARK A.1. We ask the reader to refer to Figut@s a pictorial aid for the
proof below.

PROOFR Given the assumptions ofy there exists: > 0 and0 < a < b < 1
such thatf is continuous and strictly increasing @b, U] = [dy £ ¢| C (a,b) and
thatp = inf,c(z 1) f'(x) is positive.

Let fun(xz) = f(x)+ handfy ,(z) = f(xz) — hfor eachx € [L, U] and every
h > 0. Lethy = min{f(U) — 6y, 0y — (L)} Then, for allh € (0, hg), we have
do € [f74,(00), f1,1,(60)) = [f (B0 — 1), f~" (60 + h)] C [L,U].

By LemmaA.5, we have

P tim 2 n v F(1)
nl—>rgo a_n (log IOg n(lOg n)2> :BSEI[lalz,)b”f (x) - f(m)| =0)=

Denote M, = sup,ci,y |fP) () — f(z)|. Taking o, to be a sequence slowly
converging toxo (e.g.logn). Then we havelf,, — 0 (a.s.). Thus,M,, converges
to 0 in probability.

WhenM,, < ho, we haved € [f; ;. (60), f1 s, (60)] C [L, U]. Now onla, b],
froan, < fO < fuu,, fO is a right-continuous increasing step function, and
d'Y is the first jump point at whicti(!) is greater than or equal . Thus,d" €
[f5 50, (80), 1 Ar (80)]. In fact, if dy) < f3, (60), we havefyas, (dy)) < 6y
since fu ar, IS continuous and strictly increasing ¢h, U]. On the other hand,
we haverMn( ) fO(d ( ) > #p. Thus, we have obtained a contradiction
which establishes thaztgl1 > fU7Mn(90). Similarly, if 43 > vaMn(Ho), by the

definition ofd',’, we havef(!) (%) < 6, for eache* € (221, (60), iy, Hence,
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we havefy g, (z*) < f()(z*) < 6. On the other hand, since > f;}, (6o)

and f1, ar, is continuous and strictly increasing, we hatey, («*) > bo. Again,

we obtain a contradiction which establishes vﬂé} < fL‘}wn(eo).
So, whenM,, < hg, we have ’

(A.2) |dD — do| < £73s, (00) — fiag, (B0) < =M,

2
P
The second inequality holds because

mhﬁ@—wuwwzfﬂ%+Mm—f%%—Mm

IN

-1
2Mn sup f L) < 2M, < inf }f/(f_l(t))>

t€[60— My, 00+M,] Ot t€[fo—ho,00+ho

-1
2

2M,, f = ZM,.
<x€1& U}f( )) P

Putting things together we get

IN

1 1/4
lim — —do| =0
<ng§o an, <10g10gn (logn) 2) ol = )
1 1/4
> hm—< ) —do| =0, M,, < hy
n—oo y, \ log logn log n)?
by (A.1) 1 1/4
> hm—< ) M, =0,M, < hg
n—oo y, \ log logn log n)?
1 1/4
- lim — M, =
(nl—%o ap <log log n(logn) 2) )
1 1/4
— lim — ( ) M, =0,M, > hgy
n—oo y, \ log logn log n)?2

Since M,, converges to 0 in probability, taking the limit gives

P ! " Yo g
lﬁgpa_n<loglogn(logn)2> i = dol =0 ] =

Then, for alla < 1/4, we have

(hm n®(dM — dy) = 0) =1

n—oo
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A.1l. Proofsfor Resultsin Subsection 3.1.

PrROOF OFLEMMA 3.1. We start by considering the following Taylor series ex-

pansions:
fU) = fdY+En)
= f(do) + f'(do)(dY) — do + Kny™)
(A2) +@(ng3 do+ Kn 4 Ry,
and
f(L) = fdY) - Kny")
= fldo) + f'(do)(d) — do — Kni”)
(A.3) +@(ng3 - KnT' 4 Ry

whereRy = f"(¢1)(dy) —do+Kny")3/6, Ry, = f"(&)(dY) —do—Kny )3 /6,

&1

lies between andd%) + Knj " and¢; lies betweent, anddﬁ}l) — Knj".

Then, from B.1), the definitions of/ andY;” and the Taylor expansioné Q)

and A.3), we get

R 1 ™2
— - Y” _ Y/
ﬁl 2Kn1_»yn2 ;( 7 7 )
S s R 107 W —
2Kn;” 2Kn ny =
= f'(do) + f"(do)(dYV) — dy)
1 1 2
4—— (Ru—Rp)+———S (/= ¢€).
2Kn1_7( v 2 2Kn; "ng ;(6 )

From Theorem?.1, dﬁ}ﬁ — dy LN 0; and by the standard central limit theo-

rem, fory € (0,1/2), (n]/n2) >0, (e — €}) L. 0. Next We show that Ry —

2

RL)/(2Kn]") Zo fory € (0,1). Hence, fory € (0,1/2) we get3 il 1/ (dp).

0

It suffices to show boti] Ry andn Ry, converge to 0 in probability foy €

,1/2). We only show the former; the latter follows in an analogowner.
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From the definition of?;;, we have

"
niRy = nYM(dgﬁ —do + Kni")?

6
n

= TR (o) — do)® + 3K (0 — do)?

(A.4) +3Kn; 1 (dY) — do) + K0 ]

Theorem?2.1coupled with Slutsky’s Lemma, shows that the sum of the fetms
within the square bracket i\(4) is op(1) for v € (0,1). Thus, we haver] Ry =
1" (&1)op(1). Sinces; lies betweenl andd&) +Knj " and the latter converges to
dp in probability, we get tha§; converges tal, in probability. On the other hand,
1" (+) is uniformly bounded aroundy. Hencef" (¢1)op(1) = op(1). This shows
thatn] Ry converges t® in probability fory € (0, 1).

Next, consider the consistency 6f. From @.1), the definitions ofY; andY;”
and the Taylor expansion& ) and A.3), fory € (0,1/2) we have

« 1 22

- " N _ (1) 3
Bo 5 i:1(Y; +Y;) —dy, ) h
"
. FATES -
= fldo) + £ (dD — do) + TN (D — ag)? + Ko

1 1 & " / 7(1) 3
+ §(RU +Rp) + Iy ;(Ei + €)= dy) B
P /
= f(do) — dof'(do).
Finally, fory € (0,1/2), the weak consistency ¢k and3, givesdy) = (6 —
Bo)/(B1) & do. O

PROOF OFTHEOREM 3.2. From (3.2), the definitions ofY,/ andY;” and the
Taylor expansionsA.2) and @A.3), we get

CZ£L2) —dy = f(dO) B ﬁ;?&(WWW) + (ngl) —do)
B
1 ULER P i)
= T [f(do) o Z;(YZ +Y))| + (dY) — do)
1 . 1 &
—(f'(dp) — dop) — — Y +Y/
+ f/(do)ﬁl (f( 0) ﬁl) [f( 0) 2712 Zzzl( 7 + z)

= 51+ 55 xS3
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where
_ f"(do) 1,5 2 2 2y
ST = _2f'(d0) [(dnl—do) + K Ny }
(R + Rr) — e S )
2/(do) 2 (doyny 21 T 1)
Sy = ! F"(do)(dY — do) + ! (Ry — Rp)
f'(do) B " 2Kn;’
1 2 " /
" i % ’
2Kn1_7n2 ;(6 i)
and

Sy = {f/(do)(dgl) _ dO) + @ [(dgzll) o d0)2 + K2n1—2“f}

n2
—l-%(RU + Rp) + i ;(eé’ + 6;)} .

We consider next the exact stochastic orders of the t&fmsS; and S3. We
start with S;. From Theoren®.1, we have(d') — do)? = Op(n=2/3); for v > 0,
we haVE’nl_?Y = Op(n_%), Ry = Op(n_l) + Op(n_gﬂy), Ry, = Op(n_l) +
Op(n=7), andny ' 372, (¢ + ¢}) = Op(n~'/?). Note that these are the exact
rates of weak convergence. Then, foe (0,1/2), we have

Si=T1+ 15+ Op(n_% V n—1/2)7

where
f”(do) 2 =2y 1 o " !
T = — K n s Ty = ——o— €; + € )-
= ) M BT ey 26 D

Thus, the possible main terms.8f are’7; and75. In the same way, we can obtain
the main terms of; andS3 and then those df; x S3. Finally we have

S1+8SyxS3=T1+To+T5+ R

where

1 .
) - do)
1

R = op(n™2 vn Y2y =56,
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Itis easy to see that among the three rate¥’, n—1/2 andn?~5/6, the first, sec-
ond or last one is slowest accordingaselongs to the intervdll, 1/4), (1/4,1/3),
or (1/3,1/2), respectively; the first and the second are the slowest fer 1/4;
while the second and the last ones are the slowest ferl /3.
In other wordsT3, T» or T3 becomes the main term accordingias (0,1/4),
v € (1/4,1/3) or v € (1/3,1/2), respectively. Whery = 1/4, bothT} andT;
become the main terms and wher-= 1/3, bothT, and73 become the main terms.
Then, by Theoren.1, the standard central limit theorem, Slutsky’s Lemma and

the Continuous Mapping Theorem, and noting bln%f’(d%ll) — dy) is independent
of ny Sz (el +€) andn; /2 >2, (e =€) and thate] + €, is uncorrelated

with €]/ — €/, we obtain the results for the five cases defined by the diffesnges
of v in the statement of the theorem.

For the purpose of illustration, we outline the cagse 1/3, for whichT; + T3

is the main term with exact stochastic ord&s(n=/2). Thusn/2(d\?) — dy) and
n'/2(T, + T3) have the same asymptotic distribution. Since

. 1 & 1 &
<ni/3<d,<33 —do) =D () =D e;>> %O cZy.c).
=1 =1

whereZ follows Chernoff distribution, independent 8§, Z> which are iid/V (0, 1),
andc = /20, by Continuous Mapping Theorem, we have
g 2

TP T K )1 )

In similar fashion, we obtain the asymptotic results fordkiger four cases. [J

n'2(Ty + T3) % C7.7Z,.

The proofs of Lemm&.3 and Theoren8.4 are essentially the same to those of
Lemma3.1 and Theoren8.2 In fact, the only difference comes from the Taylor
expansions of (U) and f(L). Therefore, we only provide an outline of the main
steps.

PrROOF OFLEMMA 3.3. The following Taylor series expansions are consid-
ered:

fU) = f(dY) +Kny")
= f(do) + f'(do)(d) — do + Kny”)

+ f///(do)

(A.5) ;

(dY) —do + Kn;")? + Ry,
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and
FL) = fdy) - Kny?)
= f(do) + f'(do)(dy) — do — Kny")
(A.6) o) (dV —dy — Kny")® + Ry,

6

where Ry = f®(&)(dY) — do + Kny")4/24, By = f®(&)(dS) — do —
Kny")4/24, & lies betweend, and d%l) + Knj " and¢; lies betweend, and
(17/(1) — Kn;"
ni 1 -
From (3.1), the definitions ofY; andY}”, and the Taylor expansion&.5) and
(A.6), we have, fory € (0,1/2),

R 1 12
— Y” _ Y/
ﬁl 2K’I’L1_A/’I’L2 ; 1:( ) 7 )

() + L) g — gy LD e o

1 12

Ry —R — vy B f(do),
2Kn1_7( v—Rp)+ 2Kn ;(eZ €)= f'(do)
A 1 22 ST A
bo = 5> +Y)—d)p
2 =1

= F(do) + o)D) — do) + LN D) — gy K2

ni

1 1 22 n A
+§(RU +R) + By ST(ef +€) —dl)p L F(do) — dof'(do),
25=1

andd? = (6 — Bo)/B1 > do. O

PROOF OFTHEOREM 3.4. From @3.2), the definitions ofY; andY;”, and the
Taylor expansionsA.5) and (0\.6), we have, fory € (1/8,1/2),

~ f(dO) no i= I(Y// + Y ) 5
d? —dy = e 2 + (d) — do)
o o i o 1! U 2(1)
— [f(do) o ;(YZ +Y))| + (dY) = do)
1 . 1 &2
_|_ _ ! d _ d o Y;:// _|_ }/i/
oA (f'(do) — Br) [f( 0) = 5z g )

f'(do)
= 514 959 x 53,
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where
B f///(do) ) 3 f///(do) ) 50 _2y
= 6 ) (4]~ do) 2/ (do) ()= do) K%
1 1 2
- R +R - él—i_ 2 )
2 o) 0t L) = g, 2 (<)
n N 2 n
5, — 1 {f (do) (dgll)_do) i (do)Kznl—m
f'(do)Bh 2 6
+ ! (RU—RL)+¥§(E//—6{)
2Kny" 2Kny "ng i |7
and
~ " d ~ 3
se = {a0) (d) — do) + T3 (a8 - o)

fm(do) 72(1) 2, —2y 1 1 & " !
g (A = do) K 4 (R + o)+ 53 (6 +€) -
Similar to the proof of Theorer.4, we haveS; + Sy x S3 = T1 + Ts + R,
where

1 2

T — N ;/"' 2 9
L= a2 )

1/, 1 -
Ty = — (O —dy) ——— S (! =€),
b g ) s R
and R is the sum of the remaining terms which converges faster thari/; and
T,. Then, the result of the current theorem can be establisiddllowing steps
similar to the proof of Theorer.2 O

A.2. Proofsfor Resultsin Subsection 3.2. To simplify arguments, we intro-
duce a notation on the rate of almost sure convergence. Sepfg is a sequence
of random variables ande R. Write ;, = Bgs(b) if n®(, converges to 0 almost
surely for everyn < b. It is easy to verify thaf3,,(b;) + Bas(ba) = Bas(b1) and
Bus(b1)Bas(ba) = Bgs(by + b2) if by < by € R. Note that(,, = B,(b) for some
b > 0 implies¢, — 0 almost surely.

PROOF OFLEMMA 3.5. The proofs of Lemma8.1and3.3 establish the weak
consistency of3; for the casey € (0,1/2). In fact, under the setting of the boot-
strapped two-stage procedure, the strong consistengy c&n be obtained. Here
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we just show the strong consistency/ffor f € .7 ; the case foif € .%, can be
handled analogously.

From the proof of Lemma.1, it suffices to showd',) — do, (n] /na) 3202, (e) —
e;) and (Ry — Ry)/(2Kn;") converge to) almost surely. Lemma.1 shows
that 07/5111) — do converges td) almost surely, while Lemma&.3, establishes that
(n] /na) 312, (€; — ¢;) converges t® almost surely fory € (0,1/2).

Thus it suffices to show that both{ R;; andn] R, converge to O almost surely
for v € (0,3/4). Next, we show the former; the latter follows analogously.

Since¢; lies betweeni andd,(fl) + Knj " and the latter converges #fy almost
surely, we know¢; converges taly almost surely. On the other hand)'(-) is
uniformly bounded aroundy; thus, /”/(&;) is almost surely bounded. Further, by
LemmaA.1, the four terms within square brackets on the right-sidefod) are
Bus(3/4—7), Bas(1/2), Bas(1/447) andB,s(27). Thus, by A.4), we have that
n ] Ry almost surely converges tofor v € (0,3/4).

Thus, fory € (0,1/2), we haves;, — f'(dy), (P — a.s.).

Next, we establish the conditional weak consistencﬁ{bfor both f € %, and
f € F5. From 8.4), we get

. 1 "2
ol Y5 —Y*) =Ty + T,
It Kn ;:1( i i) =Ti+ Ty
where
1 - " / 1
T, = €Y, Ty = — f(L
L= S Kn T ;:1:(1 i), T 2Kn (f(U) = f(L))

Hence, we havé&; = Ty + 112, where

s 1 & (V7 —v 1 =
Ty = _ v 7 , Tig= ———— e — ¢ ’
1 2Kn; " ng < s ) 12 2Kn] "ny Z( ! 2

V==, v =BV = — > (¢ =€)

)

and
) 1 no ) 1 no 2 1 no ) 1 no 2
s“=Var V. | = — et — | — e + — ) — [ — el .
V= 3er - (3] s LS (43
Fory € (0,1/2), LemmaA.3 gives thatl} s — 0, (P —a.s.). Fory € (0,1/2),
by LemmaA.6 and Slutsky’'s Lemma, we know; = 0, (P — a.s.). Thus, for
v € (0,1/2), we haveT o, (P —a.s.).
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Next, we considefl;. If f € %, by the strong consistency dﬁll) — dy and
(Ry — Rr)/(2Kn "), we have, fory € (0,3/4),
1

S (v = Rp) = f'(do), (P —as.)
1

Ty = f'(do) + f"(do) (dSY) — do) +
If f € 5, similarly, fory € (0, 1), we have

T, = f'(do)+ " ( 0) (dnl) —d0)2

"
+MK2¢L_2'Y +

6 1 W (Ry — Rp) — f'(do), (P — a.s.).

Thus, for f belonging eithet#; or .%, and forvy € (0,1/2), we havel, —
#'(do), (P — a.s.). Therefore, we get = f'(dy), (P — a.s.). O
PROOF OFTHEOREM 3.6. From @.2) and @.3), we have
2 dP* —d2) = —Ty + Ty,

where

n2

T dO 2n2 Z Y//* Y/* (}/7';// + Y,;/):I

and

1 1 1 = 1% I
T, = ﬁ[(ﬁ_f_—f/(do)> <f(d0)—2—m;(yi +Y; ))

1 1 L&
(5~ gy ) (7100 - g S04 )|

By the definitions ofY)/, Y, Y*, Y/™*, we have

na S\/ﬁ n2 V+_l/+
h= d2 Z ) =6 ) = gy g 2 s
0 n 4 f(O) nz i Svn2
where n
1 2
Vz'+ _ 6;/* _|_6;*’ v = E*[‘/i+] = ;2;(6;/4_6;)’
and
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The SLLN givess? — 202, (P — a.s.). By LemmaA.6, we get> "2 (V;" —
vH)/(sy/n2) <7, (P — a.s.). Note thaty/n/\/ny — +/2/(1 — p). Thus, Slut-

sky’s Lemma implies

d* o

0= e

In LemmaA.2 following this proof, we show that foy € (0,1/4),

Z1, (P —a.s.).

%o, (P —a.s.).

Therefore, another application of Slutsky’s Lemma provestheorem.
O

LEMMA A.2. Forvy € (0,1/4), T, 20, (P — a.s.).

PROOF Let
. 1
I = pi—f'(do), II=f(do) —5—> (V' +Y]),
2n2 i
A A 1 2 / / !
A = ﬁf _ﬁlv B = %Z [(Ei/*—i_ei*) - (62 +€2)} )
2 =1
Ty = n'?A-1-II, Tyy =n'?I.B,
Tos = n'/?II-A, Thy=n'?A.B;

we then have

T, = nlﬂ{—ﬁ[IJrA]-[H—B]—i—A ! I-H}
1

'(do) B1f'(do)
_ v g
G155 f'(do)
I (=021 B+ 0211 A~ !4 B
Bt f(do)
1 1
— Ty — — Ty + Ths — Toal .
ﬁlﬁff/(do) 21 ﬁff/(do) [ 22 23 24]

We will show thatTy; 2 0, (P—a.s.),i=1,2,3,4for~y € (0,1/4). Thus, by
Lemma3.5and Slutsky’ Lemma, we know the lemma holds.

We establish next the convergence of the tefs First assumef belongs to
1 . From @.12), (3.4), the definitions ofY/, Y, Y/* andY/"*, and the Taylor’s
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expansions of (L) and f(U) ((A.2) and A.3)), we have

Y n2 no — _
_ ™ e e\ (1 nis —1/2 Vi —v
A= QKTLQ Z [(62 € ) (62 Ez)] QK\/_ Z [ s ] ?

=1 i=1
1 n2 _12 V+—I/+
B—=_—— ) (e 4 € / L TP
o ) = ()] = z[ =

v n2
n

§
~ 21 n
1= = f'(do) = f"(do) (d)) = do) + 5 (R = Ru) + 532 ; (ef — &)

and
1 2 " /
Ir = f(dO)_%z 1(}/@' +Y)
= ) = do) = T [l o+ K
1 &
——(RU-I-RL)—n—z;(E —I—e)

Thus, we have

=1

whereTy, = C,, - I - IT andC,, = n'/?*n] (2K /)"
SLLN and LemmaA.6 give

2 T — v~ *
s — V20, (P —a.s.), 712_1/2 > [V’TI/] L 7, (P —a.s.).

i=1

Next it will be shown that fory € (0,3/8), T3, converges to @P-almost surely.

Then, an application of Slutsky’s Lemma givEs i 0, (P —a.s.).

For easing the presentation, we introduce some notaticardieg the upper
bound of the almost sure convergence rate of a sequencedufmavariables; this
is in analogy to the usualp(1) andOp (1) definitions.

With this notation and by Lemma&.3 andA.1, we have, Fory > 0, n] =
Bus(=7), (i) = do) = Bas (1/4), 12, (€] +€}) /ny = Bas(1/2) and "2, (e -
€))/ng = Bus(1/2). Both Ry and Ry, are equal taB.s(3/4) + Bas(y + 1/2) +
Bus(2y 4+ 1/4) 4+ Bas(3y). Thus we haveC,, = Bys(—7), I = Bgs(1/4) +
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Bas(—=7)(Bas(3/4) 4+ Bas(7+1/2) 4+ Bas (2y+1/4) + Bas (37)) + Bas(1/2—7) =
Bas(1/4)+Bas(2y)+Bas(1/2—~) andII = Bus(1/4)4[Bas(1/2) + Bas(27)]+
(Bas(3/4)+ Bas(v+1/2)+ Bas(2y+1/4) + Bus(37)) + Bas(1/2) = Bas(1/4)+
Bygs(27). Thus, we have

Ty, = Cp-1-1I
= Bas(—7) X [Bas(1/4) + (Bas(27)) + Bas(1/2 — )]
X {Bas(1/4) + Bas(27)}
= Bas(1/2 =) + Bas(1/4 +7) + Bas(3/4 — 27) + Bas(37).

It is easy to see that whep € (0,3/8), the above five upper boundg2 — ~,
1/4 + v, 3/4 — 2~, and3~ are all positive. This implies that for € (0, 3/8), T3,
converges to P-almost surely. Therefore, for € (0,3/8), T»; converges to 0 in
probability (P — a.s.).

Similarly, we can show thdly;, i = 2,3 or 4, converges to 0 in probability
(P — a.s.), but with different intervals fory. We next list these results. For e
(0,1/2), Tye andTy, converge to 0 in probabilityP? — a.s.) and fory € (0,1/4),
Ty converges to 0 in probabilityP? — a.s.). Sincel /4 < 3/8 < 1/2, we have, for
~v € (0,1/4), Ty; converges to 0 in probabilityP — a.s.) for i = 1,2,3,4. Thus
when f is from .7, for v € (0,1/4), T> converges to 0 in probabilityP — a.s.).

Next assumég belongs to%; . The derivation is basically the same as the case
f € Z1. Note that for this case we use the Taylor expansiénS)(and @.6). It
turns out that the intervals for whichl;, : = 1,2, 3,4 converge to 0 in probability
(P — a.s.) are exactly the same as those in the former case. Thus, yviseinrom
Fo, fory € (0,1/4), T, converges to 0 in probability? — a.s.) as well. O

PROOF OFTHEOREM 3.7. Considerd < v < 1/3. Given an arbitrary subse-
quence{n; 32, of {n}s2,, letn; = np andn,; = nip. By Theorem2.1, we
know thatn] (d%) — do) = (np)7(dS) — do) 2 0. It follows, by the relationship
between convergence in probability and almost sure coanery(for example, see
Theorem 20.5 in Billingsley4]), that there exist$n,, ;) }2,, a further subsequence

of {ny}, such thatnz(i) l(cigk)(m —dp) — 0, (P — a.s.). It now suffices to show
that } ) i
’I’Lllgéf)(d(z)* - d(2) ) d—> Cng, (P - a.s.).

Nk (i) k(i)
Letnyi),2 = ng@) (1 —p)/2. Write G, ) = Bas(b) if nj ;) G, () cOnverges to 0

almost surely for every < b. As in the proof of Theorer.6, write n,ﬁ{f)(dg?(*) —

i)

nw)) as—Ti + Ty, whereboth T} and 75 are now indexed by, ;). Itis then not
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difficult to show that the conditional distribution @ converges to that af’s Z;
P-almost-surely by replacing, ny andng by ng(;), ni),1 @ndny; 2 respectively,
and mimicking the steps in Theoresrb.

It remains to show thdf; ey (P — a.s.). The proof of this follows from that
of LemmaA.2 by replacingn, ny andng by nygy, ng),1 andny) o respectively,
and notingd') ., , — do = Bas(1/3).

More specifically, forf € %, considerly; = anm -1-1II.Note thatCnM =

Bas(—7), I = Bas(1/3) + Bas(—7)(Bas(1) + Bas(y +2/3) + Bas(2y +1/3) +
Bas(37)) + Bas(1/2 — v) = Bqas(1/3) + Bas(27) + Bas(1/2 — ) and I =
Bas(1/3)+ [Bas(2/3) + Bas(27)] + (Bas(1) + Bas (v +2/3) + Bas (27 +1/3) +
Bas(37)) + Bas(1/2) = Bas(1/3) 4+ Bas(27). Then, Ty = Bas(2/3 — ) +
Bas(1/3+7) + Bas(5/6 — 27) + Bas(37) + Bas(1/2). Thus,Ta; 25 0 (P —a.s.)

for v € (0,5/12). Similarly, T2 andT», converge to 0 in probabilityP — a.s.)
for v € (0,1/2) andT53 converges to 0 in probabilityP? — a.s.) for y € (0,1/3).
Becausel/3 < 5/12 < 1/2, T, converges to 0 in probabilityP — a.s.) for

v € (0,1/3).

For f € %5, itturns out that the intervals for whichly;, i = 1,2, 3,4 converge
to O in probability (P — a.s.) are exactly the same as those in the former case.
Thus, whenf is from %, T5 also converges to 0 in probability? — a.s.) for
v € (0,1/3). O

A.3. Some Auxiliary Lemmas. Suppose{e; }7°, are the first-stage random
errors defined in Subsectid2 Lete, = (1/n) Y.~ €. The following simple
lemma shows that!/2 is an upper boundary of the almost sure convergence rate
of &,.

LEMMA A.3. Fora < 1/2, we have

P(lim n%e, :0) —

n—oo

PrROOFE Using the Law of the Iterated Logarithm (See, for exampbgd?397
of Shiryaev (1995)24]) yields

n 1/2
Pl _ en=1] =1.
(17?1_?013,1) (202 log logn> ‘ )

and the result follows. O

Supposeg X; }5°, is the sequence of first-stage design points defined in Subsec
tion 3.2 Denote themaximal spacingf the firstn design points by

Ay = max{ Xy, Xy — X1y Xy = Xn-1), 1 = Xy }-
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Then the following lemma provides a almost sure ordefgf
LEMMA A.4. We haved,, = O(logn/n) P-almost surely.

PROOF We haven = inf,¢[q 1 g(u) > 0 sinceg is continuous and positive on
[0, 1]. Denote byG the cumulative distribution function oX. ThenG is strictly
increasing on0, 1], with G(0) = 0 andG(1) = 1. Letting H(v) = G~}(v) for
v € [0, 1], it can be seen tha¥ is strictly increasing oif0, 1], with H(0) = 0 and
H(1) = 1. Furthermore, we havl’(v) = 1/g(H (v)) < 1/mforv € [0, 1]. Then,
we haveH (vg) — H(vi) < M(ve — vy) for vy < wg € [0,1], whereM = 1/m;
i.e. H satisfies a Lipschitz condition with a positive constant

LetU; = G(X;)fori =1,2,---. Then{U,}:° are iid copies oV [0, 1]. SinceG
is increasing, givem, we havelU;) = G(X(; ) fori = 1,2, ,n. By the estab-
lished Lipschitz condition o/, we haveX ;) — X;_1y = H(U)) — H(U;—1y) <
MU — Ugi—yy) fori = 2,--- ,n. SinceH(0) = 0 andH(1) = 1, we have
X(l) = H(U(l)) — H(O) < MU(l) andl — X(n) = H(l) — H(U(n)) < M(l —
U(i—1))- Thus, we have\,, < MAY, where

A =max{Uq),Ug) — Uny,-+ Uy — U1y, 1 = Uy b
From Devroye (1981)d], we know

nAY —logn

lim sup =1, (P —a.s.).

n—oo 2 10g2 n

Thus, we have\” = O(logn/n) almost surely. Sinceé < A,, < CAY, we have
A, = O(log n/n) almost surely. O

Next, we establish a result on the rate of the almost sureergance of the one-
stage isotonic regression estimatorfaf established. We derive this result in the
framework of SubsectioB.2, adapting generic notation as introduced before and
used in Lemma&\.1. Whenn increases, more data points are sequentially taken out
from the two fixed sequences of first-stage design points esgbnses anﬂ(l) is
subsequently updated.

LEMMA A.5. Supposef € %, and is Lipschitz continuous. Further, assume
{a;}32, is an arbitrary sequence of real numbers convergingdoThen, for0 <
a < b< 1, wehave

n

1 1/4 R
im — W (z) — =0 =
P (nh—{%o an (log log n(log n)2> xsel[lfb}‘f (@) = £ (@)l O) L
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PROOE This proof essentially runs along the lines of that of Clargl 2.5 on
Page 181 of Brunk (1970%].
Let A ={w; € Q;: A, =0(logn/n)} and

B Q: i ! - N
= Jw=(w1,wz) €EQ: a0 oy, (log log n(log n)z)

x sup | (z) — f(a)] = 0}-

z€la,b]
LemmaA.4 shows thatP; (A) = 1.
We will establish thatPy(B,,,) = 1 for eachw; € A. Assuming this result
holds, we get
PB) = | Pa(B)Pi(der) :/APQ(BM)Pl(dwl) :/APl(dwl) _ 1
1

which proves the lemma.

Next, we consideP»(B,,, ) forw; € A. The main argument is based on Lemmas
1 and 2 and Theorem in MakowsKi3]. Supposef is Lipschitz continuous with
a constantk’ > 0. Givenw; € A, for simplicity, denoter; = Xi(wl) for i =
1,2,---.NowY; = Yj(w2) = f(x;) + €(w2), for eachws € Qyandi = 1,2, ---.
That is, givenw; € A, the randomness df; comes frome;. For a given sample
sizen € N, the data is given by(z;, Y;)}7_,, from which we can obtain the sorted
data{(z,, Yni)}i, in ascending order ofz;};" ;.

Denote the maximal spacing by generically, = max{z, 1,zn2 — zn1, - ,
Tnp — Tnn—1,1 — Tp ), the partial sum of the responses By ; = Z{zl Yo,
and the maximum of the absolute values of the centered pauas byR] =
maxi<j<n |Sn; — PaSnj|. Lets? = Var[S,,]; thens? = no? = O(n). Note
that this variance is calculated under probability measyre-or eachy > 0, set
¢ = c(n) = (265,A,/K)"/? andd = 1 — c. Note thatc — 0. Then, Lemma 1 of
Makowski [L3] establishes the following result:

(A7) {R), <ds,} C { sup

c<z<d

FO@) — f()] < 22K55,80) 12 + KA”} '

This result connectsup,.< < 4 ‘f(l)(m) - f(x)‘ with R/,. From Remark 4 on Pages
878-879 of Makowski (1973)14], we conclude{e; } 32, satisfies Conditior” on
Page 877 of Makowski (197314]. Thus, by Theorem 3 of Makowski (1973)4]

or Lemma 2 of Makowski (1975)13], we have the following result:

R/
A.8 P (L n <Ki)=1
(A8 ’ ( P (252 loglog s2)/2 — 1) '
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whereK; = 2+v/6. This result establishes a law of iterated logarithmAgr
Then, analogously to the Theorem of Makowski (1978, for 0 < a < b <
1, we will show

A~

) 0] < ) =1,

n 1/4
A9) P |1
(A9) 1 < 1Trln_)so1<1)p <log log n(log n)z) ailglcl;b

for a positive constank’s.
Sincea,, — oo, by (A.9), we have

fO(@) - f()] = o) =1

Py ( lim 2 " v
o (o) 202,
Notice that the event in the above expression is exaBtly for w; € A, which
establishes the lemma.

Now consider the expression given #.9). Note that conclusionA(.8) is equiv-
alent to the statement that for every> 0,

n>m

(A.10) lim Py ( U {R;L > (K1 + \)(2s2 log log 32)1/2}> =0.

For givenn, letd = 6(n) = (K1 + A)(2loglog s2)'/2. Then by A.7), whenn is
sufficiently large, there exist positive constaiis, K4 and K5 such that

{R;L > (K1 + \)(2s2 loglog 8%)1/2}

> { sup |fV(z) — f(z)] > 22K 8s,A,) " +KAn}
c<z<d
> { sup |fW(x) — f(2)] > 22K 8s,A,)" 2 —i—KAn}
a<z<b
1) 5, 11/4
> sup |f(z) = f(x)] > K3 {loglogn(logn) /n] + Kylogn/n
a<z<b

a<z<b

D { sup \f(l)(x) — f(z)| > K5 {loglogn(logn)z/n} 1/4}

Then, by A.10), we have

" 1/4
lim P
me 2 nU (log log n(log ’I’L)2 > asgl;:l;b

>m

f0 @)~ f@)| 2 K5) ~0,

which establishesA(.9) with K, > K.
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Suppose{e; 7, {e/}r,, {e}7, and{e;*}, are the second-stage random
errors and the corresponding bootstrapped ones definedbse&iion3.2 Let
Vit = X+ vt = BV, V7 = € — F andv™ = E,[V,7], where
E, means the expectation conditioning on the second-stage Itz easy to ver-
ify Var,[V.;"] = Var,[V,"]. Thus we denote both ag. The following lemma

shows that bottV,"™ andV,~ are asymptotically normaP-almost surely.

LEMMA A.6. Assuming the above notations and assumptions, we have

1 n V+ ot 1 n Vo —v
% Z % d—) Z7 (P - CZ-S-), %Z % d_) Z> (P - (I.S.),
i=1 i=1

whereZ follows aN (0, 1) distribution.

PROOF We only prove the case fd7 ", since that fol/;~ follows along similar
lines. Leté,; = (VT —vT)/(y/ns), fori =1,2,--- ,n,andS, = 37 &y Itis
easy to see that, [{,;] = 0 andVar,[S,] = 1. Thus, it suffices to check that the
following Lindeberg condition holds for each> 0 (see, for example, Theorem2
on Page 334 of Shiryaev (199%4)):

n

> EdGilléni] = €}] = 0, (P~ a.s),
Vi -t 2 Vi -t

S S
1 1
Ve |sP?

We have

n

S Bl > )] = E.

i

-

E Vit — vt

Since

n

Sr- (23] +i3er- (13d)
i=1 i=1 i=1

i=1

82:

S|

we haves — /20, (P — a.s.), by the Strong Law of Large Numbers (SLLN.)
Then, it is sufficient to shodim,, .. E,|V]" — v > < o0, (P — a.s.). We have

EJVi vt P < B IViP + P+ 3V Rl + 3V vt P
= EViTP 4 3 | BV P 4 St PRV |+ PR
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Sincevt = 15712 (¢f +€}) — 0, (P — a.s.), by the SLLN, it suffices to show
lim, oo B, [VIT|F < o0, (P —a.s.), for k = 1,2,3. It suffices to show the case
wherek = 3. Since(a + b)? < 4(a® + b®) for nonnegative: andb, we have

EVITP = —> > | +6l° <4 (; D P +—> \eéF’) :
i=1j=1 i=1 i=1

By SLLN, we havel 3> | |¢/|> — 7, (P —a.s.) and2 7 [l — 7, (P —
a.s.). Sincer < oo, finally we havdim,, ... F,|V; |2 < 87 < o0, (P—a.s.). O
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