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ABSTRACT. We focus on a class of non-standard problems involving non-parametric estimation

of a monotone function that is characterized by n1/3 rate of convergence of the maximum likelihood

estimator, non-Gaussian limit distributions and the non-existence of
ffiffiffi
n

p
-regular estimators. We

have shown elsewhere that under a null hypothesis of the type w(z0) ¼ h0 (w being the monotone

function of interest) in non-standard problems of the above kind, the likelihood ratio statistic has a

�universal� limit distribution that is free of the underlying parameters in the model. In this paper, we

illustrate its limiting behaviour under local alternatives of the form wn(z), where wn(Æ) and w(Æ) vary
in O(n�1/3

) neighbourhoods around z0 and wn converges to w at rate n1/3 in an appropriate metric.

Apart from local alternatives, we also consider the behaviour of the likelihood ratio statistic under

fixed alternatives and establish the convergence in probability of an appropriately scaled version of

the same to a constant involving a Kullback–Leibler distance.

Key words: asymptotic distribution, contiguity, fixed alternatives, greatest convex minorants,

likelihood ratio statistic, local alternatives, monotone hazard model, monotone regression

model, non-regular problems

1. Introduction and background

We consider the problem of estimating a monotone function at one or more points in a

class of non-standard problems, which can be generically described in the following way:

let W1, W2, . . . ,Wn be i.i.d. observations from the density f (w, w, n) (the corresponding

distribution function is denoted by Pw,n). Here f is a density with respect to some

underlying measure, w is a monotone function of interest and n is a nuisance parameter.

Denote by ŵn, the maximum likelihood estimator (MLE) of w based on W1, W2, . . . ,Wn.

The fundamental feature of this class of problems that sets it apart from the spectrum of

regular parametric and semiparametric problems is the n1/3 rate of convergence of ŵnðtÞ to

w(t); in each case

n1=3ðŵnðtÞ � wðtÞÞ !d Cðw; n; tÞZ;

where the random variable Z is a symmetric (about 0) but non-Gaussian random variable and

C(w, n, t) is a constant depending upon the underlying parameters in the problem and the

point of interest t. In fact, Z ¼ argminhW(h) + h2, where W(h) is standard two-sided

Brownian motion on the line. Models of the above kind abound in the non-parametric

literature. For example, the monotone function of interest can be a distribution function

(survival analysis) which is the case with current status data studied in Groeneboom &Wellner

(1992), or more generally Case k interval-censored data (see, e.g. Groeneboom, 1996), a

monotone hazard function based on uncensored or right-censored data, as in Prakasa Rao

(1970) and Huang & Wellner (1995), a monotone regression function as in Brunk (1970), the

mean function of a counting process as in Sun & Kalbfleisch (1995), Wellner & Zhang (2000),

or a monotone density as in Prakasa Rao (1969), Huang & Zhang (1994) and Huang &

Wellner (1995).
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The behaviour of the likelihood ratio statistic (LRS) for testing a null hypothesis of the type

H0 : w(z0) ¼ h0 (or more generally null hypotheses that constrain the monotone function of

interest at finitely many points) in these models was first studied by Banerjee & Wellner (2001)

in the context of the current status data model. Banerjee (2004) subsequently developed a

unified theory of likelihood-based estimation for monotone function models and showed that

in a very broad class of such problems, the LRS 2 log kn, where

kn ¼ log
Pn

i¼1 f ðWi; ŵn; nÞ
Pn

i¼1 f ðWi; ŵ
0
n; nÞ

;

(ŵn is the unconstrained MLE and ŵ0
n is the MLE under H0) converges in distribution under

H0 to

D �
Z

ððg1;1ðhÞÞ2 � ðg01;1ðhÞÞ
2Þ dh;

and the processes g1,1(h) and g01;1ðhÞ are described as follows.

For positive constants a and b define the process Xa,b (h) :¼ aW(h) + bh2, where W(h) is

standard two-sided Brownian motion starting from 0. Let Ga,b (h) denote the greatest convex

minorant (GCM) of Xa,b(h) and ga,b(h) denote the right derivative of Ga,b. It can be shown that

ga,b is a piecewise constant increasing function with finitely many jumps in any compact

interval. For h � 0, let Ga,b,L(h) denote the GCM of Xa,b(h) on the set h � 0 and ga,b,L(h)
denote its right-derivative process. For h > 0, let Ga,b,R(h) denote the GCM of Xa,b(h) on the

set h > 0 and ga,b,R(h) denote its right-derivative process. Define g0a;bðhÞ as ga,b,L(h) ^ 0 for

h � 0 and as ga,b,R(h) _ 0 for h > 0. Then, g0a;bðhÞ, like ga,b(h), is a piecewise constant

increasing function with finitely many jumps in any compact interval and differing (almost

surely) from ga,b(h) on a finite interval containing 0. In fact, with probability 1, g0a;bðhÞ is

identically 0 in some (random) neighbourhood of 0, whereas ga,b(h) is almost surely non-zero

in some (random) neighbourhood of 0. Also, the interval Da,b on which ga,b and g0a;b differ is

Op(1). For more detailed descriptions of the processes ga,b and g0a;b, see Groeneboom (1989),

Banerjee (2000), Banerjee & Wellner (2001) and Wellner (2003). Thus, g1,1 and g01;1 are the

unconstrained and constrained versions of the slope processes associated with the canonical

process X1,1(z).

Our goal in this paper is to study the behaviour of 2 log kn under alternative hypotheses,

both local and fixed, in monotone function models. The results will be established in the

general framework developed by Banerjee (2004) which we present below.

The unified framework

Let fp (x, h) : h 2 Hg with H being an open subset of R, be a one-parameter family of

probability densities with respect to a dominating measure l and satisfying the assumptions

A1–A7 given below. Let w be an increasing or decreasing continuous function defined on an

interval ~I and taking values in H. Consider i.i.d. data fðXi; ZiÞgni¼1 where Zi � pZ, pZ being a

Lebesgue density defined on ~I and Xi j Zi ¼ z � p(x, w(z)). Here pZ plays the role of the

nuisance parameter n referred to at the beginning of this section while w is the parameter of

interest. In what follows, it will be seen that the computation of the MLEs of w and the LRS

for hypothesis tests involving w do not require estimation of the nuisance parameter n.
Assume that for a fixed interior point of I, say z0,

(a) pZ is positive and continuous in a neighbourhood of z0,

(b) w is continuously differentiable in a neighbourhood of z0 with jw0(z0)j > 0.
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Denote by ŵn the unconstrainedMLEofw andby ŵ0
n theMLEofwunder the constraint imposed

by the pointwise null hypothesis H0 : w(z0) ¼ h0. Consider the LRS for testing the hypothesis

H0 : w(z0) ¼ h0, where h0 is an interior point of H. Denoting the LRS by 2 log kn, we have

2 log kn ¼ 2 log
Pn

i¼1pðXi; ŵnðZiÞÞ
Pn

i¼1pðXi; ŵ
0
nðZiÞÞ

: ð1Þ

Assumptions

We state below our assumptions about the parametric model p(x, h).
(A1) The set Xh : fx : p (x, h) > 0g does not depend on h and is denoted by X.
(A2) l(x, h) ¼ log p(x, h) is at least three times differentiable with respect to h and is strictly

concave in h for every fixed x. We write: _lðx; hÞ ¼ @lðx; hÞ=@h and €lðx; hÞ ¼
@2lðx; hÞ=@h2.

(A3) If T is any statistic such that Eh(jTj) < 1, then:

@

@h

Z
X
T ðxÞpðx; hÞ dx ¼

Z
X
T ðxÞ @

@h
pðx; hÞ dx

and

@2

@h2

Z
X
T ðxÞpðx; hÞ dx ¼

Z
X
T ðxÞ @2

@h2
pðx; hÞ dx:

Under these assumptions, IðhÞ � Ehð_lðX ; hÞ2Þ ¼ �Ehð€lðX ; hÞÞ.
(A4) I(h) is finite and continuous at h0.
(A5) There exists a neighbourhood N of h0 such that for all x, suph2N jl 0 0 0(x, h)j � B(x), with

B satisfying suph2N Eh(B(X)) < 1.

(A6) The functions:

f1ðh1; h2Þ ¼ Eh1ð_lðX ; h2Þ
2Þ and f2ðh1; h2Þ ¼ Eh1ð€lðX ; h2ÞÞ

are continuous in a neighbourhood of (h0, h0). Also, the function f3ðhÞ ¼ Ehð€lðX ; hÞ2Þ is
uniformly bounded in a neighbourhood of h0.

(A7) Let H(h, M) be defined as:

Hðh;MÞ ¼ Eh½ð_lðX ; hÞ2 þ €lðX ; hÞ2Þð1fj _lðX ; hÞ j > Mg þ 1fj €lðX ; hÞ j > MgÞ�:

Then, limM!1 suph2N H(h, M) ¼ 0.

Note, in particular, that assumption (A7) is easily satisfied if _lðx; hÞ and €lðx; hÞ are uniformly

bounded for x 2 X and h 2 N. It also holds fairly easily for one-parameter exponential fa-

milies.

Finally, we assume that with probability increasing to 1 as n ! 1, theMLEs ŵn and ŵ0
n exist.

Theorem 2.2 of Banerjee (2004) shows that under assumptions (a), (b) and (A1)–(A7), the

LRS in (1) converges in distribution under H0 to D.

The above conditionally parametric formulation captures many well studied models in the

literature. For example, the standard monotone regression model where Xi ¼ w(Zi) + �i,

f�i; Zigni¼1 are i.i.d. random variables, the �is have a common distribution with mean 0 and a

finite variance, the Zis have a common Lebesgue density pZ and w is a monotone function. If

the common error density is N(0, r2), conditions (A1)–(A7) can be easily verified and the

conclusion of theorem 2.2 of Banerjee (2004) is valid. The same conclusion also holds for more

general error distributions. Other examples include the current status model discussed in
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Banerjee & Wellner (2001) and discrete response regression models like binary regression

models and Poisson regression models under monotonicity constraints on the corresponding

regression functions. For a more detailed discussion, see section 3 and the beginning of section

2 in Banerjee (2004).

The rest of the paper is organized as follows. In section 2, we study the behaviour of 2 log kn
under a sequence of local alternatives. Thus, at stage n, (X1, Z1), (X2, Z2), . . . , (Xn, Zn) are

generated from the density gn(x, z) ¼ p(x, wn(z))pZ(z) where wn is a sequence of monotone

functions converging to w0 (w0 being a monotone function satisfyingH0 : w(z0) ¼ h0) in such a

way that the sequence of probability measures fPn
wn
g [the joint distribution of

(X1, Z1), (X2, Z2), . . . , (Xn, Zn) under wn] is contiguous to fPn
w0
g [the joint distribution of

(X1, Z1), (X2, Z2), . . . , (Xn, Zn) under w0]. Contiguity is deduced in each case via a local

asymptotic normality (LAN) expansion of the local log-likelihood ratio and is then invoked to

deduce the asymptotic distribution of 2 log kn under fPn
wn
g. The sequence of monotone

functions fwng used to define the local alternatives are of the form: wn(z) ¼ w0(z) + n�1/3An(z),

where An(z) ¼ Bn(n
1/3(z � z0)). Here fBn(z)g is a sequence of continuously differentiable

functions vanishing outside of (�c, c) and converging uniformly to a continuously differen-

tiable function B(z). A sufficient condition for wn to be monotone increasing (decreasing) is

that Bn is increasing (decreasing). Indeed, the optimal rate of convergence of local alternatives

in monotone function problems is n1/3, matching the rate of convergence of the MLE. If we

consider alternatives converging at
ffiffiffi
n

p
rate in these problems, it can be shown that the

asymptotic distribution of the LRS under these alternatives is the same as that under the null.

In other words,
ffiffiffi
n

p
alternatives converge too quickly in these models for the likelihood ratio to

detect deviations from the null hypothesis. On the other hand, under local alternatives con-

verging at rate slower than n1/3, the power of the LRS will converge to 1. Section 3 deals with

the behaviour of the LRS under a fixed alternative hypothesis.

We end this section with some terminology that will be required later on. First define L to be

the space of locally square integrable real-valued functions on R equipped with the topology of

L2 convergence on compact sets. Thus L comprises all functions / that are square integrable

on every compact set and /n is said to converge to / if
R
[�K,K] (/n(t) � /(t))2 dt ! 0 for every

K. The space L � L denotes the Cartesian product of two copies of L with the usual product

topology. Also define Bloc(R) to be the set of all real-valued functions defined on R that are

bounded on every compact set, equipped with the topology of uniform convergence on

compacta. Thus hn converges to h in Bloc(R) if hn and h are bounded on every compact interval

[�K, K] (K > 0) and supx2[�K,K]jhn(x) � h(x)j ! 0 for every K > 0.

2. Behaviour of LRS under local alternatives

In what follows we deal (without loss of generality) with monotone increasing functions in the

set-up of the previous section.

The likelihood function corresponding to Pn
w0
, the joint distribution of (X1, Z1),

(X2, Z2), . . . , (Xn, Zn) with respect to an appropriate dominating measure, is given by:

Lnðw0Þ ¼ Pn
i¼1 pðXi;w0ðZiÞÞ pZðZiÞ;

whereas the likelihood function corresponding to Pn
wn

is

LnðwnÞ ¼ Pn
i¼1 pðXi;wnðZiÞÞpZðZiÞ:

We have the following theorem.
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Theorem 1

The sequences of probability measures fPn
wn
g and fPn

w0
g are mutually contiguous.

Proof. In the following derivation all expectations are computed with respect to the dis-

tribution under w0 which satisfies the null hypothesis. We have,

log LnðwnÞ � logLnðw0Þ ¼ logPn
i¼1

pðXi;wnðZiÞÞ
pðXi;w0ðZiÞÞ

¼
Xn
i¼1

lðXi;wnðZiÞÞ �
Xn
i¼1

lðXi;w0ðZiÞÞ

¼
Xn
i¼1

_lðXi;w0ðZiÞÞðwnðZiÞ � w0ðZiÞÞ

þ
Xn
i¼1

1

2
€lðXi;w0ðZiÞÞðwnðZiÞ � w0ðZiÞÞ

2

þ
Xn
i¼1

1

6
l000ðXi;w

?
nðZiÞÞðwnðZiÞ � w0ðZiÞÞ

3

� In þ IIn þ IIIn; ð2Þ

where w?
nðZiÞ is a point intermediate between wn(Zi) and w0(Zi). Now, recall that,

wnðZiÞ � w0ðZiÞ ¼ n�1=3AnðZiÞ � n�1=3Bnðn1=3ðZi � z0ÞÞ

which implies that, In ¼
Pn

i¼1
_lðXi; w0ðZiÞÞn�1=3AnðZiÞ ¼ nPn

_lðX ; w0ðZÞÞn�1=3AnðZÞ
� �

¼
nðPn � P Þ � _lðX ; w0ðZÞÞn�1=3AnðZÞ

� �
, since P _lðX ; w0ðZÞÞn�1=3AnðZÞ

� �
¼ 0 by virtue of the

fact that Eð_lðX ; w0ðZÞÞ j Z ¼ zÞ ¼ Eð_lðX ; w0ðzÞÞ j Z ¼ zÞ ¼ 0. Hence, In ¼ ffiffiffi
n

p ðPn � P Þsn,
where sn ¼ n1=6 _lðX ; w0ðZÞÞAnðZÞ.
Using Lindeberg’s central limit theorem (CLT) for triangular arrays of random variables

(the details will be provided later in a more general context), it follows thatffiffiffi
n

p ðPn � PÞsn !d Zr � Nð0; r2Þ where r2 ¼ limn!1Eðs2nÞ. We compute r2 explicitly below:

r2 ¼ lim
n!1

Eðs2nÞ

¼ lim
n!1

E½n1=3 _l2ðX ;w0ðZÞÞA2
nðZÞ�

¼ lim
n!1

n1=3
Z z0þcn�1=3

z0�cn�1=3

Iðw0ðzÞÞA2
nðzÞpZðzÞ dz

¼ lim
n!1

Z c

�c
Iðw0ðz0 þ hn�1=3ÞÞA2

nðz0 þ hn�1=3ÞpZðz0 þ hn�1=3Þ dh

¼ lim
n!1

Z c

�c
Iðw0ðz0 þ hn�1=3ÞÞB2

nðhÞpZðz0 þ hn�1=3Þ dh

¼ Iðw0ðz0ÞÞpZðz0Þ
Z c

�c
B2ðhÞ dh

� 1

a2

Z c

�c
B2ðhÞ dh;

with a2 ¼ (I(w0(z0))pZ(z0))
�1. Next, we consider the asymptotic behaviour of IIn. We

have IIn ¼ 1
2

Pn
i¼1

€lðXi; w0ðZiÞÞðwnðZiÞ � w0ðZiÞÞ
2 ¼ n

2Pn½€lðX ; w0ðZÞÞðwnðZÞ � w0ðZÞÞ
2� �

1
2PnnnðX ; ZÞ where nnðx; zÞ ¼ n1=3€lðx; w0ðzÞÞA2

nðzÞ. Now,
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EðPnnnðX ; ZÞÞ ¼ n1=3E½€lðX ;w0ðZÞÞA2
nðZÞ�

¼ �n1=3
Z z0þcn�1=3

z0�cn�1=3

Iðw0ðzÞÞA2
nðzÞpZðzÞ dz

¼ �
Z c

�c
Iðw0ðz0 þ hn�1=3ÞÞB2

nðhÞpZðz0 þ hn�1=3Þ dh

¼ �Iðw0ðz0ÞÞpZðz0Þ
Z c

�c
B2ðhÞ dhþ oð1Þ � �r2 þ oð1Þ:

On the other hand,

VarðPnnnðX ; ZÞÞ ¼
VarðnnðX ; ZÞÞ

n

� 1

n
E½n2=3€lðX ;wðZÞÞ2A4

nðZÞ�

¼ n�2=3E½n1=3€lðX ;wðZÞÞ2A4
nðZÞ�

¼ n�2=3

Z c

�c
f3ðw0ðz0 þ hn�1=3ÞÞB4

nðhÞ dh;

where f3 is defined as in (A6). It follows from (A6) and the uniform convergence of Bn to B

that the integral in the last step of the above display is O(1), showing that Var(Pnnn(X, Z)) ¼
O(n�2/3) and hence o(1). By Chebyshev’s inequality, it follows that Pn(nn(X, Z)) !p �r2,
whence IIn !p �r2/2.
Finally, consider the term IIIn. Using assumption (A5) and the facts that (a) w?

nðZiÞ lies

between wn(Zi) and w0(Zi) and (b) supz2[z0�cn�1/3, z0+cn�1/3]jwn(z) � w0(z)j ! 0, it follows easily

that IIIn is eventually bounded in absolute value by Pn(B(X)jAn(Z)j3)/6, the mean and variance

of which both converge to 0 with increasing n. Hence IIIn converges in probability to 0. Using

(2) in conjunction with Slutsky’s theorem leads to the conclusion that

log LnðwnÞ � logLnðw0Þ !d Zr �
r2

2
� W � N

�r2

2
; r2

� �
;

under the sequence of probability measures fPn
w0
g. Consequently,

dPn
wn

dPn
w0

� LnðwnÞ
Lnðw0Þ

!d eW ;

with E(eW) ¼ 1. Thus, by a direct consequence of Le Cam’s first lemma (see example 6.5 on

page 89 of Van der Vaart, 1998), it follows that the sequence of probability measures fPn
wn
g

and fPn
w0
g are mutually contiguous.

As in Banerjee (2004), we denote the unconstrained MLE of w by ŵn and the constrained MLE

of w by ŵ0
n. We now briefly review how the unconstrained and constrained MLEs of w are

characterized. First, we introduce some notation. For points f(x0, y0), (x1, y1), . . . , (xk, yk)g
where x0 ¼ y0 ¼ 0 and x0 < x1 < � � � < xk, consider the left-continuous function P(x) such

that P(xi) ¼ yi and such that P(x) is constant on (xi�1, xi). We will denote the vector of slopes

(left-derivatives) of the GCM of P(x) computed at the points (x1, x2, . . . , xk) by slogcm

fðxi; yiÞgki¼0.

Characterizing ŵn

In what follows, we define:

� Board of the Foundation of the Scandinavian Journal of Statistics 2005.
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/ðx; hÞ � �lðx; hÞ � � log pðx; hÞ;/0ðx; hÞ ¼ �_lðx; hÞ and /00ðx; hÞ ¼ �€lðx; hÞ:

The log-likelihood function for the data is given by:

lnððX1; Z1Þ; ðX2; Z2Þ; . . . ; ðXn; ZnÞ;wÞ ¼
Xn
i¼1

lðXi;wðZiÞÞ:

The goal is to maximize this expression over all increasing functions w. Let

Z(1) < Z(2) < � � � < Z(n) denote the ordered values of Z and X(i) denote the observed value

of X corresponding to Z(i). As w is increasing w(Z(1)) � w(Z(2)) � � � � w(Z(n)). Finding ŵn

therefore reduces to minimizing

~wðu1; u2; . . . ; unÞ ¼
Xn
i¼1

/ðXðiÞ; uiÞ;

over all u1 � u2 � � � � � un. Once we obtain the (unique) minimizer û � ðû1; û2; . . . ; ûnÞ, the
MLE ŵn is given by: ŵnðZðiÞÞ ¼ ûi for i ¼ 1, 2, . . . , n. Let 5i

~wðûÞ denote the ith partial

derivative of ~w, evaluated at the vector û and let di denote the iith second partial derivative of
~w, evaluated at the point û.
The solution û can be characterized elegantly by using the Kuhn–Tucker theorem from

convex optimization theory. This characterization can then be exploited to show that û
satisfies the solution to a least squares regression problem under monotonicity constraints

(for the details, see Banerjee, 2004). Thus, û minimizes

Aðu1; u2; . . . ; unÞ ¼
Xn
i¼1

ui � ûi �ri
~wðûÞd�1

i

� �h i2
di

subject to the constraints that u1 � u2 � � � � � un and hence furnishes the isotonic regression

of the function

gðiÞ ¼ ûi �ri
~wðûÞd�1

i

on the ordered set f1, 2, . . . , ng with weight function di. It is well known that the solution is

ðû1; û2; . . . ; ûnÞ ¼ slogcm
Xi
j¼1

dj;
Xi
j¼1

gðjÞdj

( )n

i¼0

:

See, e.g. theorem 1.2.1 of Robertson et al. (1988). In terms of the function / the solution can

be written as:

ðû1; û2; . . . ; ûnÞ � slogcm
Xi
j¼1

/00ðXðjÞ; ûjÞ;
Xi
j¼1

ûj/
00ðXðjÞ; ûjÞ � /0ðXðjÞ; ûjÞ

( )n

i¼0

2
4

3
5: ð3Þ

Note that the above is an implicitly defined equation for the ûis and solving it requires iterative

techniques like the modified iterative convex minorant algorithm due to Jongbloed (1998). For

a more detailed description of these issues, see Banerjee (2004), section 2.

Recall that ŵnðZðiÞÞ ¼ ûi; for a z that lies strictly between Z(i) and Z(i+1), we set

ŵnðzÞ ¼ ŵnðZðiÞÞ. The MLE ŵn thus defined is a piecewise constant right-continuous function.

Characterizing ŵ0
n

Let m be the number of Zis that are less than or equal to z0. Finding ŵ
0
n amounts to minimizing

wðuÞ ¼
Pn

i¼1 /ðXðiÞ; uiÞ over all u1 � u2 � � � � � um � h0 � um+1 � � � � � un. This can be
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reduced to solving two separate optimization problems. These are: (1) minimizePm
i¼1 /

0ðXðiÞ; uiÞ over u1 � u2 � � � � � um � h0 and (2) minimize
Pn

i¼mþ1 /
0ðXðiÞ; uiÞ over h0 �

umþ1 � umþ2 � � � � � un. As in the case of the unconstrained solution, the constrained

solution has a slope of GCM characterization. Denoting the constrained solution vector by

û0 � ðû01; û02; . . . ; û0nÞ, it can be shown that û0 minimizes

Aðu1; u2; . . . ; unÞ ¼
Xn
i¼1

ui � û0i �ri
~wðû0Þd�1

i

� �h i2
di

subject to the constraints that u1 � u2 � � � � � um � h0 � um+1 � � � � � un, where

di ¼ rii
~wðû0Þ. It is not difficult to see that

ðû01; û02; . . . ; û0mÞ � slogcm
Xi
j¼1

/00ðXðjÞ; û
0
j Þ;
Xi
j¼1

û0j/
00ðXðjÞ; û

0
j Þ � /0ðXðjÞ; û

0
j Þ

( )m

i¼0

2
4

3
5 ^ h0;

ð4Þ
and

ðû0mþ1; û
0
mþ2; . . . ; û

0
nÞ � slogcm

Xi
j¼mþ1

/00ðXðiÞ; û
0
i Þ;
Xi

j¼mþ1

û0i /
00ðXðiÞ; û

0
i Þ�/0ðXðiÞ; û

0
i Þ

( )n

i¼m

2
4

3
5_ h0:

ð5Þ

The constrained MLE ŵ0
n is the piecewise constant right-continuous function satisfying

ŵ0
nðZðiÞÞ ¼ û0i for i ¼ 1, 2, . . . , n, ŵ0

nðz0Þ ¼ h0 and having no jump points outside the set

fZðiÞgni¼1 [fz0g.
Define local processes Xn and Yn corresponding to the MLEs ŵn and ŵ0

n, respectively, as

follows:

XnðhÞ ¼ n1=3ðŵnðz0 þ hn�1=3Þ � w0ðz0ÞÞ and YnðhÞ ¼ n1=3ðŵ0
nðz0 þ hn�1=3Þ � w0ðz0ÞÞ:

We will study the limiting behaviour of the above processes under the contiguous sequence

fPn
wn
g. We first introduce the following quantities. Define the drift function D(h) as follows:

DðhÞ ¼
Z h^c

0

BðuÞ du; h > 0

and

DðhÞ ¼
Z 0

�c_h
BðuÞ du; h � 0:

Let,

a ¼ ðIðw0ðz0ÞÞpZðz0ÞÞ
�1=2 and b ¼ w0

0ðz0Þ
2

:

Define the process Xa,b,D(h) � aW(h) + bh2 + D(h). Let ga,b,D(h) be the slope (right-

derivative) process of the GCM of Xa,b,D(h). Let g0a;b;DðhÞ be the (piecewise constant) process,
which for h � 0 is the minimum of the slope (right-derivative) of the GCM of Xa,b,D(h) on the

set fh � 0g and 0, and for h > 0 is the maximum of the slope (right-derivative) of the GCM of

Xa,b,D(h) on the set fh > 0g and 0.

Theorem 2 deals with the limit distribution of the processes (Xn(h), Yn(h)) and theorem 3

which uses theorem 2 provides the limit distribution of the LRS 2 log kn for testing

H0 : w(z0) ¼ h0 under the local alternatives fPn
wn
g.
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Theorem 2

Under the sequence of local alternatives fPn
wn
g, the processes (Xn(h), Yn(h)) converge finite-

dimensionally and also as elements of the space L � L to the processes ðga;b;DðzÞ; g0a;b;DðzÞÞ.

Proof of theorem 2. For a monotone function K taking values in H define the following

processes:

Wn;KðrÞ ¼ Pn½/0ðX ;KðZÞÞ1ðZ � rÞ�;

Gn;KðrÞ ¼ Pn½/00ðX ;KðZÞÞ1ðZ � rÞ�;

and

Bn;KðrÞ ¼
Z r

0

KðzÞ dGn;KðzÞ � Wn;KðrÞ:

The unconstrained MLE ŵn is given by:

fŵnðZðiÞÞg
n
i¼1 ¼ slogcm fGn;ŵn

ðZðiÞÞ;Bn;ŵn
ðZðiÞÞgni¼0;

this is a direct consequence of (3). Consequently,

fŵnðZðiÞÞ � w0ðz0Þg
n
i¼1 ¼ slogcmfGn;ŵn

ðZðiÞÞ;Bn;ŵn
ðZðiÞÞ � w0ðz0ÞGn;ŵn

ðZðiÞÞgni¼0:

Now, the functions Bn;ŵn
and Gn;ŵn

are piecewise constant right-continuous functions with

possible jumps only at the Z(i)s. Consider the function G�1
n;ŵn

(recall that for a right-continuous

increasing function H we define H�1(t) ¼ inf fs : H(s) � tg). Note that G�1
n;ŵn

ð0Þ ¼ �1.

Defining Z(0) ¼ �1, so that Gn;ŵn
ðZð0ÞÞ ¼ 0, we have:

G�1
n;ŵn

ðtÞ ¼ ZðiÞ for t 2 ðGn;ŵn
ðZði�1ÞÞ;Gn;ŵn

ðZðiÞÞ�:

Thus, the function G�1
n;ŵn

is a piecewise constant left-continuous function; consequently, so is the

function ðBn;ŵn
� Gn;ŵn

Þ � G�1
n;ŵn

, with jumps at the points fGn;ŵn
ðZðiÞÞgni¼1. Denote by slogcm f

the slope (left-derivative) of the GCM of a function f on its domain. From the characterization

of ŵn, we have:

ŵnðzÞ � w0ðz0Þ ¼ slogcm ðBn;ŵn
� w0ðz0ÞGn;ŵn

Þ � G�1
n;ŵn

� �
Gn;ŵn

ðzÞ
� �

:

Let h � n1/3(z � z0) be the local variable and define the normalized processes:

~Bn;KðhÞ ¼ n2=3
1

Iðw0ðz0ÞÞpZðz0Þ
� ðBn;Kðz0 þ hn�1=3Þ � Bnðz0ÞÞ � w0ðz0ÞðGn;Kðz0 þ hn�1=3Þ � Gn;Kðz0ÞÞ
h i

and

~Gn;KðhÞ ¼ n1=3
1

Iðw0ðz0ÞÞpZðz0Þ
ðGn;Kðz0 þ hn�1=3Þ � Gn;Kðz0ÞÞ:

In terms of the local variable and the normalized processes, it is not difficult to see that:

n1=3ðŵnðz0 þ hn�1=3Þ � w0ðz0ÞÞ ¼ slogcm ~Bn;ŵn
� ~G�1

n;ŵn

� �
~Gn;ŵn

ðhÞ
� �

:
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For a function g defined on R let slogcm0g denote (i) for h < 0, the minimum of the slope (left-

derivative) of the GCM of the restriction of g to R� and 0, and (ii) for h > 0, the maximum of

the slope (left-derivative) of the GCM of the restriction of g to R+ and 0. From the

characterization of ŵ0
n [refer to (4) and (5)] and the definitions of the normalized processes it

follows that:

n1=3ðŵ0
nðz0 þ hn�1=3Þ � w0ðz0ÞÞ ¼ slogcm0 ~Bn;ŵ0

n
� ~G�1

n;ŵ0
n

� �
~Gn;ŵ0

n
ðhÞ

� �
:

Thus,

ðXnðhÞ; YnðhÞÞ ¼ slogcm ~Bn;ŵn
� ~G�1

n;ŵn

� �
~Gn;ŵn

ðhÞ
� �

; slogcm0 ~Bn;ŵ0
n
� ~G�1

n;ŵ0
n

� �
~Gn;ŵ0

n
ðhÞ

� �n o
:

ð6Þ

By lemma 2.4 of Banerjee (2004), the processes ~Bn;ŵ0
n
ðhÞ � ~Bn;w0

ðhÞ and ~Bn;ŵn
ðhÞ � ~Bn;w0

ðhÞ
converge in probability to 0 uniformly on every compact set under fPn

w0
g. By contiguity, the

same convergences in probability continue to hold under fPn
wn
g. Furthermore, by lemma 1

below, the process ~Bn;w0
ðhÞ converges to the process Xa,b,D(h) in Bloc(R), under fPn

wn
g. It follows

that the processes ð~Bn;ŵ0
n
ðhÞ; ~Bn;ŵ0

n
ðhÞÞ !d ðXa;b;DðhÞ; Xa;b;DðhÞÞ in the space Bloc(R) � Bloc(R),

equipped with the product topology. Furthermore, by lemma 2.5 of Banerjee (2004), the

processes ð~Gn;ŵn
ðhÞ; ~Gn;ŵ0

n
ðhÞÞ !p ðh; hÞ in the space Bloc(R) � Bloc(R), under fPn

w0
g. Again, by

contiguity, the same convergences in probability continue to hold under fPn
wn
g. The proof is

now completed by invoking standard continuous mapping arguments for slopes of GCM

estimators (see, e.g. Prakasa Rao, 1969 and Wright, 1981); thus, the limit distributions of Xn

and Yn are obtained by replacing the processes on the right side of (6) by their limits. It follows

that for any (h1h2, . . . , hk),

fXnðhiÞ;YnðhiÞgki¼1 !d fslogcm Xa;b;DðhiÞ; slogcm0Xa;b;DðhiÞgki¼1 �d fga;b;DðhiÞ;g0a;b;DðhiÞg
k
i¼1;

where �d denotes equality in distribution. The above finite-dimensional convergence, coupled

with themonotonicity of the functions involved, allows us to conclude that convergence happens

in the spaceL � L. The strengtheningoffinite-dimensional convergence to convergence in theL2

metric is deduced from themonotonicity of the processesXn andYn, as in corollary 2 of theorem3

in Huang & Zhang (1994). If /n, / are monotone functions such that

/nðtÞ j ðt1; t2; . . . ; tkÞ ! /ðtÞ j ðt1; t2; . . . ; tkÞ

for every t1 < t2 < � � � < tk, then /n converges to / in the L2 sense, on every compact set.

We will now deduce the asymptotic distribution of the LRS, 2 log kn, for testing w(z0) ¼ h0
under the sequence of local alternatives fPn

wn
g.

Theorem 3

Let

/ðtÞ ¼ b
a

� �4=3

D0
b
a

� ��2=3

t

 !
and D0ðtÞ ¼ b�1DðtÞ:

Let X1,1,/(t) ¼ W(t) + t2 + /(t) and let g1,1,/ and g01;1;/ be functionals of the process X1,1,/(t)

that are extracted in the exact same way that ga,b,D and g0a;b;D are extracted from the process

Xa,b,D. Under the sequence of local alternatives, fPn
wn
g, the LRS, 2 log kn, for testing

H0 : w(z0) ¼ h0 converges in distribution to,
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Z
ððg1;1;/ðhÞÞ2 � ðg01;1;/ðhÞÞ

2Þ dh:

Proof of theorem 3. From theorem 2.2 of Banerjee (2004), we know that

2 log kn ¼
1

a2

Z
ðX 2

n ðhÞ � Y 2
n ðhÞÞ dhþ opð1Þ

under the sequence fPn
w0
g. By contiguity, it follows that under the sequence fPn

wn
g, the above

representation continues to hold. It therefore suffices to find the asymptotic distribution of

nn ¼
1

a2

Z
ðX 2

n ðhÞ � Y 2
n ðhÞÞ dh:

Let ~Dn denote the set on which Xn and Yn differ. Let Da,b,D denote the set on which the

processes ga,b,D and g0a;b;D differ. We will now deduce the limit distribution of nn. For each

� > 0 we can find a compact set M� of the form [�K�, K�] such that eventually,

P ~Dn 	 ½�K�;K��
� �

> 1� � and P Da;b;D 	 ½�K�;K��
� �

> 1� �:

For a proof of this result when D ¼ 0 (the situation under the null hypothesis) see lemma 2.6

of Banerjee (2004). Minor extensions allow one to incorporate a general shift function D. Let

Xn� ¼ a�2

Z
M�

ðX 2
n ðhÞ � Y 2

n ðhÞÞ dh; W� ¼
Z
M�

a�2 ðga;b;DðhÞÞ2 � ðg0a;b;DðhÞÞ
2

� �
dh:

As M� contains ~Dn with probability greater than 1 � � eventually, we have P[Xn� 6¼ nn] < �

eventually. Similarly P [W� 6¼ n] < �, where

n ¼
Z

a�2ððga;b;DðhÞÞ2 � ðg0a;b;DðhÞÞ
2Þ dz:

Also Xn� !d W� as n ! 1, for every fixed �. This is so because by theorem 2,

ðXnðhÞ; YnðhÞÞ !d ðga;b;DðzÞ; g0a;b;DðzÞÞ

as a process in L � L and because for any K > 0

ðf ; gÞ 7!
Z
½�K;K�

ðf 2ðhÞ � g2ðhÞÞ dh

is a continuous function from L � L to the reals. Thus all conditions of lemma 2 appearing

below are satisfied, leading to the conclusion that nn !d n. The fact that

n �d

Z
ðg1;1;/ðhÞÞ2 � ðg01;1;/ðhÞÞ

2
� �

dh

where / is defined in the statement of this theorem follows on using lemma 2 in conjunction

with lemma 3 presented below.

Technical lemmas

In this subsection, we collect the lemmas used in the proofs of theorems 2 and 3 along with

proofs.

The first lemma in this section is used in the proof of theorem 2 and gives the limit dis-

tribution of the process ~Bn;w0
ðhÞ defined in the proof of that theorem.
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Lemma 1

Under the sequence of contiguous alternatives fPn
wn
g, the process ~Bn;w0

converges to the process

Xa,b,D in the space Bloc(R).

Proof. We can write,

~Bn;w0
ðhÞ ¼

ffiffiffi
n

p
ðPn � P0Þfn;h þ

ffiffiffi
n

p
P0fn;h;

where P0 denotes the probability measure under w0 and

fnðhÞ¼ n1=6
ðw0ðZÞ�w0ðz0ÞÞ/00ðX ;w0ðZÞÞ�/0ðX ;w0ðZÞÞ½ �ð1fZ� z0þhn�1=3g�1fZ � z0gÞ

Iðw0ðz0ÞÞpZðz0Þ
:

Now,
ffiffiffi
n

p
P0 fn;h is a deterministic sequence and converges uniformly on every compact interval

to bz2 (see the proof of lemma 2.3 of Banerjee, 2004 for the details). We will be concerned with

studying the behaviour of ~MnðhÞ ¼
ffiffiffi
n

p
Pn � P0ð Þfn;h. To establish the limit distribution of the

process ~MnðhÞ under fPn
wn
g, we will show that the finite-dimensional marginals of ~MnðhÞ

converge to the corresponding finite-dimensional marginals of aW(h) + D(h), h 2 [�K, K]

for every K > 0 and then verify uniform asymptotic equicontinuity of the process ~MnðhÞ under
fPn

wn
g.

So, consider ~h ¼ ðh1; h2; . . . ; hkÞ, where each hi 2 [�K, K]. We will find the joint distribu-

tion of ð ~Mnðh1Þ; ~Mnðh2Þ; . . . ; ~MnðhkÞÞ under the sequence fPn
wn
g. To this end, we first obtain

the joint distribution of f ~MnðhiÞgi¼1;2;...;k and the local log-likelihood ratio

log Ln(wn) � log Ln(w0) under the sequence fPn
w0
g. From theorem 1 we obtain,

f ~MnðhiÞgi¼1;2;...;k
logLnðwnÞ � log Lnðw0Þ

� �
¼ f ffiffiffi

n
p ðPn � P0Þfn;higi¼1;2;...;kffiffiffi

n
p ðPn � P0Þsn

� �
þ 0k�1

�r2=2

� �
þ opð1Þ;

under Pn
w0
; here

sn ¼ �n1=6/0ðX ;w0ðZÞÞAnðZÞ1fZ 2 ½z0 � cn�1=3; z0 þ cn�1=3�g:

Denote the (column) vector f ~MnðhiÞgi¼1;2;...;k by Tn,k. An application of Lindeberg’s CLT for

triangular arrays, in conjunction with the Cramer–Wold device (for details, see the technical

complements to the proof at the end of this section) allows us to conclude that under Pn
w0
,

Tn;k
logLnðwnÞ � log Lnðw0Þ

� �
!d N

0k�1

�r2=2

� �
;

Rð~hÞ Dð~hÞT
Dð~hÞ r2

� �� �
;

where Rð~hÞij ¼ limn!1 P0ðfn;hi fn;hjÞ and is 0 if hi and hj have opposite signs and is precisely

a2(jhij ^ jhjj) if they have the same sign – this is the finite-dimensional covariance matrix

corresponding to the process aW(h). For the computational details, see the proof of lemma 2.3

of Banerjee (2004). On the other hand, Dð~hÞ ¼ ðDðh1Þ; Dðh2Þ; . . . ;DðhkÞÞT is the asymptotic

covariance between sn and Tn,k; thus D(hi) ¼ limn!1P0 (fn,hisn). Let us compute the form of

Dð~hÞ. Consider h > 0. Then E( fn,h sn) ¼ In + IIn (here E denotes expectation under w0) where

In is given by

�n1=3
E½ðw0ðZÞ�w0ðz0ÞÞ/0ðX ;w0ðZÞÞ/00ðX ;w0ðZÞÞBnðn1=3ðZ�z0ÞÞ1½Z2½z0;z0þðc^hÞn�1=3��

Iðw0ðz0ÞÞpZðz0ÞÞ
:

On changing to the local variable u � n1/3(z � z0), so that z � zn(u) ¼ z0 + un�1/3, the above

expression becomes
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�
R h^c
0 ðw0ðznðuÞÞ � w0ðz0ÞÞEw0ðznðuÞÞ½/

0ðX ;w0ðznðuÞÞÞ/00ðX ;w0ðznðuÞÞÞ�pZðznðuÞÞBnðuÞ du
Iðw0ðz0ÞÞpZðz0ÞÞ

and this is clearly o(1). On the other hand,

IIn ¼ n1=3
1

Iðw0ðz0ÞÞpZðz0Þ
E½/0ðX ;w0ðZÞÞ

2Bnðn1=3ðZ � z0ÞÞ1½Z 2 ½z0; z0 þ ðc ^ hÞn�1=3�

¼ 1

Iðw0ðz0ÞÞpZðz0Þ

Z h^c

0

Ew0ðz0þun�1=3Þ½/0ðX ;w0ðz0 þ un�1=3ÞÞ2�BnðuÞpZðz0 þ un�1=3Þ du

¼ 1

Iðw0ðz0ÞÞpZðz0Þ

Z h^c

0

Iðw0ðz0 þ un�1=3ÞÞBnðuÞpzðz0 þ un�1=3Þ du

¼ oð1Þ þ
Z h^c

0

BðuÞ du:

Thus, Eðfn;h snÞ ¼ oð1Þ þ
R h^c
0 BðuÞ du when h > 0. Similarly, when h < 0 it can be shown

that

Eðfn;h snÞ ¼ oð1Þ þ
Z 0

�c_h
BðuÞ du:

Thus Dð~hÞ � ðDðh1Þ; Dðh2Þ; . . . ;DðhkÞÞ. Now, by LeCam’s third lemma (see example 6.7,

page 90 of Van der Vaart, 1998), it follows immediately that

Tn;k !d NððDðh1Þ;Dðh2Þ; . . . ;DðhkÞÞT;Rð~hÞÞ;

under fPn
wn
g. Thus, finite dimensionally, ~MnðhÞ converges to the process aW(h) + D(h). The

finite-dimensional convergence can be extended to convergence in the space l1[�K, K],

provided we can verify uniform asymptotic equicontinuity of the process ~MnðhÞ under fPn
wn
g.

This amounts to showing that for any sequence fdng decreasing to 0,

ðPn
wn
Þ
 supjs�tj<dn;jsj;jtj�K

~MnðsÞ � ~MnðtÞ
�� �� > �

� �
! 0;

for any preassigned � > 0. In the above display, the superscript * is used to designate outer

probability; this is necessary as the supremum in the above display is not necessarily

measurable with respect to the underlying sigma field. The fact that the above display holds

follows on noting that fPn
wn
g and fPn

w0
g are mutually contiguous and that the process ~MnðhÞ

converges in l1[�K, K] to a tight limit process under fPn
w0
g, which entails that under fPn

w0
g it is

uniformly asymptotically equicontinuous, i.e.

ðPn
w0
Þ
 supjs�tj<dn;jsj;jtj�K

~MnðsÞ � ~MnðtÞ
�� �� > �

� �
! 0:

This finishes the proof.

The next lemma is a crucial tool in the proof of theorem 3 and is adapted from Prakasa Rao

(1969).

Lemma 2

Suppose that fXn�gn2N, �>0, fnngn2N and fW�g�>0 are three sets of random variables and n is

another random variable such that (i) lim�!0 limsupn!1P[Xn� 6¼ nn] ¼ 0, (ii) lim�!0P

[W� 6¼ n] ¼ 0 and (iii) for every � > 0, Xn� !d W� as n ! 1. Then nn !d n as n ! 1.

For a proof of this lemma, see Prakasa Rao (1969).
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The final lemma in this section is a Brownian scaling result and is used in the last step of the

proof of theorem 3 to express the limit distribution in an appropriate form.

Lemma 3

For any M > 0, the following distributional equality holds in the space L � L:

ðga;b;DðtÞ; g0a;b;DðtÞÞ �d aðb=aÞ1=3g1;1;/ððb=aÞ2=3tÞ; aðb=aÞ1=3g01;1;/ððb=aÞ
2=3tÞ

� �
;

with /(t) as defined in theorem 3.

Proof of lemma 3. We establish the distributional equality

ga;b;DðtÞ �d a
b
a

� �1=3

g1;1;/
b
a

� �2=3

t

 !
:

The joint distributional equality is established similarly. We will use the following fact from

Banerjee (2000): Xa,b(t) �d a(a/b)
1/3X1,1((b/a)

2/3t). We also recall from the definition of /(t) in
theorem 3 that /((b/a)2/3t) ¼ (b/a)4/3D0(t). Now, a(a/b)1/3X1,1,/(t) ¼ a(a/b)1/3(X1,1(t) + /(t)).
Thus

a
a
b

� �1=3
X1;1;/

b
a

� �2=3

t

 !
¼ a

a
b

� �1=3
X1;1

b
a

� �2=3

t

 !
þ a

a
b

� �1=3
/

b
a

� �2=3

t

 !

�d Xa;bðtÞ þ a
a
b

� �1=3 b
a

� �4=3

D0ðtÞ

¼ Xa;bðtÞ þ bD0ðtÞ
¼ Xa;bðtÞ þ DðtÞ:

It follows that a(a/b)1/3X1,1,/((b/a)
2/3t) �d Xa,b(t) + D(t). Forming GCMs and differentiating

with respect to t readily yields:

ga;b;DðtÞ �d a
b
a

� �1=3

g1;1;/
b
a

� �2=3

t

 !
:

This finishes the proof.

Technical complements to the proof of lemma 1

Here we provide the technical details behind the arguments involved in showing that under the

sequence of probability measures fPn
w0
g,

Tn;k
logLnðwnÞ � log Lnðw0Þ

� �
!d N

0k�1

�r2=2

� �
;

Rð~hÞ Dð~hÞT
Dð~hÞ r2

� �� �
:

We use Lindeberg’s CLT along with the Cramer–Wold device. We first state Lindeberg’s

theorem.

Lindeberg’s CLT

Suppose that for each n, fXn,1, Xn,2, . . . ,Xn,rn
g are independent. Also suppose that E(Xn,k) ¼ 0

and let r2nk ¼ E½Xn;k �2 < 1. Define Sn � Xn,1 + Xn,2 + � � � + Xn,rn
and m2n �

Prn
k¼1 r

2
nk .

Suppose that the following condition (the Lindeberg condition) holds:
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For every pre-assigned positive �,

lim
n!1

Xrn
j¼1

1

m2n

Z
jXn;j j��mn

X 2
n;j dP ¼ 0:

Then

Sn
mn

!d Nð0; 1Þ:

Consequently, if mn ! s > 0, then Sn !d N(0, s2). Recalling that Tn;k ¼ f ffiffiffi
n

p ðPn � P0Þ�
fn;higi¼1;2;...;k and that

log LnðwnÞ � logLnðw0Þ ¼
ffiffiffi
n

p
ðPn � P0Þsn �

1

2
r2 þ opð1Þ;

under fPn
w0
g, it suffices to show that

f ffiffiffi
n

p ðPn � P0Þfn;hiðX ; ZÞgi¼1;2;...;kffiffiffi
n

p
ðPn � P0ÞsnðX ; ZÞ

� �
!d N

0k�1

0

� �
;

Rð~hÞ Dð~hÞT
Dð~hÞ r2

� �� �
:

We denote the dispersion matrix on the right side of the above display by V. By the Cramer–

Wold theorem it suffices to show that for any k + 1 dimensional vector (a1, a2, . . . , ak, b), it is

the case that

ffiffiffi
n

p
ðPn � P0Þ

Xk
i¼1

aifn;hiðX ; ZÞ þ bsnðX ; ZÞ
" #

!d Nð0; ðaT; bÞV ðaT; bÞTÞ:

The left-hand side of the above display is Sn in Lindeberg’s CLT, for

Xn;j �
Xk
i¼1

aifn;hiðXj; ZjÞ þ bsnðXj; ZjÞ � P0
Xk
i¼1

aifn;hiðXj; ZjÞ þ bsnðXj; ZjÞ
 !" #

n1=2;

for j ¼ 1, 2, . . . , n. Clearly the Xn,js are i.i.d. for each n. Write
ffiffiffi
n

p
Xn;j ¼ Un;j � P0ðUn;jÞ. Then

ES2n ¼ E½Xn;1�2 þ E½Xn;2�2 þ � � � þ E½Xn;n�2

¼ nE½Xn;1�2

¼ VarðUn;1Þ

¼ ðaT; bÞCov fn;hiðD1; T1Þ
	 


i¼1;...;k ; snðD1; T1Þ
� �T

ðaT; bÞT

¼ ðaT; bÞV ðaT; bÞT þ oð1Þ:

Thus mn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaT; bÞV ðaT; bÞT

q
þ oð1Þ ¼ sþ oð1Þ. To show that Sn ! N(0, s2) we just need to

verify the Lindeberg condition. At this point, we note that, for a suitably large constant G, we

can obtain a function

Fn ¼ Gn1=6ðj /0ðX ;w0ðZÞÞ j þ j /00ðX ;w0ðZÞÞ jÞ1ðZ 2 ½z0 � Kn�1=3; z0 þ Kn�1=3�Þ

(without loss of generality K can be taken to be larger than c) which dominates each fn,hi and sn
and satisfiesZ

jFnj>g
ffiffi
n

p F 2
n dP ! 0 8g > 0: ð7Þ

To show this, note that the expression in the above display is bounded (up to a constant) by
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n1=3E
�
ð/00ðX ;w0ðZÞÞ

2 þ /0ðX ;w0ðZÞÞ
2Þ1fðj /0ðX ;w0ðZÞÞ j þ j /00ðX ;w0ðZÞÞ jÞ > ~gn1=3g

� 1fZ 2 ½z0 � Kn�1=3; z0 þ Kn�1=3�g
�
;

for some positive constant ~g. This, in turn, is bounded by

n1=3
Z z0þKn�1=3

z0�Kn�1=3

EwðzÞ
�
ð/00ðX ;w0ðzÞÞ

2 þ /0ðX ;w0ðzÞÞ
2Þð1fj /0ðX ;w0ðzÞÞ j> ~gn1=3=2g

þ 1fj /00ðX ;w0ðzÞÞ j> ~gn1=3=2gÞ
�
pZðzÞ dz:

Using assumption (A7) we can ensure that for any pre-assigned � > 0, for all sufficiently large

n, the above integral is bounded by 2�pZ(z0). Since � > 0 can be made arbitrarily small it

follows that the above integral converges to 0.

We can also assume without loss of generality that Un,j � Fn (this is achieved at the cost of

increasing the constant G, depending upon the ais and b). Now, using the fact that mn ! s, the
Lindeberg condition boils down to showing that for every � > 0,

Pn
j¼1

R
jXn;j j � � X

2
n;j dP ! 0.

Since the Xn,js are i.i.d. this retranslates as n
R
jXn;1 j � � X

2
n;1 dP ! 0. Using thatffiffiffi

n
p

Xn;1 ¼ Un;1 � PUn;1 this can be rewritten asZ
jUn;1�PUn;1 j�

ffiffi
n

p
�

½Un;1 � PUn;1�2 dP ! 0: ð8Þ

Now, since PUn,1 ! 0, it follows that for all sufficiently large n,

fjUn;1 � PUn;1j �
ffiffiffi
n

p
�g 	 fjUn;1j �

ffiffiffi
n

p
�=2g:

Denote the set on the right side of the above display by D�. Also,

Un;1 � PUn;1
� �2 � 2U2

n;1 þ 2ðPUn;1Þ2. In light of these observations (8) follows if we can

show thatZ
D�

U2
n;1 dP þ

Z
D�

ðPUn;1Þ2 dP ! 0:

The second term goes to 0, since PUn,1 does. The first term is dominated by
R
Fn�

ffiffi
n

p
�=2 F

2
n dP

which goes to 0, in light of (7).

3. Behaviour of likelihood ratio tests under fixed alternatives

Likelihood ratio statistics in non-regularmonotone function problems behave in away similar to

those in regular parametric models, under a fixed alternative hypothesis. The LRS scaled by the

sample size converges, under a fixed alternative hypothesis, to the Kullback–Leibler distance

between the true underlyingmeasure in the alternative and themeasure in the null hypothesis that

is closest to the true measure. We state this result in a more formal manner below.

In what follows we work under the setup described in section 1. As before, our null

hypothesis H0 stipulates w(z0) ¼ h0. We consider the alternative hypothesis H1 : w(z0) ¼ h1
with h1 6¼ h0. There are two possibilities: (a) h1 < h0 and (b) h1 > h0. We deal with case (a).

Case (b) can be handled similarly.

Theorem 4

Consider testing H0 : w(z0) ¼ h0 versus w(z0) ¼ h1 with h1 < h0. Suppose that w0, the true

monotone (increasing) function satisfies w0(z0) ¼ h1 < h0. Also suppose that there exists an

interior point in the support of Z, say z1 > z0, such that w0(z1) ¼ h0 and that w0 is continuously

differentiable in a neighbourhood of z1 with w0
0ðz1Þ > 0. Define the function ~w0 as follows:
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~w0ðzÞ ¼ w0ðzÞ _ h0; for z � z0;

~w0ðzÞ ¼ w0ðzÞ ^ h0 for z < z0:

Then,

2
log kn
n

!p 2KðPw0
; P~w0

Þ ¼ 2 inffKðPw0
; PwÞ : w 2 Rðz0; h0Þg;

where K(P, Q) ¼ EP log (dP/dQ) is the Kullback–Leibler discrepancy between P and Q, Pw

denotes the joint distribution of (X, Z) under the monotone increasing function w andR(z0, h0) is
the set of all monotone increasing functions defined on the support of Z that assume the value h0
at the point z0. Since 2KðPw0

; P~w0
Þ > 0 it follows that the likelihood ratio test is consistent under

the fixed alternative.

The proof of this theorem is somewhat long and technical and is skipped. For a proof of this

proposition in the special case of the current status model, see Chapter 3 of Banerjee (2000).

Here, we only show that in the class of functions R(z0, h0), ~w0 is closest to w0 in Kullback–

Leibler distance.

For any function w 2 R(z0, h0), we have

KðPw0
; PwÞ ¼

Z
~Kðw0ðzÞ;wðzÞÞpZðzÞ dz; ð9Þ

where ~Kðh1; h2Þ ¼ EPh1
ðlog dPh1=dPh2Þ and for h 2 H, Ph denotes the probability measure

described by the probability density p(Æ, h). Note that K(h1, h2) is always non-negative. Hence,

KðPw0
; PwÞ �

Z
½z0 ;z1 �

~Kðw0ðzÞ;wðzÞÞpZðzÞ dz

¼
Z
½z0 ;z1 �

~Kðw0ðzÞ; ~w0ðzÞÞpZðzÞ dz

þ
Z
½z0;z1�

Z
lðx; ~w0ðzÞÞ � lðx;wðzÞÞ
� �

pðx;w0ðzÞÞ dlðxÞ
� �

pZðzÞ dz

¼ KðPw0
; P~w0

Þ þ
Z
½z0;z1�

Z
lðx; ~w0ðzÞÞ � lðx;wðzÞÞ
� �

pðx;w0ðzÞÞ dlðxÞ
� �

pZðzÞ dz:

It suffices to show that the second term in the display immediately above is non-negative. To

this end, it suffices to show that for each fixed z in [z0, z1],Z
lðx; ~w0ðzÞÞ � lðx;wðzÞÞ
� �

pðx;w0ðzÞÞ dlðxÞ � 0;

equivalently,Z
lðx;wðzÞÞ � lðx; ~w0ðzÞÞ
� �

pðx;w0ðzÞÞ dlðxÞ � 0:

Note that, for z in ½z0; z1�; wðzÞ � wðz0Þ ¼ h0 ¼ ~w0ðzÞ. Hence,

lðx;wðzÞÞ � lðx; ~w0ðzÞÞ ¼ ðwðzÞ � ~w0ðzÞÞ_lðx;w?ðzÞÞ;

for some point w?(z) in ½~w0ðzÞ; wðzÞ�, that possibly depends on x. Since w?(z) � h0 � w0(z)

and _lðx; hÞ is decreasing in h it follows that _lðx; w?ðzÞÞ � _lðx; w0ðzÞÞ. It is readily concluded

that,
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lðx;wðzÞÞ � lðx; ~w0ðzÞÞ � ðwðzÞ � ~w0ðzÞÞ_lðx;w0ðzÞÞ:

Consequently,Z
lðx;wðzÞÞ � lðx; ~w0ðzÞÞ
� �

pðx;w0ðzÞÞ dlðxÞ

�
Z

ðwðzÞ � ~w0ðzÞÞ_lðx;w0ðzÞÞpðx;w0ðzÞÞ dlðxÞ ¼ 0:

This finishes the proof.

4. Comments

The ideas in this paper can be extended in a straightforward way to the problem of con-

straining a monotone function at finitely many points. Under a null hypothesis of the form

w(zi) ¼ hi where z1 < z2 < � � � < zk and h1 < h2 < � � � < hk, it can be shown that the LRS

converges in distribution to the k-fold convolution ofD. The right kind of local alternatives wn

to consider in this situation are ones that differ from w (which lies in the null) in shrinking

O(n�1/3) neighbourhoods of zi for each i and converge to w with increasing n. The LRS under

such local alternatives will converge to the sum of k independent random variables

V1 + V2 + � � � + Vk, where Vi has the formZ
fðg1;1;/i

ðhÞÞ2 � ðg01;1;/i
ðhÞÞ2g dh

and the function /i depends on the underlying parameters of the problem and the point zi.

While we have constructed contiguous alternatives by using the functions Bn that vanish

outside of a compact set and converge uniformly to some B, it is not yet clear to what extent

the restrictions on the Bns imposed here are necessary for contiguity. In particular, is it

possible to construct contiguous alternatives using square integrable functions on the line, i.e.

functions B that do not vanish outside a compact set but satisfy
R1
�1 B2ðzÞ dz < 1? This

question is suggested by the fact that in each of these non-regular problems the integral of B2

determines the variance in the LAN expansion (up to constants). More generally, there seems

to be some potential for research in the direction of obtaining the weakest possible conditions

for contiguity in these non-standard problems.
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