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Abstract

Abstract We consider a new algorithm for reinforcement learning called
A-learning. A-learning learns the advantages from a single training set.
We compare A-learning with function approximation to Q-learning with
function approximation and find that because A-learning approximates
only the advantages it is less likely to exhibit bias due to the function
approximation as compared to Q-learning.

1 Introduction

Recently researchers in the medical and social sciences have become interested in esti-
mating decision policies in settings in which the system dynamics are poorly understood
but for which a training set of finite horizon trajectories is available for learning and plan-
ning [1]-[4]. In particular a method we call A-learning was proposed by Murphy [3] and
further developed by Robins [4] for the purpose of estimating a good decision policy in
this setting. A challenge that frequently arises in these settings is that few variables in the
high dimensional observed history are important for choosing among possible actions yet
many of these variables are important for predicting the next state or reward following an
action. This empirical observation has resulted in several principles. First the Hierarchi-
cal Ordering Principle and second, the Effect Heredity Principle [5]; taken together these
two principles imply that in data analysis, variables are more likely to contribute to main ef-
fects (prediction of next state) as opposed to interactions (used in choosing among potential
actions). A-learning accommodates this challenge by estimating only the advantage (the
Q-function minus its maximal value [6]) as opposed to estimating the entire Q-function.

In this paper, we introduce the A-learning algorithm with function approximation. We
compare A-learning to Q-learning in two simple examples. The first example is artificial
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but illustrative as we use a generative model that allows us to specify the form of the optimal
advantages; by varying these specifications we gain intuition into the relative strengths of
these two learning algorithms. The second example is a simple partially observed Markov
decision process (POMDP) in which neither an explicit form of the optimal Q-function (as
a function of the observable history) or the optimal advantage is available.

2 Preliminaries

We begin with some standard definitions for a finite horizon, possibly non-Markovian,
decision process. In the following we use upper case letters,O andA to denote random
variables and lower case letters,o anda to denote instantiates or values of the random
variables. The training set is composed ofn finite horizon trajectories, each trajectory is
of the form{o0, a0, r0, o1, . . . , aK , rK , oK+1} whereK is a finite constant. Define
ot = {o0, . . . , ot} and similarly forat. Each actionAt takes values in finite, discrete
action spaceA andOt takes values in the observation spaceO. The observation space
may be continuous. The rewards arert(ot,at, ot+1) for each0 ≤ t ≤ K (if the Markov
assumption holds then replaceot with ot andat with at).

We assume each trajectory in the training set is distributed according to a fixed distribution;
in part this distribution depends on the exploration policy. We denote the exploration policy
bypK = {p0, . . . , pK}where the probability that actiona is taken given history{ot,at−1}
is pt(a|ot,at−1) (if the Markov assumption holds then as before replaceot with ot and
at−1 with at−1.) We assume thatpt(a|ot,at−1) > 0 for each actiona ∈ A and for each
possible value(ot,at−1); that is at each time all actions are possible. Denote expectations
with respect to the distribution of a trajectory generated under this exploration policy by an
E.

Define a deterministic, but possibly non-stationary and non-Markovian policy,π as a se-
quence of decision rules,{π0, . . . , πK} where the timet decision rule is a mapping from
the observable history(ot,at−1) to the action space, e.g.πt(ot,at−1) is an action. Denote
expectations with respect to the distribution of a trajectory generated under policyπ by an
Eπ.

Let Π be a collection of all policies (permitting non-stationary, non-Markovian policies).
We seek to estimate a policy that maximizesEπ[

∑K
j=0 rj(Oj ,Aj , Oj+1)|O0 = o0] over

π ∈ Π. In the Markovian setting, this finite horizon problem provides an approximation to
the discounted infinite horizon problem whenK is large [7], each policy inΠ is composed
of memoryless decision rules and forγ a discount factor, eachrj(oj ,aj , oj+1) is replaced
by γjr(oj , aj , oj+1) for r a bounded reward function.

The optimal value function,V ∗(o0) for an observationo0 is

V ∗(o0) = max
π∈Π

Eπ




K∑

j=0

rj(Oj ,Aj , Oj+1)
∣∣∣∣O0 = o0




and the optimalt-value function for history(ot,at−1) is

V ∗
t (ot,at−1) = max

π∈Π
Eπ




K∑

j=t

rj(Oj ,Aj , Oj+1)
∣∣∣∣Ot = ot,At−1 = at−1


 .

As is well-known the optimal value functions satisfy the Bellman equations

V ∗
t (ot,at−1) = max

at∈A
E[rt(Ot,At, Ot+1) + V ∗

t+1(Ot+1,At)|Ot = ot,At = at].



Optimal, deterministic, timet decision rules must satisfy,

π∗t (ot,at−1) ∈ arg max
at∈A

E[rt(Ot,At, Ot+1) + V ∗
t+1(Ot+1,At)|Ot = ot,At = at].

The optimal timet Q-function for policyπ is

Q∗t (ot,at) = E[rt(Ot,At, Ot+1) + V ∗
t+1(Ot+1,At)|Ot = ot,At = at],

and thus the optimal timet advantage which is given by

µ∗t (ot,at) = Q∗
t (ot,at)− V ∗

t (ot,at−1)

is always nonpositive and furthermore it is maximized inat at at = π∗t (ot,at−1). The
advantage can be interpreted as the gain in performance obtained by following actionat at
time t and thereafter policyπ∗ as compared to following policyπ∗ from timet on.

3 A-learning and Q-learning with function approximation on a
training set

To enhance the clarity of our A-learning exposition we first review Q-learning [8] as used
with a single training set.

3.1 Q-learning

In Q-learning with function approximation we estimate the Q-function using an approxi-
mator (i.e. neural networks, decision-trees etc.) [8] and then derive the estimated policy as
the argument of the maximum of the estimated Q-function. DenoteQt to be the approxi-
mation space for thetth Q-function, e.g.Qt = {Qt(ot,at; θ) : θ ∈ Θ}; θ is a vector of
parameters taking values in a parameter spaceΘ which is a subset of a Euclidean space.
Write Enf for the average off over the training set ofn trajectories. For convenience
setQK+1 equal to zero. We use dynamic programming and permit the estimator to have
different parameters for each timet. Below we abbreviatert(Ot,At, Ot+1) by rt.

Q-Learning For t=K, K-1,. . . , 0, set

Ŷt ← rt + max
at+1

Qt+1(Ot+1,At, at+1; θt+1).

Then,

θt ← arg min
θ

En

[
Ŷt −Qt(Ot,At; θ)

]2

. (1)

The estimated policy,̂πQ satisfieŝπQ,t(ot,at−1) ∈ arg maxat Qt(ot,at; θt) for eacht.

As discussed by Sutton and Barto, [8] the intuition underlying the minimization of the
quadratic form in Q-learning stems from the Bellman equation:

E

[
rt + max

at+1
Q∗t+1(Ot+1,At, at+1)

∣∣∣Ot,At

]
= Q∗t (Ot,At).

If Qt+1 = Q∗
t+1 and the training set were infinite, then the quadratic form in (1) becomes,

E

[
rt + max

at+1
Q∗

t+1(Ot+1,At, at+1)−Qt(Ot,At; θ)
]2

.

Minimizing this is equivalent to minimizing

E [Q∗
t −Qt(Ot,At; θ)]

2
.



3.2 A-learning

In A-learning [3]-[4] with function approximation we estimate the advantages using an
approximator and derive the estimated policy as the argument of the maximum of each
estimated advantage. DefineMt as the approximation space for thetth advantage, e.g.
Mt = {µt(oj ,aj ; θ) : θ ∈ Θ}; θ is a vector of parameters taking values in a parameter
spaceΘ which is a subset of a Euclidean space. As with Q-learning, we use dynamic
programming and permit the estimator to have different parameters for each timet.

A-Learning For t=K, K-1,. . . , 0, set

Ŷt ←
K∑

i=t

ri −
K∑

i=t+1

µi(Oi,Ai; θi).

Then,

θt ← arg min
θ

En

[
Ŷt − µt(Ot,At; θ) + E(µt(Ot,At; θ)|Ot,At−1)

]2

µt(Ot,At; θt) ← µt(Ot,At; θt)−max
at

µt(Ot,At−1, at; θt) (2)

whereE(µt(Ot,At; θ)|Ot,At−1) =
∑

at
µt(Ot,At−1, at; θ)pt(at|Ot,At−1) and the

last assignment is simply to ensure that the estimatedµt is an advantage function. In
contrast to Q-learning, A-learning explicitly uses the exploration policy{p0, . . . , pK} in
the algorithm. The estimated policy,π̂A satisfieŝπA,t(ot,at−1) ∈ arg maxat µt(ot,at; θt)
for eacht.

The intuition underlying the minimization of this quadratic form (2) is slightly more com-
plicated than that in Q-learning in that this minimization projectsŶt on a mean zero space
rather thanQt. First

E

[
K∑

i=t

ri −
K∑

i=t+1

µ∗i (Oi,Ai)
∣∣∣Ot,At

]
= Q∗t (Ot,At).

Note if (µt+1, . . . , µK) = (µ∗t+1, . . . , µ
∗
K) and the training set were infinite then the

quadratic form above (2) becomes

E

(
K∑

i=t

ri −
K∑

i=t+1

µ∗i − µt(Ot,At; θ) + E[µt(Ot,At; θ)|Ot,At−1]

)2

.

Minimizing this is equivalent to minimizing

E (Q∗
t − µt(Ot,At; θ) + E[µt(Ot,At; θ)|Ot,At−1])

2
.

In turn this is equivalent to minimizing

E
(
Q∗t−E[Q∗

t (Ot,At−1, at)|Ot,At−1]−µt(Ot,At; θ)+E[µt(Ot,At; θ)|Ot,At−1]
)2

.

But Q∗t − E[Q∗t (Ot,At−1, at)|Ot,At−1] = µ∗t − E[µ∗t (Ot,At−1, at)|Ot,At−1]! The
fact that the advantage must satisfy,maxat µt(Ot,At−1, at; θ) = 0 means that minimizing
this quadratic form over all possible advantages yieldsµt = µ∗t .

4 Experiments

The A-learning and Q-learning algorithms do not use knowledge of the system dynamics
(e.g. the distribution ofOt+1 given (Ot,At) or that the decision process is a MDP or



POMDP). However the experiments considered here are simulated using generative mod-
els. Furthermore the algorithms will learn only on a training set. A-learning will use
knowledge of the exploration policy. There will be no exploitation; that is we will not alter
the exploration policy. These experiments use very simple models. The first experiment is
primarily illustrative, in that this model does not necessarily correspond to a physical sys-
tem, rather via this model we are able to generate finite horizon trajectories with arbitrarily
complex advantages. This will permit us to more effectively compare and contrast the two
learning algorithms. The second experiment is a simple sensor allocation example arising
in tracking.

4.1 Illustrative Experiment

Data Generation. To generate the trajectories, we use the following telescoping expres-
sion:

Eπ∗

[
K∑

t=0

rt

∣∣∣OK ,AK

]
=

K∑
t=0

Q∗t (Ot,At)− V ∗
t (Ot,At−1)

+
K∑

t=1

rt−1 + V ∗
t (Ot,At−1)−Q∗

t−1(Ot−1,At−1)

+V ∗
0 (O0) (3)

The summands in the first sum are the advantages. The summands in the second sum are
temporal-difference errors [8]. Recall that the conditional expectation of thetth temporal-
difference error given(Ot−1,At−1) is zero:

E
[
rt−1 + V ∗

t (Ot,At−1)
∣∣Ot−1,At−1

]
= Q∗

t−1(Ot−1,At−1).

Denote thetth temporal-difference error byφt(Ot,At−1), t = 0, . . . , K.

For convenience choose the first component of eachOt equal tort−1. Next choose condi-
tional distributions for eachOt given(Ot−1,At−1) and exploration policy{p0, . . . , pK}.
Thus the conditional distribution of each reward exceptrK has been specified. Choose a
mean zero distribution forrK given (OK ,AK); call thisfK(·|OT ,AT ). Choose a form
for each of the advantages. For example if the actions are all binary, a possible choice is

µ∗t = Atgt(Ot,At−1)− [gt(Ot,At−1)]+ (4)

wheregt is a specified function of(Ot,At−1) and[x]+ is x if x > 0 and zero otherwise.
Choose a form forV ∗

0 (O0). Choose functional forms for each of the temporal difference
errors, sayrt−1 +φ′t(Ot,At−1); these do not necessarily have mean zero. However during
the generation of the trajectory we will subtract the conditional means.

To generate a trajectory first generateO0, generateA0 and then generateO1 = (r0, O1)
(recall the first component ofOt is rt−1). GenerateA1. Using the previously specified
conditional distribution ofO1 given(O0, A0), calculateφ1(O1, A0) = r0 +φ′1(O1, A0)−
E[r0+φ′|O0, A0]. Now repeat, beginning with the generation ofA1 until AK . Lastly draw
a variable from the distributionfK(·|OK ,AK) and add

K∑
t=0

µ∗t (Ot,At) +
K∑

t=1

(φt(Ot,At−1)− rt−1) + V ∗
0 (O0).

This sum is rK . This procedure produces one trajectory
{O0, A0, r0, O1, . . . , OK , AK , rK} drawn from a distribution with the specified ad-
vantages [3].



The experiments. We conduct two experiments. In each experiment both Q-learning and
A-learning learn on a training set of1000 trajectories. The resulting policies are then tested
on a different set of10000 trajectories. Lasso [9] combined with Bagging [10] is used
in both Q-learning and A-learning. Lasso is a supervised learning technique that fits a
L1-constrained least squares linear regression model. It has the so calledsparseproperty
that automatically eliminates the irrelevant features and keeps the relevant ones. Note that
this means that the approximation space for both the Q-function and advantage is linear in
the observable history. Bagging is used for the purpose of reducing the variance of fitted
models. In both experiments, the generative models conform to the hierarchical ordering
principle and effect heredity principle and thus the advantages depend on a few features
and the complexity of the advantage is low; that is thegt(Ot,At−1)’s in the definition of
the advantages (4) are linear in(Ot,At−1).

In experiment A, we first construct each temporal-difference error as a linear function of
(Ot,At−1). The number of decision epochs is 3 (K = 2) and the dimension of eachOt

is 5 (hence the dimension of(Ot,At−1) is 5(t + 1) + t), but only3 components ofOt

enter the advantage at timet, the remaining5(t + 1) + t − 3 features are noise features.
Of course neither Q-learning nor A-learning know how many features are relevant in the
advantage. Secondly in experiment A we increase the dimension of eachOt from 5 to 10
(as before only3 components are relevant in (4) , and thirdly we increase the horizon from
3 decision epochs to10. Figure 2 (left panel) shows the result, which are boxplots over20
independently generated training-test combinations. Both A-learning and Q-learning are
dramatically better than the random policy that was used to generate the data (not shown
in the figure), and as we can see, A-learning is also consistently better than Q-learning in
this simple experiment. When the horizon is short, the difference between A-learning and
Q-learning is small, but when the horizon increases, the difference between A-learning and
Q-learning becomes quite dramatic. It is also interesting to notice that when we increase
the dimension ofOt, the performance of Q-learning and A-learning stay about the same.
We attribute this to the effectiveness of Lasso in eliminating the irrelevant features.

In experiment B, each temporal-difference error is a nonlinear function ofOt andAt−1,
butgt(Ot,At−1) in the advantage function remains linear in the observable history. Since
the approximation space for both Q-learning and A-learning is linear in the observable
history, we expect Q-learning will suffer more from the nonlinearity due to the bias than
A-learning . As we can see in the right panel of Figure 2, this is indeed the case. As the
horizon increases, similar as in the case when the temporal difference error is linear, the
advantage of A-learning over Q-learning increases. However, the effect is less pronounced,
due to a variety of reasons, not all of which are clear to us at this point. We conjecture it is
due to the added variance from the nonlinear temporal difference errors.

4.2 Sensor Allocation

Next we consider the application of Q-learning and A-learning to a sensor allocation prob-
lem [11]. In this generative model, the target starts at position[0, 0] on the x-y plane and
moves at a known constant speed but with unknown constant angleθ. Therefore, the tar-
get’s position at timet is t[cos(θ), sin(θ)], i.e. it is known that at timet the target lies on
the circle of radiust but its location on the circle is unknown. The tracking device takes
5 observations at consecutive discrete times. At each observation, one of two sensors can
be used. The first sensor is a narrow angle sensor, which covers a circular area with radius√

1/2. The second is a wide angle sensor which covers a circular area with radius
√

3/2.
For simplicity, both sensors have zero misdetect and false alarm probabilities. If the narrow
(wide) angle sensor is used and the target lies in the area which it covers, a reward of1 (0.3)
units is granted. The goal is to maximize the total reward at the end of the fifth stage. At
every time point, given the past observable history, the center of the sensor’s angle is cho-
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Figure 1:A illustrative comparison of Q-learning and A-learning.

sen at random from the set of angles at which the target can be. We consider this element
of the problem fixed. Hence, at each time point, given the past history, the only decision to
be made is the type of sensor to use.

In the simulation,10 training sets each of2000 trajectories were generated. At each trajec-
tory, θ was randomly selected from[0, 2π), and the tracking device selected the sensors at
random, giving each sensor equal probability. We did not know which functions of the ob-
servable history would be most informative of the optimal policy and when we used Lasso
neither algorithm performed well. Thus instead we used Random Forest [12] which uses a
more flexible approximation space (this method approximates functions using averages of
decision trees, each tree is constructed on a resampled version of the training set). In the
simulation,500 trees, each with terminal nodes of400 samples, were averaged.

In this setting Q-learning and A-learning have comparable performance, in terms of average
total reward, which is better than the performance of the random policy. The results are
summarized in Fig. 2. Since the Random Forest approximation is highly flexible (although
very computationally intensive) approximation method, there is no reason to suspect that A
learning will perform better than Q-learning. Therefore, it is encouraging to see that even
in this scenario A-learning is not worse than Q-learning.

5 Discussion

The Hierarchical Ordering and the Effect Heredity Principles imply that in the analysis
of data, variables are more likely to contribute to main effects (prediction of next state)
as opposed to interactions (used in choosing among potential actions). If these principles
hold then our illustrative example suggests that A-learning will perform better than Q-
learning. However other experiments, not shown here, and to a lesser extent the sensor
allocation experiment discussed above, indicate that A-learning can be highly variable.
Variance reduction techniques such as Bagging and Random Forests appear necessary for
a successful implementation of A-learning. A-learning is a new reinforcement learning
method that shows promise but when it is most useful and its general properties are not
fully understood at this time.
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