
Assignment 1: Review of linear algebra
Due on Wed, Sep 30, 2009

1. Calculate by hand the determinant and the inverse (if it exists) of the matrix:

A =


2 1 0 0
3 −1 0 0
0 0 0.2 0.2
0 0 0.6 −0.4


2. (Schott, p. 128, Problem 3.1) Consider the 3× 3 matrix:

A =

 9 −3 −4
12 −4 −6
8 −3 −3


(a) Find the eigen values of A.

(b) Find normalized vectors corresponding to each eigen value.

(c) Find trace(A10) =?

3. Let A = (~a1 ~a2 · · · ~ak) and B′ = (~b1
~b2 · · · ~bk), where ~ai ∈ Rm and ~bi ∈ Rn are column

vectors of dimensions m and n, respectively. Therefore, A and B are matrices of dimensions
m× k and k × n, respectively. Prove rigorously that

AB = ~a1
~b′1 + ~a2

~b′2 + · · ·+ ~ak
~b′k.

4. (Block–wise operations) Let A = (Aij)m×p and B = (Bij)p×n, where Aij = (ak`(i, j))mi×pj

and Bij = (bk`(i, j))pi×nj are mi × pj and pi × nj matrices, respectively.

That is, the matrices A and B are divided into m× p and p× n blocks. Show that

AB = (Cij)m×n,

where Cij =
∑p

k=1 AikBkj , is a mi × ni matrix.

5. (Vandermonde determinants) Show that

det


1 1 · · · 1
x1 x2 · · · xn
...

... · · ·
...

xn−1
1 xn−1

2 · · · xn−1
n

 =
∏

1≤i<j≤n

(xj − xi).

6. A square matrix A = (aij)n×n is said to be strictly diagonal–dominant if∑
j 6=i

|aij | < |aii|, for all 1 ≤ i ≤ n.

Prove that every such matrix is invertible.
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7. Let A = (aij)m×m be a square matrix. Show that det(A) 6= 0 if and only if the column vectors
of A are linearly independent.

8. Let A = (aij)m×n. Show that:

(a) A′A is invertible if and only if n ≤ m and rank(A) = n.

(b) rank(A′A) = rank(A).

9. Let A = (aij)m×k and B = (bij)k×n be real matrices. If both A and B have full column ranks,
then show that AB has full column rank.

10. (a) Let X = (xij)m×n be a real matrix. Show that the matrix A := XtX is positive semi–
definite;

(b) Conversely, if A id a n× n real symmetric and positive semi–definite matrix, then show
that A = X ′X, for some matrix A. Show moreover, that X can be chosen to be symmetric.

(c) (Schott, p. 134, Problem 3.47) Show that if A = (aij)n×n is a symmetric, positive semi–
definite matrix such that aii = 0, then aij = aji = 0 for all 1 ≤ j ≤ n.

11. (Schott, p. 135, Problem 3.49) Suppose that A and B are two real symmetric n× n matrices
with eigen values λj , 1 ≤ j ≤ n and µj , 1 ≤ j ≤ n. Suppose that the matrices A and B
can be diagonalized simultaneously by an orthogonal transformation. That is, there exist
orthonormal ~xj ∈ Rn, 1 ≤ j ≤ n, which are eigen vectors of both A and B corresponding to
the values λj and µj , 1 ≤ j ≤ n, respectively.

(a) Find the eigen values and the eigen vectors of A + B and AB.

(b) Show that AB = BA.

12. Let A = (aij)n×n be a real symmetric matrix with eigen values λ1 ≥ λ2 ≥ · · · ≥ λn.

(a) Show that

λ1 = sup
x∈Rn, x 6=~0

xtAx

xtx
.

(b) Let now λ1 > λ2 > · · · > λn > 0 (all eigenvalues are different and positive). Suppose
that for some am > 0, we have

1
am

Am −→ B, as m →∞.

Determine the rank of B, rank(B) =?. Can you always find such a sequence {am}? Explain.

13. Let B = (bij)n×n be a real, non–singular matrix and let ‖ · ‖ be a an arbitrary matrix norm
in the space of all n× n real matrices Mn(R).

(a) Show that there exists ε > 0, such that the matrix B +A is invertible, for any A ∈ Mn(R)
with ‖A‖ < ε.

(b) Suppose B is real and symmetric with eigenvalues λi, 1 ≤ i ≤ n. Determine the radius
of convergence of the series

∞∑
k=0

Bkzk, z ∈ R,

with respect to some (any) matrix norm.
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14. Let Y ∼ N (~0,Σ), Σ = (σij)n×n be a multivariate normal random vector in Rn with covariance
matrix Σ and zero mean. Show that there exist n orthonormal constant vectors ~x1, . . . , ~xn ∈
Rn, such that

Y
d=
√

λ1Z1 ~x1 + · · ·+
√

λnZn ~xn,

where λj , j = 1, . . . , n are the eigen values of Σ and where Zj , j = 1, . . . , n are independent
standard Normal random variables.

15. (Cochran’s Theorem) Suppose that A1 + · · · + Ak = In, where Ai, 1 ≤ i ≤ k are real n × n
symmetric matrices. Then show that the following statements are equivalent:

(i)
∑k

i=1 rank(Ai) = n

(ii) AiAj = (0), for all 1 ≤ i 6= j ≤ k

(iii) A2
i = Ai, for all 1 ≤ i ≤ k.

16. Let Zj , j = 1, . . . , n be independent standard Normal random variables and consider the
random vector Z = (Zj)n

j=1. Let A + B = In, where A and B are real symmetric matrices
such that rank(A) + rank(B) = n. Using Cochran’s theorem, show that:

(a) AZ and BZ are independent;

(b) Determine the distributions of ‖AZ‖2 and ‖BZ‖2 and show that they depend only on
the ranks of the matrices A and B.
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