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1 Matrix algebra

1.1 Basic notions and operations

A triangular array A of scalars (here, real R or complex C numbers) is said to be a matrix.

Notation: A = (aij)m×n, m, n ∈ N := {1, 2, . . .}, or

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... · · ·
...

am1 am2 · · · amn


Matrices of dimensions m × 1 and 1 × n are called column and row vectors, respectively. We will
typically denote column and row vectors by lower case Latin letters, e.g. a, b, x, y and other
matrices by upper case Latin letters, e.g. A, B, X, Y . The scalars (or 1 × 1 matrices) will be
frequently denoted by Greek letters α, β, λ, µ, etc. Unless stated otherwise, all scalars will be
real numbers.

Operations with matrices

1. (multiplication by a scalar) For any m× n matrix A = (aij)m×n and ∀α ∈ R,

αA := (αaij)m×n.

2. (matrix multiplication) If A = (aij)m×p and B = (bij)p×n, then

C = AB := (cij)m×n, where cij :=
p∑

k=1

aikbkj .

3. (addition) If A = (aij)m×n and B = (bij)m×n, then

C = A + B := (cij)m×n, where cij := aij + bij .



4. (transpose) If A = (aij)m×n, then

A′ := (cij)n×m, where cij := aji.

5. (trace) If A = (aij)m×m is a square matrix, then

tr(A) :=
m∑

i=1

aii.

The transpose operation and the trace functional have the following

Properties 1.1 Whenever the matrix dimensions are compatible, we have:

a. (αA)′ = αA′

b. (A′)′ = A

c. (αA + βB)′ = αA′ + βB′

d. (AB)′ = B′A′

e. tr(αA′) = αtr(A)

f. tr(A + B) = tr(A) + tr(B)

g. tr(AB) = tr(BA)

h. tr(A′A) = 0 if and only if A = (0), that is only if A is a matrix of zeros.

Examples and more notation:

1. Let

A =
(

1 2 3
4 5 6

)
B =

 1 0 0
0 0 1
0 1 0

 .

We then have

AB =
(

1 3 2
4 6 5

)
.

The matrix B is a special case of a transformation matrix.

2. (the identity matrix) Im := (δ(i − j))m×m, where δ(i) = 1, for i = 0 and δ(i) = 0, for i 6= 0,
i.e.

Im :=


1 0 · · · 0
0 1 · · · 0
...

... · · ·
...

0 0 · · · 1


Recall that for any A = (aij)m×n, we have

AIn = A and ImA = A.
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3. (diagonal matrices) For scalars λi, 1 ≤ i ≤ m

A = diag(λ1, · · · , λm) :=


λ1 0 · · · 0
0 λ2 · · · 0
...

... · · ·
...

0 0 · · · λm

 .

1.2 Determinants and inverses

Let A = (aij)n×n be a square matrix.

Definition 1.1 The determinant of A is a scalar, defined as follows

det(A) ≡ |A| :=
∑

(i1,···,in)∈Sn

(−1)σ(i1,···,in)a1i1 · · · anin ,

where the summation is over the group Sn of all permutations (i1, · · · , in) of the numbers {1, · · · , n}.
Here σ(i1, · · · , in) denotes the number of inversions in the permutation (i1, · · · , in). That is, the
number of pairs of indices 1 ≤ j′ < j′′ ≤ n, such that ij′ > ij′′ .

A useful result for calculating determinants is the:

The co–factor formula For any 1 ≤ i ≤ n,

|A| =
n∑

j=1

aijAij , Aij := (−1)i+jMij ,

where Mij , called the minor of the element aij is the determinant of the (n− 1)× (n− 1) matrix
obtained from A by deleting the i−th row and j−th column. The matrix Aij is called the co–factor
of the element aij .

One also has the column co–factor expansion:

|A| =
n∑

i=1

aijAij , Aij := (−1)i+jMij ,

valid for any j, 1 ≤ j ≤ n.

Examples:

1.

det
(

a b
c d

)
= ad− bc

2.

det

 a11 a12 a13

a21 a22 a23

a31 a32 a33

 = a11a22a33+a21a32a13+a12a23a31−a31a22a13−a21a12a33−a11a23a32.
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Properties 1.2 Let A = (aij)n×n = (a1 a2 · · · an) be a square matrix, where aj = (aij)n×1, 1 ≤
j ≤ n. We then have:

a. |A′| = |A|
b. |αA| = αn|A|
c. If two column (row) vectors of A are proportional or if one column (row) vector of A is zero,

then the determinant is zero, |A| = 0.
d. If two column (row) vectors of A are interchanged, then the sign of |A| changes, i.e.

det(a1 · · · ai · · · aj · · · an) = −det(a1 · · · aj · · · ai · · · an).

e. If a column (row) vector of A is multiplied by a scalar, then the determinant is multiplied by
this scalar, i.e.

det(αa1 · · · an) = αdet(αa1 · · · an)

f. If a multiple of a column (row) is added to another column (row) of A, then the determinant
does not change, i.e.

det(a1 + αa2 · · · an) = det(a1 · · · an).

The next important result is known as the product formula.

Theorem 1.1 For any two square matrices A = (aij)n×n and B = (bij)n×n, we have

det(AB) = det(A)det(B).

For the proof, see for example, pp. 7 and 8 in Schott (2005). We conclude this brief discussion on
determinants with the following fundamental result on the origin of the determinant function.

Theorem 1.2 Let Mn(R) denote the set of all square n × n matrices with real1 entries. There
exists a unique function f : Mn(R) → R, which satisfies the next two conditions:

i. f is alternating and multi–linear column–wise, i.e.

f(a1 · · · ai · · · aj · · · an) = −f(a1 · · · aj · · · ai · · · an), ∀1 ≤ i < j ≤ n

and
f(αa′1 + βa′′1 · · · an) = αf(a′1 · · · an) + βf(a′′1 · · · an).

ii. f(In) = 1.
Such a function f is in fact the determinant and is given as in Definition 1.1.

We next recall some facts about inverses of square matrices when they exist. A square matrix
A = (aij)n×n is said to be non–singular if det(A) 6= 0, and singular otherwise.

A square matrix A = (aij)n×n is said to have an inverse, which is a n× n matrix denoted A−1,
if:

AA−1 = A−1A = In. (1.1)

It is easy to check that the inverse is unique, if it exists. The next result is fundamental.
1This result is valid in a greater generality e.g. for an arbitrary field of scalars.
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Theorem 1.3 A matrix A = (aij)n×n has an inverse if and only if it is non–singular. In this case,
the inverse is given by

A−1 =
1

det(A)


A11 A21 · · · An1

A12 A22 · · · An2
...

... · · ·
...

A1n A2n · · · Ann

 , (1.2)

where Aij = (−1)i+jMij is the co–factor of the element aij of the original matrix A.

Proof: Suppose that A is non–singular. Then, one can easily verify that A−1 defined as in (1.2)
satisfies (1.1). Indeed, for simplicity suppose that det(A) = 1 and consider the matrix product
C = AA−1 = (cij)n×n. For any 1 ≤ i, j ≤ n, we have

cij =
n∑

k=1

aikAjk. (1.3)

Notice that if i = j, then the last formula is simply the co–factor expansion of det(A) = 1. That
is, cii = 1, ∀1 ≤ i ≤ n. Now, if i 6= j, then (1.3) is also a co–factor expansion of the determinant
of a modification of the matrix A. Namely, a matrix obtained by replacing the the j−th row
(aj1 · · · ajn) of A with its i−th row (ai1 · · · ain). Such a matrix has two identical rows and hence
determinant zero. One can similarly check that A−1A = In.

Now let det(A) = 0 and suppose that A−1 exists. Then, by the product formula for determi-
nants, we have that 0 = det(A)det(A−1) = det(AA−1) = det(In) = 1, which is a contradiction.
Therefore, the singular matrix A has no inverse. �

Remark. Notice the transpose nature of the co–factors appearing in the formula for the inverse
matrix (1.2). As a direct consequence of Theorem 1.3, we have:

Proposition 1.1 Let A = (aij)n×n be a non–singular square matrix. Then, for any column vector
b = (bi)n×1, there exists a unique column vector x = (xi)n×1 such that

Ax = b. (1.4)

Moreover, the xi’s are given by the Cramer formula:

xi =
det(Ai)
det(A)

, where Ai = (a1 · · · ai−1 b ai+1 · · · an),

that is, Ai is obtained from A by replacing its i−th column with b.

The proof follows by noting that x = A−1Ax = A−1b and then applying the formula for the inverse
in (1.2). Notice that the matrix equation (1.4) is in fact a shorthand for the linear system of n
equations and n unknowns: 

a11x1 + · · · +a1nxn = b1
... · · · · · ·

...
an1x1 + · · · +annxn = bn

We will review the theory of general linear systems in the sequel.
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Properties 1.3 For a square and invertible (non–singular) matrix A = (aij)n×n, we have:
a. (αA)−1 = α−1A−1, for any α ∈ R, α 6= 0.
b. A′ is invertible and (A′)−1 = (A−1)′

c. A−1 is invertible and (A−1)−1 = A.
d. det(A−1) = 1/ det(A).
e. If A = diag(λ1, . . . , λn), then A−1 = diag(1/λ1, . . . , 1/λn).
f. If A′ = A, then A−1 = (A−1)′.
g. (AB)−1 = B−1A−1.

1.3 Some useful applications of determinants

• Volume of a linear transformation of a hyper–cube
Consider the n−dimensional Euclidean space Rn of column vectors. Let A = (aij)n×n be a non–

singular matrix and define a linear transformation LA : Rn → Rn by using matrix multiplication.
That is,

y = LA(x), y ∈ Rn, is such that y = Ax,

namely yi =
∑n

j=1 aijxj , ∀1 ≤ i ≤ n.
The volume of the unit cube K = {x ∈ Rn : 0 ≤ xi ≤ 1, ∀0 ≤ i ≤ n} is one. It can be shown

that the volume of the image of K under LA is equal to the absolute value of the determinant of
A:

vol(LA(K)) = |det(A)|.

This fundamental fact is essentially the reason why the Jacobian appears when changing vari-
ables in multivariate integrals.

• Change of variables in multiple integrals
Consider the change of variables:

x1 = x1(y1, . . . , yn)
... · · ·
xn = xn(y1, . . . , yn)

,

that is x = x(y), where x = (xi)n
i=1 is a vector–valued function of the new coordinates y ∈ Rn.

Assume that all components of x = x(y) are continuously differentiable for all y ∈ Rn. Then
the Jacobian of the transformation x = x(y) at a point y∗ ∈ Rn, is defined as the determinant of
the matrix:

∂x

∂y
(y∗) :=


∂x1(y∗)

∂y1

∂x1(y∗)
∂y2

· · · ∂x1(y∗)
∂yn

...
... · · ·

...
∂xn(y∗)

∂y1

∂xn(y∗)
∂y2

· · · ∂xn(y∗)
∂yn


Notation: The Jacobian of x = x(y) at y∗ is denoted Jx(y∗).

Suppose now that x = x(y), y ∈ U ⊂ Rn is continuously differentiable (smooth) for all y in
the open set U . The inverse function theorem from analysis implies that if for all y ∈ U , the
Jacobian Jx(y) is non–zero, then the inverse y = y(x) exists, it is defined for all x in the open set
V := x(U) ⊂ Rn and continuously differentiable. For more details, see e.g. p. 221 in Rudin (1976).
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Let ξ be a random vector with density fξ(x), defined over the open set V. Consider the new
coordinates y, where the map x = x(y), x : U → V is invertible, onto and continuously differentiable,
as above. Then, the random vector η = y(ξ) has a density fη(y), defined over the open set U and
such that:

fη(y) = fξ(x(y))|Jx(y)|, y ∈ U.

This follows from the change of variables formula for integrals:∫
A

fξ(x)dx1 · · · dxn =
∫

y(A)
fξ(x(y))|Jx(y)|dy1 · · · dyn,

valid for any closed A ⊂ V .
The absolute value of the Jacobian expresses the rate of change of the infinitesimal volume

dx = dx1 · · · dxn relative to the infinitesimal volume dy = dy1 · · · dyn (recall that, x = x(y)). This,
as argued above, is because the determinant function yields the volume of linear transformations
of hyper–cubes.

Remark. The random vector η = y(ξ) may have a density even if the Jacobian Jx(y) is zero on a
set of y’s with measure zero.

1.4 Exercises

1. Verify Properties 1.1 d., g. and h. by using the definitions.

2. Consider the matrix of ones E = (aij)m×n, aij = 1, ∀1 ≤ i ≤ m, 1 ≤ j ≤ n. Find column
vectors x and y (of dimensions m× 1 and n× 1, respectively) such that E = xy′.

3. Do the following matrix multiplications by hand:

a. (
1
−1

)
(1 2 3)

b. AB =? and BA =?, where

A =
(

1 2 1 4 −1
−2 1 0 −3 1

)
and B =


1 −2
2 1
1 0
4 −3
−1 1

 .

4. Let A be (m× p) and B be (q× p) dimensional matrices, respectively. Determine the dimen-
sions of the matrix X in each case:

a. X = (BA′)(BA′)′

b. X = (B′B)(A′A)−1.

5. Let A and B be square n × n dimensional matrices. Given that tr(A) = 2 and tr(B) = −1,
calculate tr(AB −BA).
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6. A permutation π = (i1, · · · , in) ∈ Sn with even number of inversions is said to be even, other-
wise it is called an odd permutation. The set of all permutations of the numbers {1, 2, · · · , n}
is a group with respect to the operation composition. It is called the symmetric group and
denoted Sn.

Show that:

a. Every permutation can be represented as a product (composition) of transposition permu-
tations: (ij) = (1 · · · i · · · j · · ·n) 7→ (1 · · · j · · · i · · ·n). For example,

(132) = (32) and (321) = (31)(21).

b. The transposition representations of even (odd) permutations involve only even (odd)
number of terms.

Hint: By replacing (ij), i < j with the product of odd number of transpositions:

(j − 1 j) · · · (i + 1 i + 2) (i i + 1) (i + 1 i + 2) · · · (j − 1 j),

show that any permutation has a transposition representation involving only adjacent num-
bers. Then, use the fact that any transposition of adjacent numbers changes the number of
inversions of the permutation by one to show that even (odd) permutations have even (odd)
number of terms in their transposition representation.

7. By using the co–factor formulae show that:

a.
det

(
diag(λ1, · · · , λn)

)
= λ1 · · ·λn =

∏
1≤i≤n

λi

b.

det


λ1 ∗ · · · ∗
0 λ2 · · · ∗
...

... · · ·
...

0 · · · 0 λn

 =
∏

1≤i≤n

λi.

8. (Vandermonde determinants) Show that

det


1 1 · · · 1
x1 x2 · · · xn
...

... · · ·
...

xn−1
1 xn−1

2 · · · xn−1
n

 =
∏

1≤i<j≤n

(xi − xj).

Hint: By subtracting multiples of the first row, zero–out the first column with the exception of
the diagonal element. Then, apply the co–factor formula and the properties of the determinant
to reduce the ’dimension’ of the problem and conclude by induction.
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9. Calculate by hand the determinants and the inverses (if they exist) of the matrices:

A =


1 2 0 0
−1 3 0 0
0 0 0.6 −0.4
0 0 0.2 0.2

 and B =


1 0 3 4
0 1 2 0
0 0 1 −1
0 0 5 8


Hint: Can you use the block–diagonal structure of the matrix A?

10. The transformations in Properties 1.2 d., e. and f., which do not change the absolute value
of the determinant, can be realized by multiplication with a square n× n matrix.

a. Convince yourself that left multiplication corresponds to transforming rows and right
multiplication to transforming columns, respectively.

b. Show that the product of two left (right) transformation matrices is a left (right) trans-
formation matrix.

c. Show that |det(B)| = 1, for any transformation matrix B.

Hint: Use the product formula for determinants and start transforming the identity matrix.

11. Let A = (aij)m×n, m, n ∈ N be an arbitrary real matrix. Show that for some transformation
matrices S = (sij)m×m and T = (tij)n×n, we have

SAT = D =
(

Λ (0)r×(n−r)

(0)(m−r)×r (0)(m−r)×(n−r)

)
, where Λ = diag(λ1, . . . , λr),

and where (0)p×q denotes the zero matrix of dimensions p× q. Here 1 ≤ r ≤ min{m,n}.

12. Prove Proposition 1.1.

13. Let X =
√

R cos(θ) and Y =
√

R sin(θ), where the random variables R and θ are independent
and such that R ∼ Exp(1) and θ ∼ Uniform(0, 2π). Determine the density of the random
vector (X, Y ).

2 Vector spaces

2.1 Definition of a vector space, linear independence and basis

Definition 2.1 A non–empty set V is said to be a (linear) vector space over a field of scalars K,
if:
i. V is equipped with a binary operation called addition: ∀x, y ∈ V, ∃z ∈ V, denoted z = x + y,
such that:

a. x + y = y + x, for all x, y ∈ V
b. x + (y + z) = (x + y) + z, for all x, y, z ∈ V
c. there exists a zero element (vector) ~0 ∈ V , such that x +~0 = x, ∀x ∈ V .
d. ∀x ∈ V , ∃ − x ∈ V , such that x + (−x) = ~0
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ii. V is equipped with the binary operation called multiplication by scalars from K: ∀x ∈ V, ∀α ∈
K, exists z ∈ V , denoted z = αx. Moreover,

a. α(βx) = (αβ)x, for all α, β ∈ K and x ∈ V .
b. 1x = x, for all x ∈ V
c. (α + β)x = αx + βx, for all α, β ∈ K and x ∈ V .
d. α(x + y) = αx + αy, for all α ∈ K and x, y ∈ V
The elements of V are called vectors.

We will only work with vector spaces over the fields of real R or complex C numbers and not
mention the field of scalars, when it is R.

Examples:

1. The set of column vectors Rn, equipped with the usual component wise addition of vectors
and multiplications by scalars is a vector space over R.

2. The set V of matrices
(

a b
0 c

)
, ∀a, b, c ∈ R is a vector space over R with respect to the

usual matrix addition and scalar multiplication operations.

3. The set V of all real polynomials P (x) = a0x
n + · · ·+ an−1x + an of degree not greater than

n with the usual polynomial addition and scalar multiplication operations is a vector space
over R.

Is the set W of all polynomials of degree exactly equal to n a vector space?

4. The set C[0, 1] of all continuous functions f : [0, 1] → R with the usual function addition and
scalar multiplication operations is a vector space over R.

Examples 1 to 3 involve finite–dimensional vector spaces and 4 involves an infinitely–dimensional
one. We recall the concept of dimension in the sequel.

A subset A ⊂ V of a vector space is said to be a sub–space if it is itself a vector space (over the
same field of scalars).

Notation: A ≤ V .

Definition 2.2 A finite set of vectors {v1, . . . , vn} ⊂ V in a vector space V is said to be linearly
independent if

α1v1 + · · ·+ αnvn = ~0 if and only if α1 = · · · = αn = 0.

Otherwise, the vectors v1, . . . , vn are said to be linearly dependent.

If the vectors v1, . . . , vn are linearly dependent, then at least one of them can be expressed as
a linear combination of the others. Recall the notion of a linear envelop or span of a set of vectors
{v1, . . . , vn}:

Notation: span{v1, . . . , vn} = {v = α1v1 + · · · + αnvn, ∀α1, . . . , αn ∈ R}. The span of an infinite
set of vectors A is the smallest vector space which contains A.

Examples:
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1. A = {x = (x1 x2 0)′, ∀x1, x2 ∈ R} ≤ R3.

2. C1(R) ≤ C(R), and, in fact, C∞(R) ≤ Cn(R) ≤ C(R), ∀n ∈ N.

3. For any v1, . . . , vn ∈ V , we have span{v1, . . . , vn} ≤ V .

Definition 2.3 A set of vectors S ⊂ V is called a basis for the vector space V if
a. S is linearly independent
b. span(S) = V

The vector space V is said to be finite–dimensional if it has a basis of finite cardinality.

Remark. Definitions of linear independence, span and basis can be given for infinitely–dimensional
spaces. For simplicity, we focus here only on finitely–dimensional vector spaces.

Proposition 2.1 Let {v1, . . . , vn}, n ∈ N be a basis of the vector space V . Then for any v ∈ V ,
there exist unique set of scalars α1, . . . , αn, such that v = α1v1 + · · ·+ αnvn.

The proof is an exercise. The unique (ordered) set of scalars (α1, . . . , αn) associated with a
vector v ∈ V are called its coordinates in the basis {v1, . . . , vn}. Since the coordinates identify
uniquely an element of V , we will see below that any vector space V , over R, for example, can be
identified with the vector space of column vectors Rn. We need however the following result which
justifies the definition of the dimension of a vector space.

Theorem 2.1 Let {v1, . . . , vn} and {w1, . . . , wm}, m, n ∈ N be sets of linearly independent vectors
in the space V .

a. If v1, . . . , vn ∈ span{w1, . . . , wm}, then n ≤ m.
b. If both {v1, . . . , vn} and {w1, . . . , wm} are bases of V , then, n = m and for some non–singular

square matrix T = (tij)n×n,
(v1 · · · vn) = (w1 · · · wm)T, (2.1)

i.e. vj =
∑m

i=1 witij.

Proof: Focus on part a. Since v1, . . . , vm ∈ span{w1, . . . , wn}, we have that Relation (2.1) holds
for some (m×n) matrix T = (tij)m×n. Suppose that m < n. One can show that for a transformation
matrix B = (bij)n×n:

TB =


λ1 0 · · · 0 0

λ2 · · · 0 0
...

... · · ·
... 0

∗ · · · λm 0

 ,

for some λ1, . . . , λm ∈ R. The right–multiplication with the transformation matrix B corresponds
to interchanging columns and adding a multiple of one column to another.

We then have vB = wTB, where v = (vi)1×n and w = (wj)1×m. By focusing on the last column
of TB, we obtain that

b1nv1 + · · ·+ bnnvn = ~0.

This however implies b1n = · · · = bnn = 0 because {v1, . . . , vn} are linearly independent, which is
impossible since det(B) 6= 0 (recall that transformation matrices have non–zero determinants).
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To prove part b. observe that in this case also w1, . . . , wm ∈ span{v1, . . . , vn} and hence m ≤ n.
This implies n = m and the matrix T in (2.1) is square.

Finally, if T is singular, one of the diagonal elements λi’s is zero and one can show that Tb = (0),
for some non–zero column vector b = (bj)n×1 (Why?). Hence the vector vb = b1v1+· · ·+bnvn = wTb
is zero. This is impossible since the vi’s are linearly independent and hence T must be non–singular.
�

Since all bases of finite–dimensional vector spaces have the same size (cardinality), we have

Definition 2.4 A finite–dimensional vector space V has dimension, denoted dim(V ), equal to the
cardinality of any basis.

Theorem 2.1 b. indicates that any two vector spaces (over a field of scalars K) with equal
dimensions are isomorphic. The vector spaces V and W (over K) are isomorphic if there exist a
bijection map (one-to-one and onto) J : V → W such that

J(αv + βw) = αJ(v) + βJ(w), ∀α, β ∈ K and ∀v, w ∈ V. (2.2)

See the exercises in Section 2.5 below.
Any vector space V over R of dimension n ∈ N is isomorphic to Rn. Thus, once a basis

{v1, . . . , vn} is fixed, we can work with the space of column vectors Rn representing the coordinates
of vectors v ∈ V . Once the basis is changed, however, the coordinates change. The following
formula relates the coordinates in two bases.

Let {v1, . . . , vn} and {w1, . . . , wn} be two bases of the vector space V . Let also v ∈ V has
coordinates x = (x1 · · · xn)′ in {v1, . . . , vn} and coordinates y = (y1 · · · yn)′ in {w1, . . . , wn},
respectively. In view of Relation (2.1), we have that

y = Tx. (2.3)

A map J : V → W between two vector spaces is said to be linear if it satisfies (2.2). We study
linear maps in Section 2.2 below. We conclude this section with the notions intersection and direct
sum of vector spaces.

Let V1 ≤ V and V2 ≤ V be two sub–spaces of the finite–dimensional vector space V . One
can easily show that W := V1 ∩ V2 is a vector space and hence it is also finite–dimensional (see,
Section 2.5, below). The union V1 ∪ V2 is not a vector space unless V1 ⊂ V2 or V2 ⊂ V1. The sum
W = V1 + V2 of the vector spaces V1 and V2, defined as:

W := V1 + V2 = {v1 + v2 : vi ∈ Vi, i = 1, 2}

is a vector space. One can easily show that

dim(V1 + V2) = dim(V1) + dim(V2)− dim(V1 ∩ V2). (2.4)

Proposition 2.2 Consider a finite–dimensional vector space V and let V1 ≤ V and V2 ≤ V . If
V1 ∩ V2 = {~0}, then for any w ∈ W = V1 + V2, there exist unique v1 ∈ V1 and v2 ∈ V2, such that
w = v1 + v2.
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The sub–space W in the context of Proposition 2.2 is called the direct sum of the sub–spaces
V1 and V2. In this case since V1 ∩ V2 = {~0}, in view of (2.4),

dim(V1 + V2) = dim(V1) + dim(V2).

Corollary 2.1 Consider a finite–dimensional vector space V and let W ≤ V . If dim(W ) = V ,
then W ≡ V . Otherwise, there exists a sub–space W̃ ≤ V , such that

V = W + W̃ , for some W̃ ≤ V, with dim(W̃ ) = dim(V )− dim(W ).

In view of (2.4), W̃ ∩W = {~0} and the space W̃ is said to be a direct complement to W in V .

Remark. For W ≤ V with dim(W ) < dim(V ), there are infinitely many different direct comple-
ment spaces W̃ of W in V . Intuitively, W̃ may be “angled” in different ways w.r.t. W . We will see
in the sequel that there is an unique orthogonal complement sub–space W̃ .

2.2 Linear transformations, change of basis

Here, we discuss briefly linear transformations, their matrix representations, range and kernel (null
space). We also discuss a rank of a matrix and the fundamental theorem of linear algebra.

Consider two vector spaces V and W (say, over R) with dim(V ) = n and dim(W ) = m, n,m ∈ N.

Definition 2.5 A map L : V → W is said to be linear (transformation), if for any scalars α and
β and v1, v2 ∈ V , we have L(αv1 + βv2) = αL(v1) + βL(v2).

It follows that for a linear map L, L(~0) = ~0. Now, fix two bases {v1, . . . , vn} and {w1, . . . , wm}
of the spaces V and W , respectively. Let v ∈ V have coordinates x = (xj)n×1 ∈ Rn in the basis
{vj} and let

w = L(v)

have coordinates y = (yi)m×1 ∈ Rm in the basis {wi}.
Then, there exist (a unique) matrix A = (aij)m×n,

y = Ax, where L(vj) =
m∑

i=1

wiaij , (2.5)

that is, L(v) = wA, with L(v) = (L(v1) · · · L(vn)) and w = (w1 · · · wm) are the formal row–vectors
with components elements of the vector space W .

Relation (2.5) provides the matrix representation of the linear map L in the bases {vi} and
{wj}. We next show how the matrix representations change when the bases change. Consider, in
addition, the bases {v∗1, . . . , v∗n} and {w∗1, . . . , w∗m} of V and W , respectively. Construct the matrix
P = (pij)n×n with columns the coordinates of v∗i in the basis {vi}. Observe that a vector v with
coordinates x∗ = (x∗i )n×1 ∈ Rn in {v∗i } will then have coordinates x = Px∗.

Similarly, let the columns of Q = (qij)m×m be the coordinates of w∗i in {wi} and note that
y = Qy∗, where y ∈ Rn and y∗ ∈ Rn are the coordinates of some vector w in the bases {wi} and
{w∗i }, respectively.
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Now, formally, from y = Ax we obtain

Qy∗ = APx∗ ⇔ y∗ = Q−1APx∗,

and hence the matrix A∗ representing L in the new bases {v∗i } and {w∗i } is:

A∗ = Q−1AP. (2.6)

Observe that by Theorem 2.1, Q−1 exists.

The special case when the two spaces V and W coincide and the bases {vi} and {wi} are the
same is very important. We then obtain

A∗ = P−1AP.

Examples:

1. Let

A =
(

1 −1
1 1

)
be the matrix of a linear transformation L : R2 → R2 in the standard basis: v1 = (1 0)′ and
v2 = (0 1)′.

Determine the matrix representation of the same map in the new basis: v∗1 = (1 − 1)′ and
v∗2 = (1 1)′.

2. Multiplication by the matrix A, stretches by a factor of 2 = det(A) and rotates the plane R2

by 45o counterclockwise. Using this, one can show that

An = 2n

(
cos(nπ/4) − sin(nπ/4)
sin(nπ/4) cos(nπ/4)

)
.

For simplicity we will frequently identify linear maps with their matrices, when the bases are
understood. We next introduce the important notions of a range and kernel (or null space) of a
matrix A = (aij)m×n.

Definition 2.6 a. The range of A, denoted R(A), is the span of the columns of the matrix A.
b. The kernel (or null space) of A, denoted N (A), is defined as {x ∈ Rn : Ax = (0)}.
c. Range and null space are defined similarly for a linear map L : V → W .

One can easily show that the range R(A) and the null space N (A) of a matrix A are vector
spaces. The following result, known as the fundamental theorem of linear algebra, relates the
dimensions of these spaces to the dimensions of the matrix A and its rank.

Theorem 2.2 For any matrix A = (aij)m×n of real scalars, we have that:

r = dim(R(A)) = dim(R(At)),

where At denotes the transposed matrix A. The number r is called rank of the matrix A, denoted
rank(A). In addition, we have that

dim(N (A)) = n− r and dim(N (At)) = m− r. (2.7)
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Proof: One can easily see that for some transformation matrices Tn = (tij)n×n and Sm =
(sij)m×m, we have

SmATn = D =
(

Λ (0)r×(n−r)

(0)(m−r)×r (0)(m−r)×(n−r)

)
, (2.8)

where Λ = diag(λ1, . . . , λr) and where (0)p×q denotes the zero–matrix of dimensions p × q. Here
1 ≤ r ≤ min{m,n} and the entries of the diagonal matrix Λ are all non–zero (with the exception
of the trivial case when A = (0)m×n).

The matrix A represents a linear map L of Rn to Rm. Recall that transformation matrices are
non–singular. Hence, we can consider bases {v1, . . . , vn} and {w1, . . . , wm} of Rn and Rm, so that

(v1 . . . vn) = Tn and (w1 . . . wm) = S−1
m .

Then, in view of (2.6), the matrix of the linear map L in these new bases is

(S−1
m )−1ATn = D

as in (2.8).
Notice however that R(A) = L(Rn) and hence the dimension of the range of A does not depend

on the basis. Hence dim(R(A)) = r.
Similarly, consider the linear map M : Rm → Rn with matrix At and let the new bases {v∗i }

and {w∗i } of Rn and Rm, respectively, be such that the matrix of M is:

T t
nAtSt

m = Dt.

As argued above we also have dim(R(At)) = r.
Observe that the value of r does not depend on the matrices Sm and Tm since it is related to

the dimension of the vector spaces L(Rn) and M(Rm), respectively. These vector spaces do not
depend on the choice of bases!

Now, it remains to show (2.7). Let V1 := {v ∈ Rn : L(v) = ~0} and observe that dim(V1) =
dim(N (A)). However, when viewed in the bases {vi} and {wi}, the matrix of L is D. It is clear
that dim(N (D)) = n− r and since D is just another representation of the same linear map L, we
have that dim(V1) = dim(N (D)). The argument about At is similar. �

A popular definition of the rank of a matrix A = (aij)m×n is through sub–matrices. If we delete
some rows and/or columns of A, we obtain a sub–matrix.

Definition 2.7 The rank of the matrix A is the dimension of the largest non–singular square
sub–matrix.

This definition of rank(A) is equivalent to the one given in Theorem 2.2 above. Often the dimension
of the range of A is referred to as a column rank and the dimension of the range of At as to row
rank. By Theorem 2.2 it follows that column and row rank coincide.

2.3 Inner product spaces, orthogonal bases and projections

Before discussing inner product spaces, we recall the definition of a norm.
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Definition 2.8 Let V be a vector space over the real or complex numbers. A functional assigning
a non–negative real number to any v ∈ V , denoted ‖v‖, is said to be a norm if:

1. (homogeneity) ‖λv‖ = |λ|‖v‖, for all v ∈ V and scalars λ.
2. (triangle inequality) ‖u + v‖ ≤ ‖u‖+ ‖v‖, for all u, v ∈ V .
3. ‖u‖ ≥ 0, for all u ∈ V and ‖u‖ = 0 if and only if u = ~0.

A vector space equipped with a norm is called a normed vector space.

Examples:

1. Let V be Rn or Cn, n ∈ N. The following are examples of norms in the space V :

a. (the Euclidean norm) ‖x‖2 := (
∑n

i=1 |xi|2)1/2.

b. ‖x‖1 :=
∑n

i=1 |xi|.
c. (the uniform norm) ‖x‖∞ := max1≤i≤n |xi|.

2. Let V be the infinite dimensional vectors space of continuous, real valued functions C[0, 1]
with the usual function addition and scalar multiplication. The following are examples of
norms:

a. (the uniform convergence norm) ‖f‖∞ := maxx∈[0,1] |f(x)|.

b. (the L1−norm) ‖f‖1 :=
∫ 1
0 |f(x)|dx.

The fact that the Euclidean norm ‖x‖2 is a norm in Rn (or Cn) is not trivial. It is most difficult
to check the triangle inequality. For R2 and R3, this is precisely the usual triangle inequality. In
general, the triangle inequality follows from the Cauchy–Buniakowski–Schwartz inequality:

n∑
i=1

xiyi ≤ (
n∑

i=1

|xi|2)1/2(
n∑

i=1

|yi|2)1/2, (2.9)

valid for all xi, yi ∈ C. We will establish (2.9) later. Now, we show that the Euclidean norm is
derived naturally from an inner product.

Definition 2.9 Let V be a vector space over the real R or complex C numbers. A binary operation
on V , assigning a scalar to any pair of vectors u, v ∈ V , denoted 〈u, v〉, is called an inner product
if:

1. 〈u, v〉 = 〈v, u〉, for all u, v ∈ V , where z denotes the complex conjugate of z ∈ C. Note that
when the scalars are real, we simply have 〈u, v〉 = 〈v, u〉.

2. 〈u1 + u2, v〉 = 〈u1, v〉+ 〈u2, v〉, for all u1, u2, v ∈ V .
3. 〈λu, v〉 = λ〈u, v〉, for all u ∈ V, and for any scalar λ.
4. 〈u, u〉 ≥ 0, for all u ∈ V and 〈u, u〉 = 0, if and only if u = ~0.

The space V , equipped with 〈·, ·〉, is called an inner product space. A finite–dimensional inner
product space over R is called an Euclidean space.

Examples:
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1. Let V = Rn and for any x = (xi)n×1 and y = (yi)n×1, define

〈x, y〉 := x′y =
n∑

i=1

xiyi.

It is easy to check that 〈x, y〉 is an inner product. When the real scalars R are replaced by
the complex C, then the above form does not satisfy property 1. of the inner product.

For V = Cn, we have that

〈x, y〉 := x′y =
n∑

i=1

xiyi

defines an inner product.

2. Let V = C[0, 1] be the set of continuous functions on the closed interval [0, 1]. Define

〈f, g〉 :=
∫ 1

0
f(x)g(x)dx.

The so defined quantity 〈f, g〉 is an inner product in the vector space C[0, 1].

3. Let V = `2(R) = {(x1, x2, · · ·) : xi ∈ R,
∑∞

i=1 x2
i < ∞} be the set of all infinite sequences

with finite sums of squares. It is a vector space with respect to the usual component–wise
addition and scalar multiplication. Define

〈x, y〉 :=
∞∑
i=1

xiyi, ∀x = (xi)∞i=1, y = (yi)∞i=1 ∈ V, (2.10)

which is an inner product.

Remarks: Example 1 involves finite–dimensional inner product spaces whereas Examples 2 and
3 involve an infinitely dimensional ones. Example 3, moreover, is an instance of a Hilbert space,
which we will study in detail later. In Example 2, V is not a Hilbert space since it is not complete
(to be defined later).

• The norm generated by an inner product
One can equip any inner product space V with a natural norm, defined as follows:

‖x‖ :=
√
〈x, x〉, x ∈ V.

The fact that ‖x‖ is a valid norm can be easily shown by using the the following inequality, known
as the Cauchy–Buniakowski–Schwartz inequality. For any x, y ∈ V , we have

|〈x, y〉| ≤ ‖x‖‖y‖ =
√
〈x, x〉

√
〈y, y〉. (2.11)

We next prove the inequality (2.11) for real inner product spaces. For any x, y ∈ V and λ ∈ R,
we have

g(λ) := 〈x + λy, x + λy〉 ≥ 0.
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If y = ~0, the inequality (2.11) is trivial. Let y 6= ~0 and observe that for all λ ∈ R, the quadratic
polynomial

g(λ) = λ2‖y‖2 + 2λ〈x, y〉+ ‖x‖2

is non–negative. Thus, its discriminant is non–positive:

D = 4〈x, y〉2 − 4‖x‖2‖y‖2 ≤ 0 ⇔ |〈x, y〉| ≤ ‖x‖‖y‖,

which implies (2.11). Moreover, |〈x, y〉| ≤ ‖x‖‖y‖, if and only if, D = 0, which implies that for
λ0 = 〈x, y〉/‖y‖ ∈ R, g(λ0) = 0, i.e. x + λy = 0 or x and y are linearly dependent.

• Orthogonal bases. Gramm–Schmidt orthogonalization.
Let V be an inner product space. The additional structure of the inner product provides the

notion of an angle between two vectors and in particular an extension of the notion of orthogonality
from Euclidean geometry.

Definition 2.10 The vectors v1, . . . , vn, n ≥ 2 are said to be orthogonal, if

〈vi, vj〉 = 0, for all i 6= j, 1 ≤ i, j ≤ n.

If the vectors have also unit norms: ‖vi‖ = 1, 1 ≤ i ≤ n, then they are said to be an orthonormal
set of vectors.

Notation: If u and v are orthogonal, then we write u ⊥ v. Further, if u ⊥ v, for all v ∈ W , then we
write u ⊥ W .

One can easily show the following

Proposition 2.3 Any set of non–zero, orthogonal vectors {v1, . . . , vn} is linearly independent.

The proof is an exercise.
Recall that if V is finite–dimensional with dim(V ) = n, n ∈ N, then any set of more than n

vectors in V is linearly dependent. We can have however, a set of precisely n linearly independent
vectors {v1, . . . , vn}, which constitutes a basis of V .

We next answer the question: Are there orthogonal bases of V ?

•Gramm–Schmidt orthogonalization
Let {v1, . . . , vn} be a basis of V . We will construct in n steps an orthogonal basis x1, . . . , xn of

V , by iteratively “adjusting” the angles of the vectors v1, . . . , vn.

Step 1: Set x1 := v1.

Step 2: Set x2 := v2 − λ11x1 and solve for the scalar λ11 so that x2 ⊥ x1. We have:

0 = 〈x2, x1〉 = 〈v2, x1〉 − λ11〈x1, x1〉 ⇔ λ11 = 〈v2, x1〉/〈x1, x1〉.

. . .

Step k+1: Set xk+1 := vk+1 − λk1x1 − · · · − λkkxk so that xk+1 ⊥ span{x1, . . . , xk}. We have:

λk1 = 〈vk+1, x1〉/〈x1, x1〉, · · · , λkk = 〈vk+1, xk〉/〈xk, xk〉.
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. . .

After the n−th step of the Gramm–Schmidt orthogonalization process, we have an orthogonal
set of non–zero vectors {x1, . . . , xn}, such that:

1. span{x1, . . . , xk} = span{v1, . . . , vk}, for all k = 1, . . . , n.
2. xk+i ⊥ x1, . . . , xk, for all i, 1 ≤ ilen− k and for all k = 1, . . . , n.

•Orthogonal projection and orthogonal vector spaces

Let W be a sub–space of a finite–dimensional inner product space V . Then, for every v ∈ V ,
we define its orthogonal projection onto W , denoted PW (v), as such an element w0 ∈ W that

v − w0 ⊥ W, that is 〈v − w0, w〉 = 0, ∀w ∈ W.

One can easily show that if the orthogonal projection w0 of v onto W exists, then it is unique.
We now show that the orthogonal projection always exists. Indeed, let {w1, . . . , wr} be a basis of
W . As seen before, we can complete the basis {w1, . . . , wr} to a basis {w1, . . . , wr, u1, . . . , un−r} of
V , where dim(V ) = n and dim(W ) = r ≤ n.

Now, the Gramm–Schmitd orthogonalization process, applied to {w1, . . . , wr, u1, . . . , un−r}
yields an orthogonal basis {x1, . . . , xr, xr+1, . . . , xn}. In addition, we have that span{x1, . . . , xr} =
span{w1, . . . , wr} = W .

Now, let v ∈ V be arbitrary and let the scalars α1, . . . , αn be the coordinates of v in the basis
{xi}. We have:

v = α1x1 + · · ·+ αrxr︸ ︷︷ ︸ +αr+1xr+1 + · · ·+ αnxn.

It is then clear that w0 := α1x1 + · · ·+ αrxr is the orthogonal projection of v onto W .
This argument also shows that the orthogonal projection PW : V → W ⊂ V is a linear operator.

Indeed, the matrix representation of PW in the basis {x1, . . . , xr, xr+1, . . . , xn} is

A =
(

Ir (0)r×(n−r)

(0)(n−r)×r (0)(n−r)×(n−r)

)
. (2.12)

Observe that PW ◦PW = PW since the orthogonal projection of any w ∈ W onto the sub–space
W is in fact the same element w. This can be also seen from the structure of the matrix A, since
A2 = A. We discuss orthogonal and projection matrices in Section 2.4, below. We next introduce
the notion of orthogonal complement of a sub–space.

Definition 2.11 Let W ≤ V be a sub–space of the inner–product space V . The set of vectors

W⊥ := {v ∈ V : v ⊥ W}

is a sub–space of V . It is called the orthogonal complement of W in V .

One can show that W ⊥ W⊥, that is, the sub–spaces W and W⊥ are orthogonal. This implies
W ∩W⊥ = {~0} and therefore, we have that V is the direct sum of the spaces W and W⊥, denoted

V = W ⊕W⊥.
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In fact, if the sub–spaces W1,W2, . . . ,Wk of V are mutually orthogonal, and W1+ · · ·+Wk = V ,
we write:

V = W1 ⊕W2 ⊕ · · · ⊕Wk.

In this, case any v ∈ V , has a unique representation:

v = w1 + w2 + · · ·+ wk, where wi ∈ Wi,

and where, in fact, wi is the orthogonal projection of v onto Wi.

We conclude this section with an important interpretation of orthogonal projections in terms of
“best approximation”:

Proposition 2.4 Let v ∈ V , and W ≤ V , where V is an inner product space. The vector w0 ∈ W
is the orthogonal projection of v onto W , if and only if, ‖v − w0‖ ≤ ‖v − w‖, for all w ∈ W .

Proof: Let first w0 = PW (v). Then, for any w ∈ W , we have that v − w0 ⊥ w0 − w. Thus, the
Pythagoras’ theorem implies (draw a picture and see, Section 2.5 below), that

‖v − w‖2 = ‖(v − w0) + (w0 − w)‖2 = ‖v − w0‖2 + ‖w0 − w‖2 ≥ ‖v − w0‖2.

Conversely, suppose that ‖v − w0‖ ≤ ‖v − w‖, ∀w ∈ W . For simplicity we deal only with the
case of real scalars. We want to show that 〈v − w0, w〉 = 0, ∀w ∈ W . Suppose that for some
w∗ ∈ W , we have a = 〈v − w0, w

∗〉 6= 0. Let λ ∈ R and consider the quantity

g(λ) := ‖v − (w0 + λw∗)‖2 − ‖v − w0‖2 ≥ 0, ∀λ ∈ R.

Observe that
g(λ) = −2λ〈v − w0, w

∗〉+ λ2‖w∗‖2.

However, g(λ) ≥ 0, ∀λ ∈ R, which is impossible. Indeed, since w∗ = ~0 and 〈v − w0, w
∗〉 6= 0,

the quadratic form has two distinct roots and hence it takes negative values for some real λ. This
contradiction implies 〈v − w0, w〉 = 0, ∀w ∈ W . �

Remark. We showed above that in finite–dimensional inner product spaces the orthogonal
projection (of a vector onto a sub–space) always exists. This is not always the case for infinitely
dimensional spaces unless they are complete, that is, the so–called Hilbert spaces.

2.4 Orthogonal projection matrices. Linear regression

A set of orthogonal non–zero vectors {v1, . . . , vn} is said to be orthonormal if ‖vi‖ = 1, ∀i. That
is, the vi’s are normalized to have unit norms.

In this section, we consider only the Euclidean spaces Rn, n ∈ N of column vectors.

Definition 2.12 The matrix P = (pij)m×n, with n ≤ m is said to be orthogonal, if its column
vectors pj = (pij)m×1, j = 1, . . . , n are orthonormal.

Observe that P = (pij)m×n is an orthogonal matrix if and only if P tP = In.
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Definition 2.13 The matrix corresponding to any (orthogonal) projection operator PW is said to
be a projection matrix.

Recall that, in a suitable orthogonal basis, any projection operator has the matrix representation in
(2.12) above. For an a-priori fixed basis, however, the projection operator may (and typically will)
have more intricate matrix. We will now derive the form on the projection matrix corresponding
to an arbitrary sub–space W of Rm.

Let the sub–space W ≤ Rm have the orthonormal basis w1, . . . , wn, where wj = (wji)m×n,
j = 1, . . . , n are column vectors and where n = dim(W ), n ≤ m. As argued above (see (2.12)),
complete the orthonormal set of column vectors w1, . . . , wn to the following orthonormal basis of
Rm:

p1 := w1, p2 := w2, · · · , pn := wn, pn+1 := u1, · · · , pm := um−n.

Form the matrix P = (pij)m×m with columns given by the so–constructed orthonormal basis.
Observe that the matrix of the projection operator PW in the basis {pi} is:

D =
(

Im (0)
(0) (0)

)
.

However, any column vector x = (xi)m×1 has coordinates y = (yi)m×1 in the basis {pi}, which
satisfy the “change of coordinates” relation x = Py. Therefore, y = P−1x and for the matrix A of
the projection operator in the standard basis of Rm, we obtain:

A = PDP−1 = PDP t = (WW̃ )
(

Im (0)
(0) (0)

) (
W t

W̃ t

)
.

Here, we used the “block–wise” notation where W = (wij)m×n denotes the matrix with columns
given by the wi’s and W̃ is the rest of the orthogonal matrix P .

Notice now that the right–hand side of the last relation is equal to: WW t. That is, we have
shown that:

Proposition 2.5 Consider the orthogonal projection operator a subspace W of Rm. Then, the
matrix of PW (in the standard basis of Rm) has the form:

A = WW t,

where W = (wij)m×n is a matrix with orthonormal columns, which span the projection sub–space
W ≤ Rm.

It follows from the last fact that any projection matrix A must be symmetric. It is also clear
that A2 = A i.e. A is idempotent. These two conditions, it turns out, are sufficient for a matrix to
be a projection matrix.

Proposition 2.6 The matrix A = (aij)n×n is a projection matrix if and only if:
1. A is symmetric.
2. A is indempotent: A2 = A.
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Proof: The “only if” part follows from Proposition 2.5. Let now A be a symmetric and idem-
potent matrix. Set W = R(A). It suffices to show that x − Ax ⊥ y, for all y ∈ W . That is, that
for all x and z ∈ Rm, (Az)′(x−Ax) = 0, or equivalently that

z′A′x = zA′Ax, ∀x, z ∈ R,

which is clearly true for a symmetric and idempotent matrix A. �

We next consider an important application of projection matrices to the linear regression prob-
lem.

• Multiple linear regression through projection matrices

We borrow the following presentation (with certain changes in notation) from Example 2.11 in
Schott (2005). Consider the multiple linear regression setup:

y = β0 + β1x1 + · · ·+ βkxk + ε, k ≥ 1,

where y, called the dependent variable or the response is modelled as a linear function of the
independent variables x1, . . . , xk or predictors plus unobservable noise ε. Typically, one observes
values Y1, . . . , YN of the variable y and their corresponding xi values Xi1, . . . , Xik, i = 1, . . . , N .
The goal is then to find a vector of parameters β̂ = (β̂i)(k+1)×1, which yields “best” approximation
of the y’s as a linear function of the xi’s. The classical approach is that of least squares, i.e. to
minimize the squared error:

β̂ = Argminβ∈Rk+1‖Y −Xβ‖2, (2.13)

where Y = (Yi)N×1, X =
(
(1)N×1 Xij

)
N×(k+1)

and where β = (β0 β1 · · · βk)′.

Observe that if Y ∈ R(X), that is, if the vector Y belongs to the column space of the matrix
X, then one can find β̂ ∈ Rk+1, such that Y = Xβ̂. This is typically not the case since N >>
k + 1 ≥ rank(X).

Notice also, in view of Proposition 2.5, that the solution of (2.13) is such that Y0 = Xβ̂ is the
orthogonal projection of Y onto the column space of X, i.e. onto R(X).

Proposition 2.7 Let X = (xij)m×n, m ≥ n be a matrix of full rank, i.e. rank(A) = n. Then the
square matrix X ′X is non–singular and the orthogonal projection operator onto the column space
R(X) of X has matrix representation

X(X ′X)−1X ′,

in the standard basis of Rm.

The proof is given as an exercise. For simplicity, to avoid multi–collinearity issues we shall
assume next that X has full rank. Then, the last result implies that

X(X ′X)−1X ′Y = Y0 = Xβ̂.

Now, to solve for β̂, we multiply the last relation to the left by X ′, first and then by the inverse
matrix (X ′X)−1. This fact yields the well–known formula:

β̂ = (X ′X)−1X ′Y.

Notice that, in passing, we have shown that the solution to the least squares linear regression
problem is unique in the case when X has full rank and N > k+1. This follows from the uniqueness
of the orthogonal projection. The case when X does not have full rank is more involved.
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2.5 Exercises

1. Prove Proposition 2.1 by using the definition of a basis.

2. Prove that any finite–dimensional vector space V over R is isomorphic to Rn, where n =
dim(V ).

Hint: Fix a basis in V and use Proposition 2.1 to construct an isomorphism.

3. Verify the formula (2.3) for change of coordinates, where T is as in (2.1).

4. a. Let V be a vector space (say, over R) which is not necessarily finite–dimensional. Suppose
that any collection of n ∈ N non–zero vectors in V is linearly dependent. Show that V is
finite–dimensional and that dim(V ) < n.

b. Conversely, if V is a finite–dimensional vector space and {v1, . . . , vm} is a set of linearly
independent vectors, then show that m ≤ dim(V ).

Hint: For part a., start with v1 6= ~0 and consider V1 = span{v1}. If V1 ≡ V , then dim(V ) = 1.
Otherwise, consider v2 ∈ V \ V1 and let V2 := span{v1, v2} and observe that v1 and v2 are
linearly independent. Keep adding vectors to the linearly independent set {v1, v2, . . .}.

5. Let V ≤ W , where W is a finite–dimensional vector space. Show that V is also finite–
dimensional and that dim(V ) ≤ dim(W ).

Hint: Argue as in the previous exercises by iteratively constructing a set of linearly indepen-
dent vectors in V . Apply Theorem 2.1 to show that the process is finite.

6. Prove Proposition 2.2.

7. Prove the formula (2.4) and Corollary 2.1.

Hint: To prove (2.4), start with the intersection space U := V1 ∩ V2 and build a basis of
V1 + V2: {u1, . . . , ur, v1, . . . , vn1−r, w1, . . . , wn2−r}, such that ui ∈ U, vi ∈ V1, and wi ∈ V2,
where dim(U) = r, dim(V1) = n1, and dim(V2) = n2.

8. Convince yourself that the matrix A in (2.5) is unique.

9. Let {v1, . . . , vn} be a basis of the space V . Let T = (tij)n×n be an arbitrary non–singular
matrix. Show that the vectors {v∗1, . . . , v∗n} given by

(v∗1 · · · v∗n) = (v1 · · · vn)T

are linearly independent and hence form another basis of V .

Hint: Suppose that a linear combination of the v∗i s is zero and show that it should then be
trivial.

10. Show that Definition 2.7 is equivalent to the definition of rank(A) in Theorem 2.2.

Hint: Without loss of generality we can assume that the largest square r×r sub matrix is in the
top–left corner of A (otherwise, we can just interchange some rows and/or columns). Then,
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by adding multiples of the first r rows and/or columns to the rest, zero–out the matrix items
below and to the right of this sub–matrix. Argue that also the remaining corner (m−r×n−r)
matrix is zero. As shown in the proof of Theorem 2.2, these operations do not change the
row and column rank of A.

11. Show that the series in (2.10) is absolutely convergent.

12. Prove Proposition 2.3.

13. Suppose that u ⊥ W , for some subset of vectors W ⊂ V , i.e. u ⊥ v, ∀v ∈ W . Then, show
that u ⊥ span(W ). Consider only the case of finite–dimensional inner product spaces.

14. Convince yourself that the Gramm–Schmidt orthogonalization process works, i.e. show that
on step k+1, xk+1 6= ~0, xk+1 ⊥ x1, . . . , xk, and that span{x1, . . . , xk+1} = span{v1, . . . , vk+1}.

15. a. Prove that the orthogonal complement W⊥ to a sub–space W ≤ V is itself a sub–space.

b. Prove that the orthogonal complement A⊥, of any (non–empty) sub–set A ⊂ V (A is not
necessarily a sub–space) is a sub–space of V .

16. Prove the Pythagoras’ Theorem: If v = w1 + · · ·+ wk, where w1, . . . , wk are orthogonal, then
show that

‖v‖2 = ‖w1‖2 + · · ·+ ‖wk‖2.

Hint: From the perspective of inner product spaces, it is easy.

17. Let A = (aij)m×n be a real matrix. Show that

N (A)⊕R(At) = Rn and N (At)⊕R(A) = Rm,

that is, the null space of A is the orthogonal complement of its row space and the null space
of At is the orthogonal complement of its column space.

This provides another perspective to the fundamental theorem of linear algebra (see Theorem
2.2 above).

18. Consider the vectors:

v1 =


1
1
−1
1

 , v2 =


0
2
1
1

,

 , v3 =


−1
0
2
1

 .

Orthogonalize these vectors by using the Gramm–Schmidt procedure. Do the computations
by hand.

19. Why a real matrix P = (pij)m×n of dimensions m < n cannot be orthogonal?

20. Let P = (pij)n×n be a square orthogonal matrix.

a. Show that P is non–singular and that P−1 = P t.

b. Show that Q = P t is also an orthogonal matrix.

Hint: Consider det(P tP ) and apply the product formula for determinants.
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21. Prove Proposition 2.7.

Hint: Multiply A := X ′X by left– and right–transformation matrices. This does not change
the rank and can transform A into a convenient from. Then, verify the conditions for a matrix
to be a projection matrix and show that the matrix B := X(X ′X)−1X ′ has the same range
as X.

3 Matrix norms and matrix factorizations

3.1 Eigen values and eigen vectors. Symmetric matrices and quadratic forms.

Definition 3.1 Let V be a vector space and L : V → V be a linear map. The non–zero vector
v ∈ V is said to be an eigen vector of L if L(v) = λv, for some scalar λ. The scalar λ is said to be
the eigen value corresponding to the eigen vector v.

We typically identify the linear maps with their matrices, when the basis is fixed. Thus, a
square matrix A = (aij)n×n is said to have a (column or right–) eigen vector x 6= ~0 if Ax = λx, for
some scalar λ, called an eigen value.

•Why are eigen vectors useful?

Suppose that x1, . . . , xn are linearly independent eigen vectors of the matrix A = (aij)n×n.
Then, the linear transformation A : Rn → Rn in the basis x1, . . . , xn becomes:

B = diag(λ1, · · · , λn),

where λi is the eigen value corresponding to the eigen vector xi, i = 1, . . . , n.

Not all linear transformations have diagonal matrices in a suitable basis.
Example: Let

A =
(

2 1
0 2

)
and observe that x = (1 0)′ is an eigen vector with eigen value 2. By examining the system of
equations:

A

(
a

b

)
= λ

(
a

b

)
,

we obtain that either λ = 0, or b = 0. But the matrix A is non–singular and hence it does not have
zero as an eigen value and therefore b = 0. This implies that the vector x = (1 0)′ is the only (up
to rescaling) eigen vector of A.

Definition 3.2 Let L : V → V be a linear map with an eigen value λ. The span SL(λ) of all eigen
vectors corresponding to λ is said to be the eigen space of the eigen value λ.

In the previous example, SA(2) = {(x 0)′ : x ∈ R}. Consider an arbitrary square matrix
A = (aij)n×n and let λ be its eigen value. Then, any x ∈ SA(λ), x 6= ~0 is an eigen vector of A
corresponding to eigen value λ. The eigen spaces SA(λ) are examples of invariant spaces for the
matrix (or linear map) A.
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•How to find eigen values and vectors?

Consider an arbitrary real (or complex) square matrix A = (aij)n×n. The eigen values of A are
the roots of its characteristic polynomial:

pA(λ) := det(A− λIn) = 0. (3.1)

Observe that pA(λ) is a real (complex) polynomial of degree not greater than n. Therefore, it has
n complex roots λ1, . . . , λn, some perhaps with multiplicity more than 1. When the matrix A is
real, the polynomial pA(λ) has real coefficients and hence its non–real roots necessarily come in
conjugate pairs. The multiplicity of a root of λ∗ of the characteristic polynomial pA in (3.1) is said
to be the multiplicity of the eigen value.

The eigen values and eigen vectors have the following basic:

Properties 3.1 Let A = (aij)n×n be a square matrix (of real or complex scalars).
a. The sets of eigen values of A′ and A coincide.
b. The matrix A is singular if and only if A has a zero eigen value.
c. If A is triangular (upper or lower), then its diagonal elements are precisely its eigen values.
d. For any non–singular B of dimension n, the matrix B−1AB has the same set of eigen values

as A.
e. If A is an orthogonal matrix, then the modulus of any of its eigen values is equal to 1.
f. If λ is an eigen value of A with multiplicity r ≤ n, then

1 ≤ dimSA(λ) ≤ r.

g. If λ is an eigen value of A then λn is an eigen value of An, n ∈ N.
h. Let λ1, . . . , λn be the eigen values of A (some of them may be complex). Then:

det(A) =
n∏

i=1

λi and tr(A) =
n∑

i=1

λi.

Properties a. – e. follow easily by using the characteristic polynomial of A. For the proof of f.
and h. see e.g. Theorem 3.3 in Schott (2005).

Real symmetric matrices play an important role in statistics. We next study the properties of
their eigen values, eigen vectors, and show an important spectral decomposition theorem.

• Real symmetric matrices

Let A = (aij)n×n be a real symmetric matrix. If λ is an eigen value and x ∈ Rn is an eigen
vector of A corresponding to λ, then

x′A = λx.

That is, x is also a left eigen vector. We have the following important result.

Proposition 3.1 If x and y are eigen values of the real symmetric matrix A, corresponding to
different eigen values λ and µ, then x and y are orthogonal.

The proof is an exercise.

Proposition 3.2 All eigen values of a real symmetric matrix A = (aij)n×n are real.
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Proof: Let λ1, . . . , λn ∈ C are the eigen values of A. Suppose that λ1 = a + ib, a, b ∈ R and let
z = x + iy ∈ Cn, x, y ∈ Rn, be the eigen vector corresponding to λ1. Since A is real, we have also
that

λz = Az,

so that λ1 is also an eigen value corresponding to eigen vector z = x − iy. By symmetry, we also
have that z′A = λ1z

′, and hence
z′Az = λ1z

′z = λ1z
′z.

Since z′z = x′x + y′y > 0, we have that λ1 = λ1, and λ1 ∈ R. �

The following result is fundamental. It shows that any (real) symmetric matrix is diagonalizable,
and moreover, this can be done by an orthogonal transformation of Rn.

Theorem 3.1 For any (real) symmetric matrix A = (aij)n×n, there exists an orthogonal (real)
matrix P , such that

P−1AP = P tAP = diag(λ1, . . . , λn).

A short proof of this result can be found on p. 96 in Schott (2005). The following proof, however,
reveals the structure of the real symmetric matrices. It uses the following

Lemma 3.1 If a real symmetric matrix A has only zero eigen values, then it is the zero matrix.

The proof of this lemma is given as an exercise.

Proof of Theorem 3.1: We will construct, iteratively an orthonormal basis for Rn which consists
of eigen vectors of the matrix A. If all eigen values of A are zero, then A is the zero matrix (Lemma
3.1) and there is nothing to prove.

Let λ1, . . . , λr, r ≥ 1 be the non–zero eigen values of A. We will show first that

A = λ1x1x
′
1 + · · ·+ λrxrx

′
r, (3.2)

for some set of orthonormal vectors x1, . . . , xr. This would easily imply the result.

Step 1. Consider the eigen vector x1 ∈ Rn corresponding to λ1 and let

A1 := A− λ1x1x
′
1.

Observe that the range of the matrix A1 is orthogonal to x1. Indeed, for any y ∈ Rn, we have
y = y1 + y2, where y1, y2 ∈ Rn, y1 = ux1, u ∈ R and x1 ⊥ y2. Thus,

A1y = Ay1 + Ay2 − λ1x1x
′
1y1 − λ1x1x

′
1y2 = Ay2,

but x′1Ay2 = λ1x
′
1y2 = 0, which implies x1 ⊥ A1y, for all y ∈ Rn.

If the range of A1 has dimension zero, then the rank of A1 is zero and A = λ1x1x
′
1, that is,

(3.2) holds.

Step 2. Notice also that A1 is a real symmetric matrix. We apply the above argument in Step
1 to A1: Let y ∈ Rn be an eigen value of A1 corresponding to a non–zero value µ. Then, since
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x1 ⊥ R(A1), we have that A1y = µy 6= ~0 is orthogonal to x1 and hence x1 ⊥ y. This implies that
y is an eigen vector of A corresponding to value µ, indeed:

µy = A1y = Ay − λ1x1x
′
1y = Ay.

Step 3. Without loss of generality, let λ2 = µ 6= 0, set x2 = y/‖y‖ and consider the new matrix
A2:

A2 := A− λ1x1x
′
1 − λ2x2x

′
2.

As in Step 2, show now that R(A2) is orthogonal to x1 and x2. Continue the iterative argument
until all non–zero eigen vectors λ1, . . . , λr are exhausted. Then, the matrix

Ar := A− λ1x1x
′
1 + · · ·+ λrxrx

′
r

will be a symmetric matrix with only zero eigen values which by Lemma 3.1 should be the zero
matrix. We have thus shown (3.2).

Now, complete the orthonormal set x1, . . . , xr to an orthonormal basis x1, . . . , xn of Rn. Since
Axi = λixi, for all 1 ≤ i ≤ r and Axj = ~0, for all j > r, we have that the matrix of the linear
operator A : Rn → Rn in the new basis x1, . . . , xn is:

P−1AP = diag(λ1, . . . , λn) = diag(λ1, . . . , λr, 0, . . . , 0).

Here P is the orthogonal matrix with columns, the vectors x1, . . . , xn, respectively.
The last relation can be also shown to hold by simply writing P−1AP = P tAP and using the

expression (3.2) for A. �

In the above proof, we showed that any real symmetric matrix A of dimension n × n can be
expressed as

A = λ1x1x
′
1 + · · ·+ λrxrx

′
r, (3.3)

where λ1, . . . , λr, 1 ≤ r ≤ n are the non–zero eigen values of A, and where x1, . . . , xr are orthonor-
mal eigen vectors of A. It can be shown that the rank of A is precisely r. Indeed, it is easy to see
that R(A) = span(x1, . . . , xr).

The representation (3.3) is called the spectral representation of A. It is a special case of the
singular value decomposition (SVD).

Symmetric matrices and quadratic forms.

We now discuss in more detail symmetric matrices from the perspective of quadratic forms.

Definition 3.3 Let xRn be two column vector, where its coordinates xi, i = 1, . . . , n are treated
as independent variables and let A = (aij)n×n be a symmetric matrix. The function Q : Rn → R,
defined as:

Q(x) := x′Ax

is called a quadratic form. The quadratic form Q (or its corresponding matrix A) is said to be:
a. positive definite if Q(x) > 0, for all x 6= ~0.
b. positive semi–definite if Q(x) ≥ 0, for all x 6= ~0.
c. negative definite if Q(x) < 0, for all x 6= ~0.
d. negative semi–definite if Q(x) ≤ 0, for all x 6= ~0.

If Q (or A) are none of the above, then it is said to be indefinite.
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Examples:

1. The matrix A = diag(1, 2) is positive definite, B = diag(−1, 1) is indefinite and C = diag(0, 2)
is positive semi–definite.

2. Let B = (bij)m×n be an arbitrary real m× n matrix. Then the matrix:

A := B′B

is positive semi–definite.

3. The covariance matrix Σ of an arbitrary random vector X taking values in Rn is positive
semi–definite. Indeed, since Σ = E(X − µ)(X − µ)′, µ = EX for all y ∈ Rn, we have
y′Σy = Ey′(X − µ)(X − µ)′y ≥ 0, since y′(X − µ)(X − µ)′y = (y′(X − µ))2 ≥ 0.

By using the spectral representation of a real symmetric positive semi–definite matrix A, one
can show the following useful result.

Corollary 3.1 Let A = (aij)n×n be a real, symmetric and positive semi–definite matrix. Consider
its spectral representation:

A = λ1x1x
′
1 + · · ·+ λnxnx′n,

where λ1 ≥ λ2 · · · ≥ λn ≥ 0, and where xi, i = 1, . . . , n are orthonormal, non–zero vectors in Rn.
a. There exists a symmetric, positive semi–definite matrix B such that

A = BB.

The matrix B is unique and it is called the square root of the matrix A, denoted B := A1/2.
b. If the matrix A is non–singular, then show that

A−1 = λ−1
1 x1x

′
1 + · · ·+ λ−1

n xnx′n.

The proof of this result is given as an exercise. We conclude the discussion on symmetric
matrices with an important result. Its proof can be found on p. 163–164 in Schott (2005).

Theorem 3.2 Let A and B be two real, symmetric matrices of dimensions n× n. Then A and B
commute (i.e. AB = BA) if and only if for some orthogonal matrix P ,

P tAP = diag(λ1, . . . , λn) and P tBP = diag(µ1, . . . , µn).

That is, A and B are simultaneously diagonalizable by an orthogonal change of coordinates.

• Jordan normal forms

We borrow the following presentation form Ch. 4.5 in Schott (2005). The h×h square complex
matrix Jh(λ):

Jh(λ) =


λ 1 0 · · · 0
0 λ 1 · · · 0
...

...
... · · ·

...
0 0 0 · · · λ


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is said to be a Jordan cell or a Jordan block matrix. For h = 1, we set Jh(λ) = λ.
One can show that Jh(λ) has only one eigen value of multiplicity h and dimSJh(λ)(λ) = 1, that

is, the dimension of the eigen space corresponding to λ is one.
The following result shows that any linear map L : Cn → Cn has a Jordan matrix in some

appropriate basis.

Theorem 3.3 Let A = (aij)n→n be a complex square matrix. Then, for some non–singular B of
dimension n,

B−1AB = diag
(
Jh1(λ1), · · · , Jhr(λr)

)
,

where h1 + · · ·+ hr = n and λ1, . . . , λr ∈ C.

3.2 Matrix norms and eigen values

Let Mn(R) (or Mn(C)) be the set of real (or complex) square n×n matrices. It is a n2−dimensional
vector space over R (or C) with the usual operations of addition and scalar multiplication. So, we
can equip this vector space with a norm as any other vector space.

The matrices however can be also multiplied. This extra structure is taken into account in the
following definition of a matrix norm.

Definition 3.4 A norm ‖ · ‖ on the vector space Mn(R) (or Mn(C)) of square n × n matrices is
said to be a matrix norm if, in addition, we have:

‖AB‖ ≤ ‖A‖‖B‖, for all A, B ∈ Mn(R) (or Mn(C)). (3.4)

In the sequel we work with real matrices but unless stated otherwise, the results will be valid for
complex matrices, too. A first question regarding matrix norms is:

Do matrix norms exist?

We will next show that any norm ‖ · ‖ on the space Rn of column vectors generates a matrix
norm. This matrix norm is often called an operator norm.

Consider a norm ‖ · ‖ on the space Rn of column vectors and for any A ∈ Mn(R), define:

‖A‖op := sup
x 6=~0

‖Ax‖
‖x‖

. (3.5)

One can easily check that (3.5) defines a matrix norm. The triangle inequality for the norm ‖ · ‖ on
Rn implies the triangle inequality for ‖ · ‖op and, in fact, that ‖ · ‖op is a norm on the vector space
Mn(R). To check (3.4), observe that for any x ∈ Rn, such that Bx 6= ~0,

‖ABx‖/‖x‖ = (‖A(Bx)‖/‖Bx‖)(‖Bx‖/‖x‖) ≤ (sup
y 6=~0

‖Ay‖/‖y‖)(sup
z 6=~0

‖Az‖/‖z‖).

Since ‖ABx‖ = 0, for all x, such that Bx = ~0, in view of (3.5), the last inequality implies (3.4).

In the following examples we list several popular matrix norms.

Examples:
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1.

‖A‖1 := max
1≤j≤n

n∑
i=1

|aij |. (3.6)

2.

‖A‖∞ := max
1≤i≤n

n∑
j=1

|aij |. (3.7)

3. (spectral norm)
‖A‖2 := max

1≤j≤n

√
µj , (3.8)

where µj , j = 1, . . . , n are the eigen values of the symmetric matrix A′A (or of the conjugate
symmetric matrix A ∗A in the complex case).

The following notion of the spectral radius of a square matrix plays an important role.

Definition 3.5 Let A = (aij)n×n be a matrix with eigen values λ1, . . . , λn (possibly complex).
The spectral radius ρ(A) of A is defined as:

ρ(A) := max
1≤j≤n

|λj |.

Note that A is the zero matrix if and only if ρ(A) is zero. One can also show that

ρ(A) ≤ ‖A‖, for all A ∈ Mn(R),

for any matrix norm ‖ · ‖. Indeed, let x be an eigen vector (possibly complex), corresponding to
|λ∗| := ρ(A). Then, let B := x(1 1 · · · 1) be a n×n matrix with columns identical to x and observe
that

‖AB‖ = ‖λ∗B‖ = |λ∗|‖B‖ = ρ(A)‖B‖.

However, ‖AB‖ ≤ ‖A‖‖B‖, so the last relation implies ρ(A) ≤ ‖A‖ since ‖B‖ 6= 0.

We next recall an important notion of equivalence between two different norms, defined on an
arbitrary vector space V .

Definition 3.6 Let ‖ · ‖1 and ‖ · ‖2 be two arbitrary norms in a vector space V . They are said to
be equivalent, if there exist positive constants c, C > 0, such that

c‖v‖1 ≤ ‖v‖2 ≤ C‖v‖1, for all v ∈ V.

Norms provide a natural way of extending the definition of convergent sequence in a vector
space. Namely, we say that vn → v, as n →∞ in the norm ‖ · ‖ on V , if:

‖vn − v‖ → 0, as n →∞.

Thus, if two norms ‖ · ‖1 and ‖ · ‖2 on the same vector space are equivalent, then a convergent
sequence in ‖ · ‖1 is convergent in ‖ · ‖2 and vice versa.

Theorem 3.4 Any two norms in finite–dimensional vector space (over R or C) are equivalent.
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The proof of this theorem uses the fact that the continuous function image of a compact set is
compact. It is important to note that the last result is not true for infinite–dimensional spaces (see
the Exercises below).

Why are matrix norms interesting?
Example: Consider a matrix norm on Md(R) and let A ∈ Md(R) be an arbitrary matrix. When
is the matrix B := Id −A invertible? It turns out that for any A such that ‖A‖ < 1, the matrix B
is invertible. Indeed, let

Cn := In + A + A2 + · · ·+ An.

We have that Cn → C, as n → ∞, that is the matrix series
∑

n An converges. Indeed, for any
1 ≤ n < m

‖Cn − Cm‖ ≤ ‖An‖+ ‖An+1‖+ · · ·+ ‖Am−1‖ ≤ an(1 + a + · · ·) =
an

1− a
,

where a := ‖A‖ in(0, 1). Thus the sequence Cn, n ∈ N is a Cauchy sequence in a complete normed
space2 of matrices and hence Cn → C, n →∞.

Let us see that C(Id −A) = Id.

Cn(I −A) = I + A + · · ·+ An −A−A2 − · · · −An+1 = I −An+1 → I, as n →∞.

However, the fact that

‖C(I −A)− Cn(I −A)‖ = ‖(C − Cn)(I −A)‖ ≤ ‖C − Cn‖‖I −A‖ → 0, as n →∞.

and the triangle inequality imply C(I −A) = I.

The key advantage of the extra condition (3.4) in the definition of a matrix norm as compared to
the usual norms is that it implies the continuity of the matrix multiplication (in the matrix norm).

Proposition 3.3 Let An → A and Bn → B, where An, Bn, A, B ∈ Md(R). Then,

AnBn → AB, as n →∞.

The proof is an exercise. Observe that since all norms in a finite–dimensional space are equiva-
lent. Thus, the convergence An → A in any matrix norm on Md(R) is equivalent to the convergence
aij(n) → aij for all 1 ≤ i, j ≤ d.

We now list some important results which relate the spectral radius of a matrix to its matrix
norm. Their proofs and more details can be found in Ch. 4.8 of Schott (2005).

Theorem 3.5 For any ε > 0, there exists a matrix norm ‖ · ‖, such that

ρ(A) ≤ ‖A‖ ≤ ρ(A) + ε, for all A ∈ Mn(R).

Proposition 3.4 Let A ∈ Md(R). We have that An → (0), n →∞, if and only if ρ(A) < 1.

Proposition 3.5 For any matrix norm ‖ · ‖ on Md(R),

‖An‖1/n → ρ(A), as n →∞.

2do be discussed more later
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3.3 An application to the multivariate normal distribution

We recall here some facts about the multivariate normal distribution and relate them to the per-
spective of matrices.

Definition 3.7 Let Z1, . . . , Zn be independent standard normal random variables. A random
vector X taking values in Rm is said to have multivariate Normal distribution if

X = ~µ + AZ, for some deterministic ~µ ∈ Rn, (3.9)

for some real m× n matrix A = (aij)m×n, where Z = (Zi)n×1.

The mean vector of X is EX = ~µ and the covariance matrix of X is:

ΣX = E(X − ~µ)(X − ~µ)′ = AA′.

Notation: X ∼ N(~µ, ΣX).

We therefore have the that X ∼ N(~0, In), if and only if X = PZ for some orthogonal matrix
P = (pij)n×n, where Z ∼ N(~0, In).

The following is a simple consequence of the above fact:

Lemma 3.2 Let Z ∼ N(~0, In). Let ξ = x′Z and η = y′Z, for some x, y ∈ Rn. Then, ξ and η are
independent if and only if x ⊥ y.

Observe that X in (3.9) has density in Rm if and only if m ≤ n and rank(A) = m. That is, A is
of complete rank and it has less rows than columns. Indeed, X has density, if and only if ΣX = AA′

is non–singular. Recall that in this case the density is given by:

fX(x) =
1

(2π)m/2det(ΣX)1/2
exp

{
− 1

2
(x− ~µ)′Σ−1

X (x− µ)
}

.

By Lemma 3.2 and the fact that pair–wise independence implies independence for jointly normal
random variables, we get:

Proposition 3.6 Let Z ∼ N(0, In). Let also A = (aij)m×n and B = (bij)r×n be real matrices.
Then, the two multivariate normal vectors X := AZ and Y = BZ are independent, if and only if,

AB′ = (BA′)′ = (0).

•A famous application
Let Z ∼ N(0, In), then

s2 :=
1

n− 1

n∑
i=1

(Zi − Z)2 and Z =
1
n

n∑
i=1

Zi

are independent and s2 ∼ χ2(n− 1).
Consider the matrices:

A = In −
1
n
~1~1′ and B =

1
n
~1~1′.
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Observe that A and B are symmetric and n× n matrices. Note moreover that

AB = BA = (0).

Thus, Proposition 3.6 implies that the vectors

X = AZ = (Z1 − Z · · · Zn − Z)′ and Y = BZ = (Z · · · Z)′,

are independent! Since s2 = X ′X/(n− 1) and Z = ~1′Y/n, we get that s2 and Z are independent.

Observe that B and A = In − B are both orthogonal projection matrices. The following
proposition implies that s2 ∼ χ2(n− 1).

Proposition 3.7 Let P be an n× n (real) orthogonal projection matrix of rank r, 1 ≤ r ≤ n. Let
also Z ∼ N(0, In). Then, ξ := ‖PZ‖2 = Z ′P ′PZ is such that

ξ/r ∼ χ2(r).

Proof: Since P is an orthogonal projection matrix, it is symmetric and idempotent. Let
x1, . . . , xn be an orthonormal basis, the first r vectors of which span the projection sub–space
of P , i.e. R(P ). Then, set Q = (x1 · · · xn) and observe that

P = QDQ′, where D = diag(1, . . . , 1, 0, . . . , 0).

Then
ξ = Z ′P ′PZ = Z ′PZ = Z ′QDQ′Z = Z̃2

1 + · · ·+ Z̃2
r ,

where Z̃ = Q′Z. Since Q′Q = In, the components of the vector Z̃ are independent standard
normals, which implies that ξ ∼ χ2(r). �

3.4 Singular value decomposition, Choleski decomposition and simulation

In this short section, we give (without proof) an important decomposition result valid for an
arbitrary (real) matrix A = (aij)m×n of dimensions m× n. The following presentation is borrowed
from Schott (2005).

Theorem 3.6 There exist orthogonal matrices P = (pij)n×n and Q = (qij)m×m of dimensions
n× n and m×m, respectively. Such that

A = Q′DP, where D =
(

∆ (0)r×(n−r)

(0)(m−r)×r (0)(m−r)×(n−r)

)
, (3.10)

and where ∆ := diag(λ∗1, . . . , λ
∗
r). Here λ∗1, . . . , λ

∗
r > 0, rank(A) = r and the values λ∗i are the

positive square–roots of the matrix A′A (or, equivalently, the matrix AA′). They are called singular
values of A.

For the proof, see Ch. 4.1 in Schott (2005). We now show an alternative form of the expression in
(3.10).
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There exist two sets of orthonormal column vectors x1, . . . , xr ∈ Rn and y1, . . . , yr ∈ Rm, such
that

A = λ∗1y1x
′
1 + · · ·+ λ∗ryrx

′
r. (3.11)

Indeed, let Ã = λ∗1y1x
′
1 + · · ·+ λ∗ryrx

′
r, where the yis are the columns of Q′ and the xis are the

columns of P ′. Consider QÃP ′ and by using the orthogonality of the matrices P and Q, we get:

QÃP ′ = D.

Since P and Q are invertible, the last relation implies A ≡ Ã and completes the proof of the
representation in (3.11).

The representation in (3.11) is intuitively more appealing than the matrix relation (3.10). In-
deed, it clearly shows that the matrix of the linear operator A : Rn → Rm in the orthonormal bases
x1, . . . , xn and y1, . . . , ym, respectively, has essentially a diagonal structure.

We have already seen the representation (3.11) in the case when A is a square, symmetric matrix.
In this case we have the added benefit of having yi ≡ xi. Efficient algorithms for calculating the
SVD (Singular Value Decomposition) of a matrix are implemented in most statistical packages.
The following is an important application of singular value decomposition to the case of simulation
of a normal random vector.

Proposition 3.8 Let Σ = (σij)n×n be a positive semi–definite matrix and let Σ = P ′DP be its
singular value decomposition, where D = diag(λ1, . . . , λn).

Generate a vector Z ∼ N(0, In) of independent standard normal components and set X =
P ′√DPZ, where

√
D = diag(

√
λ1, . . . ,

√
λn).

We then have that X ∼ N(0,Σ), that is, X is a normal random vector with zero mean and
covariance matrix Σ.

•Choleski decomposition
Any symmetric (real) positive (semi–)definite matrix S can be decomposed as S = LL′, where

L is a lower–triangular matrix. Such a decomposition is called the Choleski decomposition of the
matrix S.

As the singular value decomposition, the Choleski decomposition can be used to simulate a
normal random vector with prescribed covariance matrix Σ. Indeed, let Σ = LL′ is the Choleski
decomposition of Σ. Convince yourself that X := LZ ∼ N(0,Σ), where Z ∼ N(0, I).

Remark: The simulation of high–dimensional normal distributions can become computationally
very demanding as the dimension grows, especially if the covariance matrix Σ has non–trivial
structure. This is because large matrices are difficult to diagonalize and even store efficiently.
Thus, the generic simulation methods based on SVD and Choleski decomposition above should be
used with care and only if other methods are not available or when the dimension is “small”.

3.5 Exercises

1. Find, by hand, the eigen values and eigen vectors of the matrix:

A =
(

4 −
√

3
−
√

3 2

)
.

Are the eigen vectors corresponding to different eigen values orthogonal?
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2. Prove Proposition 3.1.

Hint: Consider the quantity x′Ay and write it in two different ways.

3. Prove Lemma 3.1.

Hint: Consider the symmetric matrix A2. By using its characteristic polynomial det(A2 −
λIn) = det(A −

√
λIn)det(A +

√
λIn) show that it has eigen values equal to the squares of

the eigen values of A. Then, use the fact that tr(A′A) = 0 if and only if A is the zero matrix.

4. By using the spectral representation of the symmetric matrix A, show that:

a. A is positive (negative) definite if and only if all of its eigen values are positive (negative).

b. A is positive (negative) semi–definite if its eigen values are non–negative (non–positive).

5. Let A be a positive definite symmetric matrix. Show that

〈x, y〉A := x′Ay, x, y ∈ Rn,

defines an inner product in Rn.

6. Let Σ = (σij)n×n, n > 1 be the covariance matrix of a random vector X, taking values in
Rn, where n ≥ 2. Show that if Σ is singular, there exists a non–zero and non–random vector
y ∈ Rn, such that

y ⊥ X − µ, almost surely, where µ = EX.

Intuition: The distribution of the vector X is concentrated on a lower dimensional hyper–plane

of Rn.

7. Let A and B be two a real, symmetric matrices of dimensions n× n. Let B be such that any
eigen vector of A is an eigen vector of B. Show that A and B commute.

Hint: Show first that there exists an orthonormal basis x1, . . . , xn of Rn such that

A = λ1x1x
′
1 + · · ·+ λnxnx′n and B = µ1x1x

′
1 + · · ·+ µnxnx′n.

That is, for the orthogonal matrix P with columns, the vectors xi, i = 1, . . . , n:

P tAP = diag(λ1, . . . , λn) and P tBP = diag(µ1, . . . , µn).

Intuition: The linear operators A and B are simultaneously diagonalizable, more precisely,

they both have diagonal matrices in a suitable orthonormal basis.

8. Let x1, . . . , xr ∈ Rn and y1, . . . , yr ∈ Rn, be two sets of orthonormal vectors. Suppose that

W = span(x1, . . . , xr) = span(y1, . . . , yr).

Then, show that the matrices

A := x1x
′
1 + · · ·+ xrx

′
r and B := y1y

′
1 + · · ·+ yry

′
r,

coincide.

Hint: Relate A and B to the orthogonal projection operator PW onto the common space W
spanned by the vectors xis and yis.
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9. Prove Corollary 3.1.

Hint: Consider the matrix B∗ =
√

λ1x1x
′
1 + · · · +

√
λnxnx′n and show that A = B∗B∗. To

prove uniqueness, show that any matrix B, such that A = BB has the form B =
√

λ1y1y
′
1 +

· · ·+
√

λnynyn, for some orthonormal yi’s, which are also eigen vectors of the matrix A. Then,
show that the eigen spaces of B and B∗ coincide and use the previous problem.

10. Let ‖ · ‖op be an operator matrix norm in Mn(R) corresponding to a norm ‖ · ‖.
a. Show that

‖In‖op = 1.

b. Show that ‖A‖ := C‖A‖op is a matrix norm if and only if C > 1. Conclude that not all
matrix norms are operator norms for some norm on Rn.

11. Given a matrix norm ‖ · ‖ on Mn(R), and an arbitrary fixed non–singular matrix B ∈ Mn(R),
define ‖A‖B := ‖B−1AB‖. Show that ‖ · ‖B is also a matrix norm.

12. Let ‖x‖∞ := max1≤i≤n |xi|, for x = (xi)n×1 ∈ Rn. Show that the operator norm ‖ · ‖op

corresponding to ‖ · ‖∞ is as in (3.7)

‖A‖op ≡ ‖A‖∞ = max
1≤i≤n

n∑
j=1

|aij |.

Is the matrix norm in (3.6) an operator norm? If yes, then determine its corresponding
column vector norm.

13. Consider the vector space `2 = {x = (xi)∞i=1 : xi ∈ R,
∑∞

i=1 x2
i < ∞} with the usual vector

addition and scalar multiplication.

a. Show that ‖x‖2 :=
√∑

i x
2
i and ‖x‖∞ := supi |xi| are norms. Show that for any x ∈ `2, we

have supi |xi| = xi0 for some i0 ∈ N. That is, the last supremum is achieved can be written
as a maximum.

b. If vn → v, n →∞ in ‖·‖2, then show that vn → v, n →∞ in ‖·‖∞. That is, a convergent
sequence in ‖ · ‖2 is also convergent in ‖ · ‖∞.

c. Construct a “counterexample” of a sequence vn → v, n → ∞ in ‖ · ‖∞ which does not
converge in ‖ · ‖2. That is, show that the norms ‖ · ‖2 and ‖ · ‖∞ are not equivalent.

14. Let B ∈ Mn(R) be non–singular and let ‖ · ‖ be a an arbitrary matrix norm in Mn(R).

a. Show that there exists ε > 0, such that the matrix B + A is invertible, for any A ∈ Mn(R)
with ‖A‖ < ε.

b. Given an arbitrary matrix A ∈ Mn(R), show that Cδ := B + δA is invertible for some
δ > 0,

15. Prove Proposition 3.3.

16. Prove Proposition 3.8.
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17. Let A be an n × n symmetric positive semi–definite matrix (e.g. a covariance matrix of a
random vector). Suppose that all entries of the matrix A are non–negative and that λ1 >
λ2 ≥ λ3 ≥ · · · ≤ λn ≥ 0 are the eigen values of A. That is, the largest eigen value λ1 has
algebraic multiplicity one.

a. Let ~x be an eigen vector corresponding to the largest eigen value of A. Show that ~x does
not have entries with different signs.

b. ( Hint to a.) Show that limit m−1Am exists as m → ∞ and identify its value. Can you
determine a upper bound on the rate of the convergence?
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