Notions from real analysis { a brief review

Stilian A. Stoev
Lecture Notes for STAT 520

Fall 2006

Contents

1 Preliminaries: sets, functions and Cartesian products

2 The Real line R. Sequences, convergence in R and R¥ 5
3 Metric spaces: convergence and continuity. Topology 7
4 Functions on RX: continuity and di erentiability 12
5 Riemann integration 15
6 Miscellanea 18
7 Exercises 19

1 Preliminaries: sets, functions and Cartesian products

A collection of arbitrary objects is called aset The members of a set (if any) are called its elements
or points.

Relations and operations with sets
(belongs) For a given setA, if the object a is an element of A, we write \a 2 A" and say a
belongs toA; otherwise, we write a 62A and say a does not belong toA.

(subset) A given setA is a sub{set of a setB if all elements of A are elements ofB, denoted
A B.

(equality)y A=BifA Band B A.
(intersection) A\ B { the set comprised with the common elements ofA and B.
(union) A[ B { the set comprised with points that are elements ofA or B.

(dierence) A nB {the set of all elements in A that are not elements of B.



(symmetric dierence) A B :=(AnB)[ (B nA).
We have:
(A[B)[C=A[ (B[ C) and (A\ B)\ C= A\ (B\ C);
(A[B)\C=(A\C)[ (B\ C) and (A\ B)[ C=(A[ C)\ (B[ C):

In general, isA ; 2T, is a collection of sets indexed by another seT , we have:

[ \
A =fx:x2A forsome 2Tg and A =fx:x2A forall 2Tag:
2T 2T

The index set can be nite: f1;2;:::;ng; countably in nite: T = f1;2;:::g or uncountably in nite.

Some more notation:

; { the special set with no elements, called theempty set
N { the set of natural numbers f1;2;:::9
N { the set of integer numbers f:::; 1;0;1,2;:::0
Q { the set of rational numbers: fp=q: p;q2 Z; g6 0g:
R { the set of real numbers (1 ;1).
C { the set of complex numbers
2 { for a given set A, the set 2* is the set of all sub{sets ofA, called the power setof A.
We often specify a set as follows. Ifa < b are two real numbers, then
A=fx :a<x<b; x {real numberg;
denotes the set of real numbers betweea and b, i.e. the interval (a;b).
See the exercises in Section 7 for some useful facts on worfgiwith sets.

Russell's paradox

One cannot de ne sets in an arbitrary way by using common loge. Indeed consider the set:

A = f all setsB that are not members of themselves:

Is the set A a member of itself? If \yes", then A cannot be among the \sets that are not
members of themselves", but this contradicts the de nition of A since A is a member of itself.
If \no", then A is a member of itself, according to the wayA is de ned, which also leads to a
contradiction.

Such \recursive" de nitions of sets should be avoided. Thisparadox is resolved by restricting
the de nition of sets to all subsets of avery large and xed set X. In our considerations, we will
not encounter the Russell's paradox.

Functions between sets



Let A and B be two non{empty sets. A correspondencd assigning to any elementa of A a
unique elementb = f (a) of B is said to be a function, notation

Al B

. l .
f:A! B or f: a7l f (a)

Domain of f, denoted domf ) is the largest sub{set wheref is dened. Soiff : A! B, then
dom(f) = A.

Rangeof f , denoted rangef) = ff (a) : 8a 2 dom(f )g is the set of all possible values of . Often,
if f : Al B, then range(f) is denotedf (A).

Onto: Amap f : A! B isonto or surjective if f (A) = B.

1-to-1: Amap f : A! B is 1-to-1 or injective if f (a;) = f (a2) implies a; = ap, i.e. dierent a's
are mapped into di erent f (a)'s.

Bijection: Amap f : A! B is abijection if it is 1-to-1 and onto.

Pre-image:Foramapf : A! B and asetC B, the pre{image of Cisf (C):= fa2 A :
f(a) 2 Cg.

Notice that if f : A ! B is 1-to-1, then one can de ne theinverse mapf ! : range(f) ! A,
so that f 1(f (a)) = a. Note that the domain of f 1 is the range of A. If in addition f is onto
thenB = f(A)andf 1:B ! A is also a bijection. Observe that the inverse mag 1, whenever
de ned, is always 1-to-1!

Examples:
1. f :R! R, x7!f(x)= x?
2. f :NI!f 0;1g;f(x)=0,if x {evenf(x)=1,if x {odd.
3.f:AlD A, x 7! f(x)= xis the special map called theidentity and denoted ids.

4. Let X 6 ;,and A X. The indicator function of the setA, denotedl : X !'f 0;1g, is such

that
Ia(x) = 1 ; ifx2A
AVIT 0 ¢ otherwise

5. f :Al Bandg:B! C,theng f :A! C, the composition off and g, is de ned as:
x 7! g(f (x)); 8x 2 A. Notice that the order of f and g is important!

Properties of the unions and intersections when applying mas and taking pre-images

Proposition 1.1 Letf : X ! Y, be a an arbitrary map. Consider collections of set# X; 2
T and B f(Y); 2T. Then:

a. f([ A)=1[ f(A)

b. f(\ A) \ f(A)

c.f X\ A)=\f YA)andf Y[ A)=[ f Y(A).

d. f(C)nf(A) f(CnA)andf (D)nf YE) f XD nE):
e. f(f Y(A) Aandf L(f(A) A.

f.If f is 1-to-1, thenf(\ A )=\ f(A ).
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Cartesian products. Powers of sets.

Let A and B be two non{empty sets. The Cartesian productA B of the setsA and B is
de ned as:
A B:=f(ab:a2A b2Bg:

That is, the set of all ordered pairs (a; b), where the rst is element from A and the second fromB.
One easily extends the de nition of a Cartesian product to ary nite number of terms:

Al Ac:i=f(ag:ia) & 2A;;, 1=1;:::;kg; kK2 N;

(A B) CandA B C, so that one can identify the two.

We next extend the notion of a Cartesian product to the case ofin nite number of terms. Let
A ; 2T be a collection of non{empty sets, indexed by a non{empty indgx setT (which can be
nite or in nite). De ne

oA =fF T I A f()2A g
IfA =A; 8 2T andT = N, then
otA = AN =f(ag;az;i:)jai 2 A i 2 Ng

is the set of all in nite sequences with elements ofA. Indeed, any functionf : N! A corresponds
to a sequenceg; := f (i); i 2 N and conversely.

Examples:
1. Let A =f1;2:::;ngand B = fxq;:::;Xmg. Then A B consists ofnm elements of the
type: (i;xj); 1 i n; 1 ) m.

2. Consider the setX of all functions f : R! R. According to the de nition of a Cartesian
product, we have that
X =ff :R! Rg RR= ,gR:

Any function f corresponds to a \selection" of a unique element fromR for any index value
2 R and hence can be treated as an element of the s&R.

3. As indicated above, all functionsf : N ! R are the elements of the Cartesian product
RN = ZNR-

Consider the Cartesian product RN. Natural projection maps relate the Cartesian product
spacesRN and R" R R. Indeed, x the dimension indicesk; <k, < <kp, and de ne:

‘= kpwke (RNDORD

Sequences of sets. Limsup, liminf and limits of sets.
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Let An; n 2 N be an arbitrary sequence of sets. We de ne the limsup and limif of fA,g as
follows:

Interpretation: limsupf A,g coincides with the set
A = fx : x belongs to in nitely many Ap'sg
on the other hand, liminff A, g, is precisely the set
A = fx : x belongs to allAy's for all su ciently large n's g:

One often uses the notationlim and lim for limsup and liminf, respectively.
If limsup(Ay,) = liminf( Ap), we then say that the sequence of set®\n; n 2 N has a limit,
denoted:
Iinm(An) = limsup( Ap) = liminf( Ap):

2 The Real line R. Sequences, convergence in R and R

We take for granted the de nition of the set of real numbersR =( 1 ;1 ) and the usual operations
and relations. We shall frequently use the notation:

(a;b {the openinterval fx2 R:a<x<bg
(a;b {the semi{fopen interval fx2 R : a<x bg
[a;b {the semi{open interval fTX2 R :a x<bg

[a;h {the closed interval fx2 R :a x bg
A non{empty set of real numbers A R is said to be bounded belowf:
9% 2R :x a;8a2A;

i.e. if x A, for somex 2 R called a lower boundof A. If for somey 2 R, a vy; 8a2 A, then
A is said to be bounded abovgin this case,y is called anupper boundof A. If A R is bounded
above and below, then it is said to bebounded

Consider a non{empty setA R which is bounded below. The in mum of A is de ned as the
greatest lower bound ofA, and denoted infA. That is, for any x  A; we havex inf A. We
similarly de ne sup A as the least upper boundof a bounded above seA.

The completeness axiom:  Any bounded below (above) non{empty set A R has in mum
(supremum, respectively).

One can show that ify = inf A exists, then:

8 >0;,9a 2 A; suchthata <y + :
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A similar (dual) property is valid for the supremum.
The completeness axiom implies that the Real line has no \ha@s". Thatis, if L] U = R,
L\U=;,andx<y,foranyx2 L andy 2 U, then either supL 2 L orinfU 2 U.

Examples:
1. ThesetA=fl=n:n=1;2::.9is bounded with supA =1 and inf A =0.
2. The setA = ftan(n) : n 2 Ng does not have neither a lower nor an upper bound. Why?

3. LetA=fx2Q :x> g TheninfA = . Indeed, inf A, but also for any > 0, there
is a rational number x = p=q; p;g2 N in theinterval ( ; + ).

De nition 2.1 A sequencef x,gn2n Of real numbers is said to be convergent with limitx 2 R, if:
8; 9N =N ; suchthatjx, xj<; 8n N:
We write Xxp ! x; n!1l orlimps Xn = X

A point y 2 R is said to be alimit point of a sequencd X,gn2n, if Xn, ! y;k!1 , for some
sub{sequenceny ! 1  of integers.

Theorem 2.1 (Bolzano{Weierstrass) If fXn0n2n is @ bounded sequence (below and above), then
it has at least one limit point.

One can show that a sequence is convergent if and only if it haa unique limit point. Observe
that monotone sequences have at most one limit point. Hencery monotone increasing (decreasing)
sequences is convergent, provided that it is bounded.

We next de ne the liminf and limsup of a sequence, which yieldthe smallest and largest limit
points of a sequence (when the latter are nite).

De nition 2.2  Let fXngh2n be bounded below. Then,
|IrI;T!11Inf Xp = rI]|!r1n rr|1nfn Xm
is the liminf of the sequencefx,g. Similarly, limsup, xn :=1lim n1  SuUpy, , Xm, is the limsup of
the sequencd x,g, when it is bounded above.
Clearly liminf ;1 Xp  limsup,;  Xn. One can show thatx, ! x; n!1 if and only if

liminf x, = limsup Xp: (2.1)
nil n'1

In this case the last liminf and limsup are equal tox =lim n11 Xn.

An important notion is that of a Cauchy sequence
De nition 2.3  The real sequencd x,gn2n is said to be aCauchy sequencéf
8 > 0;9N = N ; suchthatjx, Xnj<; 8m;n N

thatis, jxn Xmj! 0;asn;m!1



Any convergent sequence is a Cauchy sequence. One can als@wlthat any Cauchy sequence
of real numbers is convergent. We will see below that this is at always the case in general metric
spaces.

Sequences and convergence R¥
An in nite sequence x, = (xn(i))X; 2 R%; n=1;2;3;::: converges tox = (x(i))K,; 2 RX if it
converges component{wise:
nI!llm Xn(i) = x(i); 8i=1;:::;k:
We then also write limpi; X, = X orxp ! X, n!1 . One denes as inR limit points of a

sequence inR¥. A set A RK is boundedif it is bounded in each one of itsk coordinates, i.e. its
projections ;(A) are bounded inR, forall1 i k.

Exercise:  Show that the Bolzano{Weierstrass Theorem remains valid inRK.

3 Metric spaces: convergence and continuity. Topology

Denition 3.1  Let X be a non{empty set. A function :X X ! [0;1 ) is said to be a metric
if the following three conditions hold:

i. (x;y)=0;ifandonlyif x =y.

i (y)= (y;ix); 8xy 2 X

i. (y)  (x52)+ (z;y); 8xy;22 X.
The pair (X, ) of the set X equipped with the metric is said to be ametric space

Examples:
1. The real line R is a metric space with the metric (x;y) := jx Vj.

2. The Euclidean spaceR"; n 2 equipped with the metric (x;y) := kx yks is a metric
space.

3. LetY :=f1;2;:::;ngand let X :=2Y be the power set ofY, that is, the set of all sub{sets
of Y. For any two subsetsA;B Y, let

(A;B):= JA Bj; 3.1)

where jAj denotes the number of elements of the seA.

Then, (X; ) is a metric space. Indeed, conditions. andii. are straightforward. The triangle
inequality follows from the fact that
X X
(A;B) = la B(X)= J1a(x)  Ie(X)j;
x2Y x2Y

and then by using the triangle inequality.

This is the so{called Hamming distance between the characteéstic strings of 0's and 1's
representing the subsets ofy .
P P
4. Let X = "2 = f(ay)iy jlzl a’ < 1;a 2 Rgandlet (ab :=( jlzl(aj b)2)2.
Then, one can show that X; ) is a metric space.
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5. Let X = ff :[0;1]! Rjf is continuousgand let (f;g):=maxy,p:.17jf (X) g(x)j. Then
IS a metric.

6. Any normed (real or complex) vector space X; k k) is a metric space, with respect to the
\natural metric" (x;y) := kx yk; x;y 2 X, induced by the norm.

7. Let (X; ) be an arbitrary metric space. Any non{empty sub{set A X of X equipped with
the same metric is also a metric space.

Open and closed sets. Interior and closure of a set.

Let (X; ) be a metric space. A setU X is said to beopenif 8x 2 U; B(x; ) U, for some
> 0. HereB(x; ) denotes theopen ballwith radius > 0 centered atx:

B(x; )i=fy2X : (xXy)< @

AsetF X isclosed if its complement F¢ := X nF is open, or equivalently, if8y 62F, 9 > 0,
such that B(y; )\ F = ;: By conventionthe empty set; and the entire setX are open (and hence
closed). Any open setU which contains a given pointx of X is said to be anopen neighborhoodf
X.

Observe that arbitrary unions of open sets are open and, dud/, arbitrary intersections of closed
sets are closed. Indeed, iU op X; 2A,thenforanyx2 U:=[ U, we have thatx 2 U ,
for some o2 A and henceB(x; ) U, U which shows thatU is open.

Also, the intersection of a nite number of open sets is open ad correspondingly the union of
a nite number of closed sets is closed.

The closure A and the interior hAi of an arbitrary set A X are then de ned as follows:
A=fF:A FF gXg and hRAi=[fU:U A U 4,Xg

The boundary @Aof A is de ned as @A= A nhAi.

Examples:

1. If X = Rand (x;y)= jx yjthen clearly (a;b) is an open set, for anya<b; a;b2 R and
[a; b is a closed set.

2. In the context of the previous example,Q = R and hQi = ;. Also, @0; 1] = f0;1g and
A set A B is said to bedensein B if A B. For example, even though the interior of Q is
empty, the set Q is dense IinR since its closure is the entire real line.
Convergence in metric spaces

A sequencexp 2 X; n 2 N is said to beconvergentin the metric space (X; ), if for somex 2 X,
(Xn;x) ! 0;asn!l1l . The point x is said to be the limit of the sequencef x,g. As in the case
of real sequences, one can de ne the notion of Bmit point of a sequence.
As for real sequences, a sequencg 2 X;n 2 N is said to be a Cauchy sequence in the metric
space K; ) (or simply, Cauchy sequence in the metric ), if

Xn;Xm) ! 0y asn;m!1l
8



De nition 3.2 A metric space (X; ) is said to be completeif any Cauchy sequence in X; ) has
a limit.

De nition 3.3 A metric space is said to beseparablg if it has countable dense subset.

Many in nite dimensional linear metric spaces are not complete Most spaces we will encounter
however will be complete and separable.

Examples:

1. RX equipped with an arbitrary norm k k is a complete separable metric space with respect
to the metric  (x;y) := kx yk; x;y 2 R¥, induced by the norm.

2. Consider the set of continuous functionsf : [0;1] ! R, de ned on the closed interval [0 1].
We will show in Proposition 4.1 below that C[0; 1], equipped with the metric 1 (f;g) :=
Supzo:17if (X)  9(x)j is a complete and separable metric space.

Compact sets. Continuous functions.
We now review the important notion of compactness. Recall rst that a collection of sets
U; 2Aissaidtobeacoveroff if F [ U . A sub{collection U ; 2B, whereB A is
said to be a sub{cover if it is also a cover ofF. A cover is open if its elements are open sets.

Denition 3.4 AsetF R iscompact, if and only if every open cover oF has a nite sub{cover.

Any closed sub{set of a compact set is also compact.

One can prove that in R, equipped with the usual Euclidean norm, for example, a seF R
is compactif and only if it is closedand bounded This is not the case for in nitely{dimensional
linear normed spaces for example. The Bolzano{Weierstrastheorem however extends to the case
of compact sets in an arbitrary complete metric space. Namet

Theorem 3.1 Let (X; ) be a complete metric space an& X be a compact set in(X; ). Then,
any in nite subset fx,; n 2 Ng K has a limit point in K, that is, there existsx 2 K and an
in nite sub{sequence n !'1 , such that (xn;x)! 0,ask!1l

To prove the theorem, it is enough to show that there existsx 2 K such that the setB(x; )\
fXn; N 2 Ngis innite, for any > 0. Now suppose that one cannot nd such anx 2 K. Then,
for each x, there exists = 4 > 0 such that the ball Uy := B(X; x) contains only nite number
Xn's. Consider the open coverUy; indexed by x 2 K and observe that due to compactness, one can
take a nite sub{cover. This however leads to a contradiction since each setJ, contains only nite
number of x,'s, whereas the number ofx,'s in K is in nite.

Denition 3.5 A function f : X1 ! X, between two metric spaces X1; 1) and (X2; 2) is
continuous, if f 1(U) op X1, forany U op Xo.

One can show thatf : X1 ! X5 is continuous if and only if for any x 2 X; and > 0, there
exists > 0; such that »(f (x);f(x9) < for any x°2 B(x; ). That is, the above de nition is
equivalent to the usual de nition of a continuous function.

The next result extends a well{known fact for functions de ned on the real line to the case of
general metric spaces. Namely, that continuous image of a capact set is compact.
9



Proposition 3.1 Letf : X1! X, between two metric space$X1; 1) and (X2; 2) be continuous.
If K X1 is compact, then so isf (K) Xo.

A function f : X1 ! X, between to metric spacesX1; 1) and (X2; ») is said to be uniformly
continuous on a setD Xy, if

8>0,9 = ()>0; suchthat »(f(x);f(y)) <; foranyx;y2D; 1(xy)<:
Observe that = () does not depend onx and y.

Proposition 3.2 Letf : X3! X, be a continuous function between to metric spacesX1; 1) and
(X2; 2). Then, f is uniformly continuous on any compactK  Xj.

For more details, see e.g. Ch. 7 in Royden (1988).
Topology

We conclude this section by stating the de nition of a topological space which generalizes the
notion of a metric space

De nition 3.6 Let X be a non{empty set. A collection T  2X of sub{sets of X is said to be a
topology if:

i X 2T

i. ifU 2T; 2A,then[ ,aU 2T.

iii. foranytwo A;B 2T ,we haveA\ B2T
The elements of the topologyT are called open sets. Their complements are said to be closet@he
pair (X; T) is said to be a topological space.

Consider a topological spaceX; T). Given an x 2 X, any open setU 2 T containing x is said
to be a neighborhood ofx.

An in nite sequence x, 2 X; n 2 N is said to converge tox 2 X in the topology , if for any
open neighborhoodU of x, there existsng 2 N, such that x, 2 U; for all n  no.

Examples:

1. (the discrete topology)For any non{empty set X, the collection of all sub{sets ofX T =2%
is a topology. Any subset ofX is then both closed and open. This topology of the so{called
discrete topology.

2. Any metric space (X; ) is also a topological space where the topologyl is precisely the
collection of all open sets inX .

3. Let X = R:= R[flg[flg and let I be the collection of all open intervals inR, e.g.
(a;b,[1 ;a)and (b;1 ], forany a;b2 R. Let T be the topology generated byl , i.e. the
minimal topology which contains | .
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Intersections and relations between topologieBix a non{empty set X . Given an arbitrary family
of topologiesT ; 2 A on X, the intersection

T =\ 2AT

is also a topology.

Let T; and T, be two topologies onX . We say that T; is weakerthan T, if T1 T 2. That is,
if any open set inT; is also open inTo.

One can easily see that ifTy T 2, then any convergent sequence in thetronger topology T> is
also convergent in theweakerT;.

Induced topology. Let (X; T) be a topological space and letA X, A 6 ;: Then the collection of
subsets ofA Tpo .= fB\ A : B 2T g is a topology called theinduced topologyon A from T.

Continuous functions. A function f : X ! Y between two topological spacesX; Tx ) and (Y;Ty)
is said to be continuous iff 1(U) 2 Tx; forany U 2 Ty.

How to construct topologies?

1. Consider a collection of functionsF f f : f : X ! Yg between two non{empty setsX and
Y. Let Ty be a topology onY. One is often interested in the minimal topology on X with
respect to which the functions in F are continuous. One can easily see that this topology is
generated by

[t2r f Y(Ty): where f YTy):=ff YU): U2Tyg:

(Isf %(Ty) atopology, forany f : X | Y?)
2. (base)
3. (neighborhood base)

Basic classi cation of topologies
To
T1
T2

Hausdor

Examples:

1. Let (X; Tx) and (Y;Ty) be two topological spaces. IfTx is the discrete topology then any
function f : X I Y is continuous. On the other hand, if Tx = f; ;X g, then for a \general
topology" Ty only the constant functions are continuous.

2. ..

Remark. One can have di erent metrics on a spaceX which de ne the same topology T. More-
over, there are examples where in one metric, the spacé may be incomplete and complete in the
other. However, since the topology is the same for both metds, the convergence of sequences is
not a ected by the choice of a metric. It is therefore useful to work with the complete metric.
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4 Functions on RX: continuity and di erentiability

We review here in more detail facts about functions on the rehline R or the Euclidean space
RK: k 2 N. We will bene t from the abstract results given in Section 3.

Continuous functions

Recall that a function f : D! R; dened over D R is continuous atXxg 2 D; if
8 >0,9 > 0, suchthatijf (x) f(xg)j<; 82 (Xo ;Xo+ )\ D:

A function f : D! R is said to be continuous if it is continuous at allx 2 D.

The last result implies that any continuous function f : [a;b ! R achieves its maximum and
minimum. The next one, shows that the continuous image of a @sed interval is anentire closed
interval. That is, all intermediate points between the maximum and the minimum are visited byf .

Theorem 4.1 (for the intermediate value) Let f :[a;b! R be continuous. Then, the image
f ([a; b)) is the entire closed interval[c; d], where ¢ := min o (a5 f (X) and d := maxysahf (X).

Proof: Indeed, suppose thatc <y < d is such thaty 62f ([a;h]). SinceF := f ([a;h]) is closed
andy 62 itfollowsthat(y ;y+ )\F=;.LetU;:=(c =2,y =2)andU,:=(y+ =2;d+ =2)
be two open sets. ClearlyU;\ U, =; andF Ui [ U,. Therefore, the open setsv; := f 1(U,)
and V, := f 1(U,) cover [a; b (the V;'s are open since is continuous).

Now, let x ;x 2 [a;l be such thatf(x )= candf(x )= d. Then, x 2 V; and x 2 V..
Notice that the sets Vi and V, are disjoint. Without loss of generality, suppose thatc x <X d
and de ne

Xp:=inffx : x>x ; x2 Vo0:

Observe that x, 62V,. Indeed, sinceV, is open Ko ;X2 + ) V, for some > 0. Hence
X2 =2<XxjzandXxp =22 V,, which violates the de nition of x,. A similar argument shows
that x, 62V1. This however is a contradiction sincex, 2 [a;l Vi [ Vo: We have thus shown that
the imagef ([a; b)) is the entire interval [c; d].

Recall that a function f : D ! R is uniformly continuous, if

8>09 = ()>0; suchthat jf(x) f(yj<; 8x yj<;xy 2D:

One can show that any continuous functionf : [a;b]! R on a compact interval is also uniformly
continuous. The following is an example of a continuous funiion f : (0;1] ! R which is in fact
boundedbut not uniformly continuous:

f (x) :=sin(1=x); x 2 (0; 1] (4.1)
A function f : D! R is absolutely continuous if for any > 0, there exists = () > 0, such
that for any xi;y;i 2 D; xj <yi;i=1;:::;n:
X] - . . - X1 . .
Xi yij<  implies jfxi) flyi<:
i=1 i=1
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Notice the absolute continuity implies uniform continuity . It is however a strictly stronger property.
For example, the functiong: [0;1]! R,

xsin(1=x) ; x 2 (0;1]

g(x) := 0 =0 (4.2)

is uniformly continuous but not absolutely continuous.
The completeness and separability o€[0; 1] in the uniform metric

Consider a collection of functionsf, : D! R, D R. They are said to convergepointwise to
a limit function f :D ! R, if

nI!ilm fan(x)= f(x); forall x2 D:
The functions f, convergeuniformly to f, if the last convergence is validuniformly in x, that is:
8 >0, 9N =N; suchthat 8 2D; jf(x) fna(X)j ;n N;
where N does not depend orx, i.e. we have sup,p jf (x) fn(xX)j ; 8n N.

Examples:

1. Let fp(X) ;=1 x=n; x 2 R observe that f, converges pointwise tof (x) 1, but the
convergence is not uniform onR.

2. Observe that in the previous example the convergence is tfiorm on any bounded interval.

The next result considers the special case of the space of dowous functions on a compact
interval. Recall that such functions are necessarilyuniformly continuous.

Proposition 4.1  C[0; 1] equipped with 1 (f;g) := kf  gki :=supy,o.q7if (X)  9(x)j, is a com-
plete and separable metric space.

Proof: We will only show the completeness Let f, 2 C[0; 1] be a Cauchy sequence. Thus for
all > 0; existsN > 0; such that sup;p.17ifn(X) fm(x)j< ,forallnim N . Since

ifn(y) fm(y)i sup jfa(x) fm(x)j; foranyy 2 [O;1];
x2[0;1]

the real sequencd,(y); n = 1;2;:::is Cauchy. Hence, the sequence of functions convergesintwise
andf,(x)! f(x); n!1 ,forall x2[0;1].

It remains to show that this convergence is uniform and that the function f belongs toC[0; 1].
We will do so by using several lemmas which are of independerniterest.

P
bemma 4.1 Let g« 2 C[0;1] be such that + kakks < 1. Then, the series Gp(x) :=
r=1 Ok(x) is convergent, uniformly in x 2 [0; 1], that is,

kG, Gki = sup jGp(x) GX)j! ©0; asn!l ;
x2[0;1]

P
where G(x) := = Gk(X).
13



P P
Proof: The fact &:1 kokki < 1 implies that the seriesG(x) := i=1 ok (x) is convergent for
all x 2 [0;1]. Now, observe that for anyx 2 [0; 1], by the triangle inequality, we have

- - X - - X
JG(X)  Gn(x)j jok(X)j kgcks ! 0; asn!1l
k=n+1 k=n+1

The fact the the right{hand side of the last expression does ot depend onx implies the uniformity
of the convergence.

The next lemma shows that C[0; 1] is closedwith respect to uniform convergence.

Lemma 4.2 Letf, 2 C[0;1). If kf, fky ! O, n!1 then, f 2 C[0;1]

Proof: Let xp 2 [0;1] and > 0. Observe that

) Fxo)i J 1) fm()j+jfm(X) fm(xo)j+ifm(xo) f(xo)j 2k fmky +jfm(x) fm(xo)j:

Thus, pick su ciently large m so that kf,, fk; < =3. Fix m, and apply the continuity of f, to
conclude the proof.
We now return to the proof of the completeness of[0; 1]. Given a Cauchy sequencé, 2 C[0; 1],
we construct the following special sub{sequenceny, !1 . For any k 2 N, let ng be such that
Kfn., fncki  1=2% (4.3)

This can be done by using the de nition of a Cauchy sequence. b, observe that

Xk
fr (X)) = fr () +(fn(X)  fo X))+ +(Fn (X)) fn, (X)) = g (x);
j=1

where gj (x) := fn, (X) fPJj .(x) and g1(x) = fn,(X).
Notice that by (4.3), ; kgk< 1 and hence Lemma 4.1 implies thatkf,, fk; ! 0; as
k!l . Lemma 4.2 implies thatf 2 CJ[O;1].
We have thus shown that the subsequencé,, converges tof 2 C[0;1] in the uniform metric
1 . Now, let > 0O and observe that

Kin fki kfn foky +kin fky:

By using the fact that ff,gis a Cauchy sequence and the fact thakf,, fky ! 0, k!1l ,we
can make both terms in the RHS of the last inequality less than =2, for all su ciently large n's.
This concludes the proof of thecompletenessof C[0; 1].

The separability of C[0; 1] follows from the next result.

Theorem 4.2 (Weierstrass) For any f 2 C[0; 1], there exists a sequence of polynomials with real
coe cients pn(x):= anox" + an1x" 1+  + apn, such that

kf  pnki = sup jf(x) pa(x)j! 0O, asn!l
x2[0;1]

14



Di erentiable functions
Recall that f : (a;b) ! R is dierentiable at a point x 2 (a;b), if

fx+h) f)
J h

for somef{x) 2 R called the derivative of f at x. Observe that di erentiability at x implies
continuity. If f : (a;b ! R is said to be a dierentiable function if it is di erentiable for all
x 2 (a;b). The derivative f {x) of a di erentiable function need not be continuous. The function
f is said to be smooth or continuously di erentiable if its derivative f°: (a;) ! R is a continuous
function.

If f (x) has a local maxima (minima) at x and f {x) exists then necessarilyf {x) = 0.

fqx)j! 0, ash! O

Theorem 4.3 (the mean value theorem) Let f :[a;b! R be continuous and letf : (a;b) !
R be di erentiable. Then

f() f@=(b afY); forsome 2J[ah:

The proof and more details can be found in Ch. 5 of Rudin (1976) The above result implies that
if:

(i) fqx)=0forall x2 (a;b);thenf(x)=0; 8x 2 [a; 1.

(i) Tqx) Oforall x 2 (a;b); then f %.

(i) f4x) Oforallx2 (a;b);thenf &.

If f :(a;b)! R isn times continuously di erentiable in (‘a;b). For any x;xo 2 (a;b), we have
the Taylor formula:

F 00 = f(xo)+(x Xo)f Xxo)+ 0 x0)" 10 Dlxg)r (x x0)" H Dlxor (x o)

1
+
(n 1)
forsome = (x) 2 [0;1].

5 Riemann integration

We borrow this presentation from Ch. 6 of Rudin (1976).
Letf :[a;! R be abounded functionand let

a= Xg<X1< <Xn=bh; with Xxj:=x X 1

be apartition of the interval with diameter d(fxjg) := min; X;. The partition fy; gj’“:1 is said to
be are nement of fx;g if
fyigi, f Xigii;
in which cased(fy;jg) d(fx;g).
Introduce the lower and upper Darboux sums sums, corresporidg to f and a partition P =

fxig:

X X

L(P;f):= m; X; and L(P;f):= Mi Xi;

i=1 i=1

wherem; :=inf , | x x f(x)and M; :=sup,. , x « f(X).
15



Denijion 5.1  The bounded functionf :[a;l! R is said to be Riemann integrable with integral
— b ;
= Jf(x)dx, if
supL(P;f) =1 =in(5c u(Q:f);
P

where P and Q vary over the set of all partitions of the interval [ a; 4.

Equivalently, f is Riemann integrable if the Riemann sums

X
Sn(f igif)= (i) iy witharbitrary 2 [xi 1;X];
i=1

R
converge to a numberl := ;f (x)dx, as the diameter of the partition tends to zero: d(fx;g) ! O.
Observe that for any partition P = fx;g;
L(P;f)  Sa(figif) U(P;f);

and for any re nement Q of P i.e. P Q, we always have

L(P;f) L(Q:;f) U((Q;f) U(P;f):

This is so regardless of whether the bounded functiori is Riemann integrable or not.

Thus intuitively, we have that f is Riemann integrable if lower and upper Darboux sums have
a common limit, as the partitions become ner. Hence, the folowing criterion (see e.g. Th 6.6 in
Rudin (1976))

Theorem 5.1 The bounded functionf :[a;b! R is Riemann integrable i
8 >0 U(P;f) L(P;f)<;
for some partition P = fx;gL; of [a;h].

Consequently all continuous functions on &;l are Riemann integrable. Indeed, for example,
the continuity of f :[a;b! R implies its uniform continuity and hence, for all > 0, exist > 0,
such that jf (x) f(y)j<; 8x;y: jx yj< . Thus, for any partition P of diameter less than :

X
UP;f) L(P;f) Xi=(b a):
i=1

Similarly, one can show that all bounded functions with only nitely many points of discontinuity
are also integrable.

Riemann{Stieltjes integrals
Letnow :[a;h! R be a monotone non{decreasing. The de nition of the Riemann ntegral
of a boundedf : [a;b ! R extends as follows. For any partition,a = Xxg X3 Xn = b,
de ne the Darboux and Riemann sums forf with  x; replaced by ;= (X;) (Xi 1): If the
lower and upper sums converge as the diameter of the partitio tends to zero, we say thatf has a
Riemann{Stieltjes integral Z,

f(x)d (x):
° 16



For brevity, we use the notation f 2 R( ) and f 2 R if f is Riemann{Stielties or Riemann
integrable, respectively.
Ope can show that iff is monotone (increasing or decreasing) and bounded and is continuous,

then ;’f (x)d (x) exists. Also, iff and have ng.common points of discontinuity and the bounded
f has only nite number of discontinuities, then ;f (x)d (x) exists.

Examples and Properties:

P
1. Letp, Obesuchthat . p,< 1 anddene

n=1

h 3
(x) = pnl (X  1=n):

n=1
Then, for any continuous function f : [0;1]! R, we have

fd = f (1=n)pn:

0 n=1

2. Iff 2R( ), thenjfj2R ( ) and
Zy Zy
f(x)d (x) jF(id (x):
a a
3. (linearity) For any f1;f2 2 R( ) and a;; a2 2 R; we havea;f1 + axf2 2R ( ) and
Zy Zy Zy
a f1(x)d (x) + a . fa(x)d (x) = . (arf 1(x) + axf2(x))d (x):
4. (positivity) If f gandf,g 2R ( ), then
Zy Zy
f(x)d (x) g(x)d (x):
a a
5 ff 2R( 1)andf 2R ( 2),thenf 2R ( 1+ ), and
Zy Zy Zy
fO)d 1(x)+  f(x)d 2(x)= £x)d( 1(x)+ 2(x)):

a a a

For a di erentiable ‘fa;f! R,andanyf 2R( ), f 2R( )i f(x) 4x) 2 R, and in
addition
Zy Zy
f(x)d (x) = f(x) Yx)dx; (5.1)

a

(see e.g. Th. 6.17 in Rudin (1976).)
Change of variables
17



Let' :[A;B]! [a;b be a strictly increasing and continuous function which is ato (and hence
a bijection by monotonicity). Letalso f :[a;b]! R be such thatf 2 R ( ) for some non{decreasing
. Consider the change of variables

x="(y) and (y):= (" (y):

Then, for g(y) := f (" (y)) we haveg2 R( ) and
Zg Zy
g)d (y)=  f(x)d (x):
A a
In particular, with the choice (x) = x and (y) ="' (y) dierentiable with ' qy) 2 R, we have in
view of (5.1) that
fC ) dy= f(x)dx

" (a) a

Integration and di erentiation
Let f 2R, then f is also integrable on §; x] and one can consider
Z X
F(x):= f (u)du:

a

Then, F :[a;b! R is continuous and moreover, iff continuous at Xg, then F is di erentiable at
Xo With F{xg) = f (xo).
The fundamental Theorem of calculusstates that if f 2 R and for some di erentiable function
F:la;g! R,Fqx)= f(x); 8x 2 [a; 4, then
Zy
f(xX)dx = F(b) F(a):

a

The integration by parts formula
Let F and G be dierentiable on [a;H, and f(x) := Fqx) and g(x) = GY{x) be Riemann
integrable on [a; k. Then,

Zy Zy
f(X)G(x)dx = F(b)G(bh) F(a)G(a) g(x)F (x)dx:

a a

Improper integrals

6 Miscellanea

\The perfect is the enemy of the good" (Voltaire (1694 { 1778).

We collect here various results, identities and tricks often encountered in statistics. The list is
by no means exhaustive.

Little \o", Big \O" notation and asymptotic equivalence

18



Let f; g : R! R be two real functions. We write
f(x)= O(g(x)); asx! xq; iff(x)=g(x)! const asx! Xo:
Also, we write
f(x) = o(g(x)); asx! xp; iff(xX)=g(x)! 0, asx! Xo:

Herexp2 [1 ;1 ] can take the values 1
If f(x) = O(g(x)); x ! Xp, we say that f is of the same orderas g near xg and if f (x) =
o(g(x)); x! xp, we say thatf is of smaller order than g near Xg.

We write
f(x) g(x); asx! xq; iff(x)=gx)! 1, asx! Xo;

and say that f and g are asymptotically equivalentat xo.
Some examples:
In(x) = o(x ); x#0; forall > 0.
sin(x) = O(x); x! 0, and in fact sin(x) x; x! O.
f(x)=(x+1) X ; x> 0 for some 2 R. Then,
f(x)=o(x); x!'1 ; but f(x)=0O(x 1; x!1
Lgt f'(x) cx ; x!1 _ for some > 1 %1(1 assume thatf is Riemann integrable on any
nite interval. Then, the improper integral ~° f (u)du exists, and

Z,

f(udu Cx *!; asx!1l
X

Limit identities

Integral identities

7 Exercises

set; is also counted.

Hint: Consider all possible ordered sequences af zeros or ones. Use this construction to
represent subsets ofA.

2. LetA X; forall 2T, whereT is some non{empty index set. Show thede Morgan laws:

Xn[ A =\ 2T(X nA) and X n\ o7 A =[ 2T(X nA )Z

3. Construct an example of a mapf : X ! Y, such that f(A\ B) 6 f(A)\ f(B) for some
A;B X.
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10.

11.
12.

Let A;B X 6 ;. Show that:
. lave = lalp
. lapg =maxfla;lgg

a
b
C. lang =maxfly 1g;0g
d. Ixpa=1 la

e

A B=jla Igj
Where | o denotes the indicator function of the setA.

. Give arigorous proof of Proposition 1.1 by using the de nitions of operations with sets and

functions.

Hint: To prove A B show, take anya 2 A and show thata 2 B. To prove A = B, show
that A B and B A.

LetA, Anp:1; n=1;2;:::beamonotone increasing sequence of sets. Show that lim An
exists and that
nlli{n An = [ n2nAn:

Suppose thatA, Anp+1; n=1;2;:::;is monotone decreasingsequence of sets. Does it have
a limit? If yes, then identify it and express it in terms of the A,'s.

Let Ah; n 2 N be an arbitrary sequence of sets. Express the indicator funions of the sets
A =limsup(Ap) and A :=Iliminf( Ap) in terms of the indicator functions f,(x) := Ia,(X)
of the A,'s.

Consider the sequences of sets:

a. Ay:=( 1=n;1 1=n’]; n=1;2::.

b. Ay:=fcos(n)g[ ( L1;n=1;2::::

In each case, nd the setsA :=Ilimsup(A,) and A :=Iliminf( Ay).

Let Ap; n 2 N be a sequence oflisjoint setsi.e. Ah\ An = ;; 8m 6 n. Does the limit
limpy A, always exists? If yes, then identify it, if not, then construct a counterexample.

Let fxhngnon be a bounded above sequence of real numbers. Set:=Ilimsup x,. Let > 0
and consider the set
A =fx g[f xn : X <Xnpn<X + ¢
Identify the sets:
A =liminf Aoy and A :=limsup Aqz:
ki1 ki1

Prove that X, is a convergent sequence if and only if (2.1) holds.

Prove Theorem 2.1.
Hint: Use the method of Cantor.

20



13.

14.
15.

16.
17.

18.
19.
20.

Prove that any Cauchy sequence of real numbers is convezgt.

Hint: Show that it is bounded and that it can have only one limit point. Then apply the
Bolzano{Welierstrass theorem.

Prove the triangle inequality for the Hamming distance ce ned in (3.1).
Show that the setA = fsin(n) : n2 Ngis dense in [ 1;1].

Hint: Show rst that the set fa, := nmod2 : n 2 Ng is everywhere dense in [(2 ]. By
using the Bolzano{Weierstrass theorem, show rst thata,, ! ag 2 [0;2 ), for someap and
for some sequence ! 1 . Taking jan,, @an,,j < ; foranarbitrary xed > 0, show that
Nk, Nk,mod2 is less than . Conclude that the point O is also a limit point of the sequene
fangnan.

Now, take any > 0 and O<ap, < ,forsomem 2 N. Notice that one uses here the fact
that 2 is irrational to ensure that a,, > 0. Now, for an arbitrary a 2 [0;2 ); one has that
jakm @ < ,wherekissuchthatk 1<a= k. Conclude that the point a is also a limit

point of fang. Finally, use the uniform continuity of x 7! sin(x) on [0;2 ].

Use De nition 3.4 to Proposition 3.1.

a. Show that the function in (4.1) is continuous on (0; 1] but not uniformly continuous.
b. Show that the function in (4.2) is uniformly continuous but n ot absolutely continuous.

Hint: Consider the values of the functions at the pointsxy :=2=2k +1) ; k =1;2;:::.
Complete the proof of Lemma 4.2.
By using Theorem 4.2, prove thatC[0; 1] equipped with the uniform metric is separable.

(The Helly selection theorem) Let f,, : [0;1] ! [0;1]; n 2 N be a sequence of monotone,
non{decreasing functions.

a. Show that there exists a sub{sequenca&y !1 ; k!1 , such that for all x
f(x):= ||(i|r1n fn (X) exists. (7.0

That is the sub{sequence of functionsf,, converges pointwise for allx 2 [0; 1].

b. If the function in part a. is continuous, then show that the convergence in (7.1) is
necessarily uniform inx 2 [0; 1].

Hint: Prove rst that (7.1) holds for a countable dence subset of [01]. Then, focus on the
\jumps" of the limit f and show that they are at most countably many. In part b., use
monotonicity.
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