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Abstract

This paper studies the local structure of continuous random fields on Rd taking values
in a complete separable linear metric space V. Extending seminal work of Falconer,
we show that the generalized (1 + k)-th order increment tangent fields are self-similar
and almost everywhere intrinsically stationary in the sense of Matheron. These results
motivate the further study of the structure of V-valued intrinsic random functions of
order k (IRFk, k = 0, 1, . . . ). To this end, we focus on the special case where V is a
Hilbert space. Building on the work of Sasvari and Berschneider, we establish the
spectral characterization of all second order V-valued IRFk’s, extending the classical
Matheron theory. Using these results, we further characterize the class of Gaussian,
operator self-similar V-valued IRFk’s, generalizing results of Dobrushin and Didier,
Meerschaert and Pipiras, among others. These processes are the Hilbert-space-
valued versions of the general k-th order operator fractional Brownian fields and are
characterized by their self-similarity operator exponent as well as a finite trace class
operator valued spectral measure. We conclude with several examples motivating
future applications to probability and statistics.
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1 Introduction

The tangent process of a random field is the stochastic process obtained in the limit
of the suitably normalized increments of the random field at a fixed location. A pair of
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papers, Falconer (2002, 2003), discovered a remarkable property about the structure of
the tangent process. Briefly speaking, Falconer proved that the tangent processes must
be self-similar and have stationary increments (a.e.). The self-similarity of the tangent
field is not surprising, which is a consequence of scaling. It is akin to what is shown in
many limit theorems in the literature, such as those in the seminal work of Lamperti
(cf. Lamperti, 1962); see also Davydov and Paulauskas (2017) and a host of results on
(univariate and multivariate) regular variation in Gnedenko (1943); Meerschaert (1984);
Hult and Lindskog (2006). The property of stationary increments for the tangent process,
however, is less expected. The proof of this property in Falconer’s works involves a
remarkable Lebesgue-density argument and ideas from geometric measure theory (cf.
Falconer, 1986; Preiss, 1987).

The starting point of our paper is extending Falconer’s results in two directions.
Firstly, we consider generalized tangent processes obtained by taking local (1 + k)-th
order increments, k ≥ 0. This is necessary if one wants to study the local behavior of
many models arising in spatial statistics. Secondly, we consider random fields taking
values in a linear complete separable metric space V such as but not limited to a
separable Banach space. The resulting limit processes, will be referred to as k-th order
tangent processes. In Falconer (2002, 2003), k = 0 and V = R. The self-similarity
property continues to hold for k-th order tangent processes, where self-similarity is in
the sense of a general class of scaling actions, including operator scaling (cf. Meerschaert
and Scheffler, 2001), that commensurate with the generality of the state space V. To
establish the generalized stationary-increment property, we introduce a new proof
strategy based on the Lusin and Egorov theorems as well as some core ideas in Falconer
(2002, 2003).

Interestingly, the stationarity of the higher-order increments of the k-th order tan-
gent processes is related to the notion of intrinsic random functions of order k (IRFk)
introduced by Matheron (1973). In the special case of real-valued processes (V = R),
the classic results of Matheron as well as Gel’fand and Vilenkin (1964) lead to a concrete
formula for all possible covariance structures of the k-th order tangent fields. It involves
the local self-similarity exponent H ∈ (0, k + 1] and the local spectral measure σ. Such
results have been established by Dobrushin (1979) in the setting where the paths of the
stochastic processes are generalized functions, i.e., random elements in S ′(Rd) – the
topological dual of the Schwartz space S(Rd). Our study, motivated by applications to
spatial statistics and functional data analysis, considers random fields taking values in a
separable Hilbert space V. We follow the approach of Matheron rather than Dobrushin
and realize the notion of a higher-order increment by integrating the process against
signed measures with finite supports.

To this end, in Section 4, we develop an extension of Matheron’s theory to the case of
processes taking values in a separable Hilbert space V. Our theoretical development
for Hilbert-space-valued IRFk’s is of independent interest and builds on a large body of
existing although somewhat scattered work. With no intention to provide a complete
list, we refer to Bochner (1948) and Khintchine (1934) for Bochner’s theorem and Neeb
(1998) for extensions to general spaces; Cramér (1942) for the spectral representation
of stationary random fields; Matheron (1973), Sasvári (2009) for the existence of general
covariance of IRFk and its integral representation; Berschneider (2012) for the integral
representation of IRFk in an abstract space. A more comprehensive summary on this line
of literature can be found in Berschneider and Sasvári (2018). Our proofs in this regard
are contained in the extended version of this paper (Shen et al., 2020), which aims to be
self-contained and only uses arguments that are common in probability and statistics.

The developed theory is then utilized in Section 5 to characterize the covariance
structure of self-similar intrinsic random functions taking values in a separable Hilbert
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space. General linear operator scaling actions are considered as well as the classic
multiplication by a scalar. In particular, our results provide characterizations of Gaussian
operator self-similar IRFk’s, which can be viewed as infinite-dimensional versions of the
k-th order fractional Brownian fields. The 0-th order operator fractional Brownian fields
taking values in V = Rm have been the subject of active investigation and numerous
applications (see e.g. Mason and Xiao, 2001; Amblard and Coeurjolly, 2011; Kechagias
and Pipiras, 2015; Abry and Didier, 2018; Abry et al., 2019; Düker, 2020; Biermé
and Lacaux, 2020, and the references therein). Most if not all of the existing work,
however, focuses on random fields taking values in Rm. In this paper, we provide a first
comprehensive treatment of Hilbert space valued operator fractional Brownian fields
and their higher order stationary increment counterparts – the Gaussian IRFk’s. This
leads to infinite-dimensional extensions of seminal results due to Didier and Pipiras
(2011); Didier et al. (2017); Perrin et al. (2001) among others.

This paper also contributes to statistical research in several ways. Matheron’s
work on R-valued IRFk’s has had a substantial impact on the field of spatial statistics
(see e.g. the monographs of Stein, 1999; Chilès and Delfiner, 2012). Our extension of
the Matheron theory to the case of Hilbert-space-valued random fields provides novel
tools and framework for spatially dependent functional data analysis – an active area
in statistics (see, e.g., the monographs Ramsay and Silverman, 2005; Horváth and
Kokoszka, 2012; Hsing and Eubank, 2015, and references therein). Unfortunately, the
details of Matheron’s theory have been elusive to the broader community. Our work
and its extended version Shen et al. (2020) will be a useful resource for those who are
interested in learning those details and their novel generalizations. The self-similar IRFk
is itself a flexible model for spatial statistics. The self-similarity exponent operator H
and spectral measure σ, which now takes values in the space of positive trace-class
operators on V characterize the covariance structure. The pair (H, σ) may be object of
further modeling and inference in the context of in-fill asymptotics (cf. Stein, 1999). The
tangent process connection also provides guidance for building flexible random field
models with desired local properties.

The paper is organized as follows. Section 2 introduces a suitable topology on the
path space and scaling actions needed to define and study higher-order tangent fields.
In Section 3, we establish the main results on the structure of higher-order tangent
fields, namely their self-similarity and almost everywhere intrinsic stationarity. Section 4
develops the spectral theory for second-order stationary and intrinsically stationary
random fields taking values in a separable Hilbert space V. This treatment unifies and
extends results of Bochner, Cramér, Gelfand-Vilenkin, Matheron, Neeb, Sasvári, and
Berschneider. The covariance structure of the self-similar V-valued IRFk is characterized
in Section 5. General linear operator-scaling actions (Section 5.1) and the classic scalar
scaling actions (Section 5.3) are studied. Open problems, examples and connections to
the existing literature are presented in Section 5.2. Some technical proofs are relegated
to the Appendix. Further background and details are given in Shen et al. (2020).

2 Preliminaries

This section develops some tools that will be useful for the study of tangent fields.
We commence by defining some key spaces and operations.

For d = 1, 2, . . ., let Λ denote the collection of complex-valued measures on Rd

supported on finitely many points, i.e.,

λ(du) =

n∑
i=1

ciδti(du), (2.1)
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where n = 1, 2, . . . , ci ∈ C, ti ∈ Rd for all i, and δa is the Dirac measure at a. Without loss
of generality, we always assume the ti’s in the representation (2.1) to be distinct. In this
paper we will be concerned with functions defined on Λ or a subspace of Λ and take
values in some vector space V. A special case of that is

g(λ) :=

∫
gdλ ≡

n∑
i=1

cig(ti),

for any g : Rd 7→ V.
For any k ∈ N := {0, 1, 2, . . .}, a monomial of degree k on Rd is any function of the

form u = (u1, . . . , ud) 7→ uj11 · · ·u
jd
d , where j1, . . . , jd are non-negative integer powers such

that j1 + · · · + jd = k. More generally, a polynomial of degree k is any complex linear
combination of monomials of degree less than or equal to k with at least one non-zero
degree k term.

Definition 2.1. For any k = 0, 1, 2, . . ., let Λk be the class of λ ∈ Λ such that
∫
Rd
fdλ =

0 for polynomials f with degree deg(f) ≤ k. Thus, measures in Λk “annihilate” all
polynomials of degree up to k. We also let Λ−1 := Λ.

Next, we define two operations pertinent to the definition of tangent fields. As usual,
for any set B ⊂ Rd, c ∈ R and s ∈ Rd, let c ·B = {ct : t ∈ B} and s+B = B+ s = {s+ t :

t ∈ B}. Also, define the scaling and translation operations on Λ:

r · λ := λ(r−1·), r 6= 0, and s+ λ := λ(· − s), s ∈ Rd. (2.2)

Clearly, Λk is closed with respect to both of these operations.
Assume that the random elements considered in the paper take values in a complete

and separable metric linear space (V, dV) over C. Recall that (V, dV) is said to be
a metric linear space (cf. Rolewicz, 1985) if scalar multiplication and addition are
continuous with respect to dV. Namely, for all xn, yn, x, y ∈ V and cn, c ∈ C, such that
|cn − c|+ dV(xn, x) + dV(yn, y)→ 0, we have

dV(cnxn, cx)→ 0 and dV(xn + yn, x+ y)→ 0.

By the Birkhoff-Kakutani Theorem (cf. Theorem 1.1.1 of Rolewicz, 1985), without loss of
generality, we can and do assume that the metric dV is translation invariant, that is,

dV(x, y) = dV(x− y, 0) for any x, y ∈ V. (2.3)

A typical example of V in our applications is a separable Banach or even Hilbert space.
However, we do not restrict to only Banach spaces for now. We also assume throughout
that the following continuity condition holds: For any K > 0,

lim
δ→0

sup
|c|≤K,dV(x,0)<δ

dV(cx, 0)→ 0. (2.4)

Note that (2.4) readily holds if V is a normed space and dV is induced by the norm.

2.1 The spaces S(Λk,V) and S̆(Λk,V)

A function f from Λ to V is linear if f(c1λ1 + c2λ2) = c1f(λ1) + c2f(λ2), c1, c2 ∈
C, λ1, λ2 ∈ Λ. Denote by S(Λk,V) the set of all linear functions from Λk to V. In this
section, we focus on obtaining a representation of functions in S(Λk,V) in terms of
functions from Rd to V as well as a topological structure for a subspace of S(Λk,V).

Next we discuss the important notion of representation introduced by Matheron
(1973). A function f̆ : Rd 7→ V is said to be a representation of f ∈ S(Λk,V) if

f(λ) =

∫
f̆dλ, λ ∈ Λk. (2.5)
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Consider the following construction of a representation. Denote by mi, i = 1, . . . ,Mk :=(
k+d
k

)
all the monomials of degree less than or equal to k on Rd, where the ordering is

arbitrary. Define the RMk−valued function

b(t) := (m1(t), . . . ,mMk
(t))>, t ∈ Rd. (2.6)

Pick the points ti ∈ Rd, i = 1, . . . ,Mk, such that the Mk ×Mk matrix B := (b(t1), . . . ,

b(tMk
)) has full rank. Such points always exist. For instance, if d = 1 then B has full

rank for arbitrary distinct ti’s. However, for d > 1 some care is needed in selecting the ti
to ensure that B has full rank. For t ∈ Rd, define the measure

λt = δt − (δt1 , . . . , δtMk )B−1b(t), (2.7)

where, for any c = (c1, . . . , cMk
)> ∈ CMk , (δt1 , . . . , δtMk )c denotes the measure

∑Mk

j=1 cjδtj .
Below, for convenience, we adopt such matrix notation when there is no ambiguity. It
follows from (2.6) and (2.7) that(∫

m1dλt, . . . ,

∫
mMk

dλt

)>
= (I −BB−1)b(t) = 0,

and so λt ∈ Λk for all t. For any f ∈ S(Λk,V), consider

f̆(t) := f(λt). (2.8)

Note that λti = 0, the null measure, for all i. Thus,(
f̆(t1), . . . , f̆(tMk

)
)

= 0. (2.9)

Moreover, for λ ∈ Λk, by linearity,∫
f̆dλ = f

(
λ− (δt1 , . . . , δtMk )B−1b(λ)

)
= f(λ), (2.10)

since b(λ) = 0, and therefore (2.5) holds showing that f̆ is a representation of f .
Clearly, the function f̆ defined by (2.8) is not the only possible representation of f .

However, any two representations g1, g2 of f differ by a polynomial of degree k, since,
for all t,

0 =

∫
(g1 − g2)dλt = g1(t)− g2(t)− (g1(t1)− g2(t1), . . . , g1(tMk

)− g2(tMk
))B−1b(t).

(2.11)

The difference will not affect any of the results in this paper. Thus, from now on, we will
adhere to the representation f̆ defined by (2.8).

It follows from (2.9) and (2.10) that there is a one-to-one correspondence between
S(Λk,V) and S̆(Λk,V), where S̆(Λk,V) denotes the set of functions from Rd to V that
are equal to zero at each ti, i = 1, . . . ,Mk, where the isomorphism is determined by the
bijection

(J f)(t) = f(λt), f ∈ S(Λk,V),

(J−1f̆)(λ) =

∫
f̆dλ, f̆ ∈ S̆(Λk,V).

(2.12)

A linear function f ∈ S(Λk,V) is said to be continuous if its representation f̆ is a
continuous function from Rd to V. By (2.11), this property is “intrinsic” to f and does
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not depend on the representation. Let Sc(Λk,V) denote the subset of continuous linear
functions from Λk to V, and S̆c(Λk,V) the corresponding set of representations. The
mapping J in (2.12) continues to be an isomorphism between Sc(Λk,V) and S̆c(Λk,V).

We now proceed to define a topology on Sc(Λk,V) and S̆c(Λk,V). A convenient metric
on S̆c(Λk,V) is

ρ(f̆ , ğ) =
∑
n≥1

2−n
(

1− exp
{
− sup
‖t‖≤n

dV(f̆(t), ğ(t))
})
, (2.13)

where, as before, ‖ · ‖ denotes the Euclidean norm on Rd and dV denotes the metric on
V. Clearly, ρ metrizes the local uniform convergence topology, i.e., uniform convergence
on compact sets. We also have the following simple but important fact, proved in Section
A.1 in Appendix.

Lemma 2.2. The metric space (S̆c(Λk,V), ρ) is complete and separable.

Using the canonical bijection J , we define the corresponding metric on Sc(Λk,V)

as ρ(f, g) := ρ(J f,J g), for f, g ∈ Sc(Λk,V), where the same symbol ρ is adopted for
convenience. Again, by (2.3), (2.4) and (2.11), the topology so defined does not depend
on the particular representation used to define (S̆c(Λk,V), ρ). It follows that J is an
isometry and both (Sc(Λk,V), ρ) and (S̆c(Λk,V), ρ) are separable and complete. Thus,
weak convergence of probability measures on these spaces can be defined in the usual
manner (see, e.g., Billingsley, 1999). Specifically, by Prokhorov’s theorem, convergence
in distribution in (Sc(Λk,V), ρ) or equivalently (S̆c(Λk,V), ρ) is equivalent to the conver-
gence of the finite-dimensional distributions and tightness. The following result provides
a general criterion (see also Proposition 2.1 in Falconer, 2002).

Proposition 2.3. Let Xn, X be random elements in (Sc(Λk,V), ρ) and let X̆n = J (Xn)

and X̆ = J (X). Then Xn
d→ X in (Sc(Λk,V), ρ), or equivalently X̆n

d→ X̆ in (S̆c(Λk,V), ρ),
if and only if the following two conditions hold:

(i) For all m > 0 and s1, . . . , sm ∈ Rd,

(X̆n(s1), . . . , X̆n(sm))
d→ (X̆(s1), . . . , X̆(sm)). (2.14)

(ii) For every compact set K ⊂ Rd, X̆n is strongly stochastically equicontinuous on K,
namely, for all η, ε > 0, there exists δ > 0 such that

lim sup
n→∞

P

(
sup

‖s−t‖<δ, s,t∈K
dV(X̆n(s), X̆n(t)) > η

)
< ε.

Proof. Since (S̆c(Λk,V), ρ) is separable and complete, the result is a direct consequence
of Theorem 14.5 and Proposition 14.6 in Kallenberg (1997).

The convergence of the finite-dimensional distributions (2.14) is often easier to
establish, while the challenge is to prove tightness. The following result provides a
simple sufficient condition, which also implies the Hölder continuity of the limit. It is a
restatement of Corollary 14.9 in Kallenberg (1997).

Proposition 2.4. Suppose that X̆n, n ∈ N take values in (S̆c(Λk,V), ρ) and let the
sequence of random variables {X̆n(s0), n ∈ N} be tight, for some s0 ∈ Rd.

(i) If for some p > 0 and α > 0, and all M > 0, there exist CM <∞, such that

sup
n∈N

E[dV(X̆n(s), X̆n(t))p] ≤ CM‖s− t‖d+α, for all ‖s‖, ‖t‖ ≤M, s, t ∈ Rd,

then the laws of the processes {X̆n, n ∈ N} are tight in (S̆c(Λk,V), ρ).
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(ii) If, moreover, X̆n
d→ X̆, in (S̆c(Λk,V), ρ), then with probability one, X̆ has γ-Hölder

continuous paths, for all γ ∈ (0, α/p). That is, there is an event Ω∗, with P(Ω∗) = 1,
such that for all M > 0, we have

dV(X̆(s, ω), X̆(t, ω)) ≤ CM (ω)‖s− t‖γ , for all ‖s‖, ‖t‖ ≤M, ω ∈ Ω∗,

with some CM (ω) <∞.

Remark 2.5. By taking X̆n ≡ X̆ in Proposition 2.4, we recover an extension of the
well-known Kolmogorov-Chentsov path-regularity criterion. See also Theorem 2.23 in
Kallenberg (1997).

Remark 2.6. If k ≥ 0, recall that by (2.9), we have X̆n(ti) = 0, i = 1, · · · ,Mk. Thus,
in Proposition 2.4, one can trivially take s0 = t1 and the required tightness of the
random variables {X̆n(s0), n ∈ N} is immediate. This condition is non-trivial only when
k = −1 (the case of stationary processes) where by convention J is the identity and
S̆c(Λ−1,V) ≡ Sc(Λ−1,V).

The above moment-based criterion is used in Section 5.2 to furnish examples of
tangent processes.

2.2 Scaling actions

When considering limit theorems for V-valued processes, one may need to rescale
the process using an operator different from the usual scalar multiplication. This is
particularly relevant for the case where V is an infinite dimensional space of functions.
The next definition introduces the natural conditions that such rescaling operators in a
general metric space (X, dX) should possess. It is similar to the one considered in Hult
and Lindskog (2006) in their abstract treatment of regular variation. We will later focus
on the cases X = V and Sc(Λk,V).

Definition 2.7. Let (X, dX) be a general metric space. A family of (possibly non-linear)
operators Ta : X→ X, indexed by the multiplicative group R+ := (0,∞) is said to be a
scaling action on X if the following conditions hold:

(i) for all a1 > 0 and a2 > 0, we have Ta1
◦ Ta2

= Ta1a2
,

(ii) T1 is the identity, and Ta(0) = 0 for all a > 0,

(iii) {Ta} is continuous, i.e., dX(Tan(xn), Ta(x)) → 0, whenever an → a > 0 and
dX(xn, x)→ 0,

(iv) {Ta} is radially monotone, i.e., dX(Ta1
(x), 0) < dX(Ta2

(x), 0), for all 0 6= x ∈ X and
0 < a1 < a2, and

(v) dX(Ta(x), 0)→ 0 as a ↓ 0, for all x ∈ X.

The above definition readily implies that Ta, a > 0 are bijections and in particular
Ta(x) 6= 0 for all x 6= 0.

Remark 2.8. Property (v) in Definition 2.7 can be replaced by the equivalent condition
of

∞⋃
n=1

Tn(Br) = X for all r ∈ R+, (2.15)

where Br := {x ∈ X : dX(x, 0) < r} is the open ball centered at the origin with radius
r. To see the equivalence, first assume that (2.15) holds and, by (iv), verifying (v) then
amounts to showing that dX(T1/n(x), 0)→ 0 for all x ∈ X. For every r := ε > 0, however,
(2.15) entails that x ∈ Tn(Bε) for all sufficiently large n. By (i) and (ii), this implies that
T1/n(x) ∈ Bε, or dX(T1/n(x), 0) < ε, for all sufficiently large n. The converse argument
showing (v) implies (2.15) is similar.
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Many common examples of scaling operations readily satisfy the above conditions. For
instance, if X is a linear normed space, a natural scaling action is scalar multiplication
itself:

Ta(x) := a · x. (2.16)

More generally, the scalar multiplication is a scaling action if the underlying metric is
homogeneous, e.g., dX(a · x, a · y) = aγdX(x, y), γ > 0.

Observe that since T1 = I by property (ii), where I stands for the identity operator,
we have T−1

a = T1/a, a > 0 by property (i). Hence the mappings Ta are homeomorphisms
and map open (closed) sets to open (closed) sets. The radial monotonicity property (iv)
implies that T−1

a2
(Br) ⊂ T−1

a1
(Br), for all 0 < a1 < a2. This, since T−1

a = T1/a, entails

Ta1
(Br) ⊂ Ta2

(Br), for all 0 < a1 < a2. (2.17)

Note that the metric dX and the action need not be “compatible”, that is, dX(Ta(x), 0)

is in general not equal to a · dX(x, 0) and therefore, Ta(Br) is in general not Bar.

Remark 2.9. In the case where X is a Hilbert space and H : X→ X is a fixed bounded
linear operator, one can consider the action Tc(x) := cHx, x ∈ X for c > 0, where
cH := elog(c)H (see (5.1)). Lemma A.1 shows that cH is a scaling action in the sense of
Definition 2.7, under certain natural conditions on the operator H.

Limit theorems under linear operator scaling on X := Rm have been studied exten-
sively in the literature (see e.g. Meerschaert and Scheffler, 2001, and the references
therein and thereof). Such actions for a general separable Hilbert space X will be
considered in Section 5.1.

Given a scaling action {Ta, a ∈ R+} on the metric linear space (V, dV), it is natural
to consider its coordinate-wise extension on the space of V-valued functions S(Λk,V).
Namely, the action T̃a : Sc(Λk,V)→ Sc(Λk,V) is defined such that for all f ∈ Sc(Λk,V),
and any λ ∈ Λk

T̃a(f)(λ) = Ta(f(λ)). (2.18)

The following result shows that the coordinate-wise action is in fact a scaling action
on Sc(Λk,V). Its proof is given in Section A.1, below.

Lemma 2.10. For any scaling action {Ta, a ∈ R+} on (V, dV), the coordinate-wise action
{T̃a, a ∈ R+} in (2.18) is a scaling action on the linear space Sc(Λk,V) equipped with
the metric ρ in (2.13).

In view of Lemma 2.10, from now on we will use the same notation {Ta} for the
scaling action on V and its coordinate-wise extensions on Sc(Λk,V).

3 Tangent fields and their properties

Throughout this section, suppose that X = {X(λ), λ ∈ Λk} is a random element
in (Sc(Λk,V), ρ). That is, for some probability space (Ω,F ,P), we have that X : Ω →
Sc(Λk,V) is an F|B(Sc(Λk,V),ρ)-measurable map, where B(Sc(Λk,V),ρ) stands for the Borel
σ-field on Sc(Λk). For s ∈ Rd, λ ∈ Λk and r > 0, define

X(s, r · λ) = X(s+ r · λ), (3.1)

where s + r · λ is as defined in (2.2). An example of X(λ) is X(λ) :=
∫
Rd
X(u)λ(du) for

some random field X = {X(s), s ∈ Rd} with continuous sample paths. (Note that in fact
every X taking values in Sc(Λk,V) can be written as X(λ) :=

∫
Rd
X̆(u)λ(du), where X̆(u)
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is the representation of X as defined in Section 2.1. The integrand is unique up to an
additive polynomial of degree no greater than k.)

One can interpret X(s, r · λ) as a generalized (1 + k)-th order increment of X at
location s and scale r > 0, relative to λ. Indeed, consider for example the case d = 1 and
let λ(du) =

∑k+1
j=0

(
k+1
j

)
(−1)jδ{j}(du). Then, for s ∈ R and r > 0,

X(s, r · λ) =

k+1∑
j=0

(
k + 1

j

)
(−1)jX(s+ rj) = ∆k+1

r X(s),

where ∆rX(s) := X(s + r) −X(s) and ∆k+1
r X(s) := ∆r(∆

k
rX(·))(s), k = 0, 1, . . . is the

usual (1 + k)-th order regular difference operator.
Thus, considering the process X as a function of (s + r · λ), for all (any) signed

measures λ ∈ Λk effectively amounts to zooming in on its (1 + k)th order increments at
location s and scale r > 0. By letting r ↓ 0, one can examine the local behavior of X and
arrive at (generalized) tangent fields as detailed next. This indeed extends the setting
of Falconer (2002) who focused on V = R, k = 0, and studied the increment process
X(s+ rt)−X(s) ≡ X(s+ r · tλ), t ∈ R.

One of the goals of the paper is to study the asymptotic behavior of the generalized
increments X(s, r ·λ) as r ↓ 0 for fixed s ∈ Rd, where r ·λ is as in (2.2). The normalization
of the asymptotics will be facilitated by scaling actions Ts = {Ts,a, a > 0} as described by
the next definition. In this context, we use that the process

{
Ts,c(s,r)(X(s, r · λ)), λ ∈ Λk

}
is a random element in Sc(Λk,V) for all s, r, which is easy to verify by (3.1) and the
continuity of the scaling action. This remark applies to similar situations below and will
not be repeated.

Definition 3.1. Let s ∈ Rd. A random process Ys = {Ys(λ), λ ∈ Λk} ∈ Sc(Λk,V) is said
to be a k-th order tangent field (or tangent process) to X at s based on the scaling action
Ts = {Ts,a, a > 0}, if it is non-zero and for some normalizing function c(s, r) > 0, we have{

Ts,c(s,r)(X(s, r · λ)), λ ∈ Λk
} d−→ {Ys(λ), λ ∈ Λk}, as r ↓ 0, (3.2)

where the convergence in distribution takes place in (Sc(Λk,V), ρ).

The role of the function c(s, r) is to provide flexibility in the choice of normalization
without having to change the scaling action. For example, in the special setting V =

R, k = 0 with the simple scalar scaling action Ts,a(x) ≡ Ta(x) = a · x, and λ replaced by
λt(dx) := δ{t}(dx)− δ{0}(dx), Relation (3.2) implies

{c(s, r)(X(s+ rt)−X(s)), t ∈ R} d−→ {Ys(λt), t ∈ R}, as r ↓ 0.

This recovers the classic setting, of tangent processes, where c(s, r) plays the role of a
normalizing constant. In this case, Falconer (2002) showed that tangent fields must be
self-similar and have stationary increments. In the following two subsections, we extend
Falconer’s results to the general setting of this paper.

3.1 Tangent fields are self-similar

Self-similarity is a distributional invariance phenomenon, which is ubiquitous in the
study of stochastic process limit theory. Recall that a real-valued stochastic process
ξ = {ξ(t), t ∈ Rd} is said to be self-similar with self-similarity exponent H > 0, if for

all r > 0, we have {ξ(rt), t ∈ Rd} fdd= {rHξ(t), t ∈ Rd}, where
fdd
= means equality of all

finite-dimensional distributions. For V-valued processes, we have the following natural
extension of the notion of self-similarity.
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Definition 3.2. An V-valued stochastic process ξ = {ξ(λ), λ ∈ Λk} is said to be self-
similar relative to the scaling action {Ta} if for some α ∈ R, we have

{ξ(r · λ), λ ∈ Λk}
fdd
= {Trα(ξ(λ)), λ ∈ Λk}, for all r > 0. (3.3)

Remark 3.3. The above definition views ξ in the wide sense as a measurable map
ξ : Ω → VΛk , where VΛk is equipped with the product σ-field BVΛk generated by
the class C all finite-dimensional cylinder sets C := {x ∈ VΛk : x(λi) ∈ Bi, i =

1, · · · ,m}, Bi ∈ B(V,dV), λi ∈ Λk, i = 1, · · · ,m, m ∈ N. When the paths of ξ are contin-
uous, i.e., ξ is a random element in (Sc(Λk,V), ρ), it can be shown that the equality of

the finite-dimensional distributions “
fdd
= ” in (3.3) is equivalent to equality in distribution

“
d
=” between Sc(Λk,V)-valued random elements. Indeed, firstly, all finite-dimensional

projections πλ1,··· ,λm : Sc(Λk,V) → Vm, m ∈ N for λi ∈ Λk, i = 1, · · · ,m are continu-
ous and hence B(Sc(Λk,V),ρ)-measurable. Since BVΛk is the minimal σ-filed making all
such projections measurable, we obtain that Sc(Λk,V) ∩ BVΛk ⊂ B(Sc(Λk,V),ρ), where

Sc(Λk,V) ∩ BVΛk = {Sc(Λk,V) ∩B : B ∈ BVΛk }. This shows that “
d
=” implies “

fdd
= ”. On

the other hand, the fact that (Sc(Λk,V), ρ) is second-countable, entails that B(Sc(Λk,V),ρ)

is generated by the class of all closed balls, for example. Since each such ball is a
countable intersection of cylinder sets (e.g., as in the proof of Proposition 12.2.2 in
Dudley, 2002) it follows that the Borel σ-field B(Sc(Λk,V),ρ) is determined by the π-system
C of all finite-dimensional cylinder sets (restricted to Sc(Λk,V)). Thus, appealing to the

π-λ Theorem, we see that “
fdd
= ” implies also “

d
=”.

The seminal work of Lamperti (1962) shows that all non-trivial large-scale limits of
stochastically continuous processes are self-similar. From this perspective, it is expected
that tangent fields (as small-scale limits) be self-similar. Falconer (2002, 2003) has shown
that this is indeed the case for k = 0. The next result addresses the general case of k-th
order tangent fields of V-valued processes.

Theorem 3.4. Assume that, for some location s ∈ Rd, {Ys(λ), λ ∈ Λk} is a k-th order
tangent field to X at s with respect to the scaling action Ts. That is, Relation (3.2) holds
for some c(s, r).

(i) Then, for all r > 0, we have

{Ys(r · λ), λ ∈ Λk}
d
= {Trα(s)Ys(λ), λ ∈ Λk}, (3.4)

where α(s) > 0 is some positive constant. We have, moreover, that

c(s, r) = r−α(s)`s(r), (3.5)

where `s(r) is a slowly varying function at 0, i.e., for every fixed h > 0, `s(hr)/`s(r)→
1, r ↓ 0.

(ii) The tangent process is unique up to rescaling. That is, if (3.2) also holds with c(s, r)
and Ys = {Ys(λ)} replaced by c̃(s, r) and Ỹs = {Ỹs(λ)}, respectively, then we have

lim
r↓0

c̃(s, r)

c(s, r)
= a ∈ (0,∞) and Ỹs

d
= Ts,a(Ys). (3.6)

Remark 3.5. Relations (3.4) and (3.5) show that the normalization used to define a
tangent field may differ from the scaling action that characterizes the self-similarity of
the tangent field by a slowly varying factor, which cannot be dropped in general. This
is akin to the fundamental role of slowly varying functions in the normalization of the
partial sums in the non-Gaussian Central Limit Theorem.
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Proof of Theorem 3.4: Proof of part (i). For all fixed h > 0, by (3.2), as r ↓ 0, we have

ξ̃r :=
{
Ts,c(s,r)(X(s, (hr) · λ)), λ ∈ Λk

} d−→ ξ̃ := {Ys(h · λ), λ ∈ Λk} .

On the other hand, as r ↓ 0,

ξr :=
{
Ts,c(s,hr)(X(s, (hr) · λ)), λ ∈ Λk

} d−→ ξ := {Ys(λ), λ ∈ Λk} .

By assumption both ξ and ξ̃ are non-zero. Observe that

Ts,c(s,r)(X(s, (hr) · λ)) = T
s,

c(s,r)
c(s,hr)

◦ Ts,c(s,hr)(X(s, (hr) · λ))

and hence

T
s,

c(s,r)
c(s,hr)

(ξr) = ξ̃r
d→ ξ̃.

Applying Lemma A.6 (with X := Sc(Λk,V) – recall Lemma 2.10) gives

c(s, r)

c(s, hr)
→ a(s, h), as r ↓ 0, (3.7)

for some positive a(s, h) > 0. We have, moreover, ξ̃
d
= Ts,a(s,h)(ξ), which reads

{Ys(h · λ), λ ∈ Λk}
d
=
{
Ts,a(s,h)(Ys(λ)), λ ∈ Λk

}
. (3.8)

We will next show that a(s, h) = hα(s), for some α(s) > 0. First, Relation (3.8) readily
implies that for all h1 > 0 and h2 > 0

a(s, h1h2) = a(s, h1)a(s, h2). (3.9)

Indeed, by (3.8),

{Ts,a(s,h1h2)(Ys(λ))} d
= {Ys((h1h2) · λ)} d

= {Ts,a(s,h1)(Ys(h2 · λ))}
d
= {Ts,a(s,h1) ◦ Ts,a(s,h2)(Ys(λ))} = {Ts,a(s,h1)a(s,h2)(Ys(λ))}.

Since Ys is nonzero, the last relation implies (3.9) by (i) of Lemma A.6.
The function a(s, h) is also continuous in h ∈ (0,∞). Indeed, for any sequence hn → h,

hn, h ∈ (0,∞), by Lemma A.7 (applied with Xn := Ys, vn := 0, and rn := hn), we have

{Ys(hn · λ)} d→ {Ys(h · λ)}. Therefore, by (3.8),

{Ts,a(s,hn)(Ys(λ))} d
= {Ys(hn · λ)} d−→ {Ys(h · λ)} d

= {Ts,a(s,h)(Ys(λ))}. (3.10)

Since Ys is nonzero, applying (ii) of Lemma A.6, we obtain

a(s, hn)→ a(s, h), (3.11)

which shows the desired continuity.
Combining (3.9), (3.11), the continuity of a(s, ·) and the fact that, trivially, a(s, 1) = 1,

it is straightforward to conclude that a(s, h) = hα(s), h > 0, for some α(s) ∈ (−∞,∞),
which is a special example of Cauchy’s functional equation (cf. Theorem 5.2.1 of Kuczma,
2009).

We will show next that a(s, hn) → 0 as hn ↓ 0, which necessarily implies α(s) > 0.

Indeed, with h = 0, (3.10) implies that {Ts,a(s,hn)(Ys(λ))} d→ 0 = {Ys(0 · λ)}, as n → ∞.
This, by (iii) of Lemma A.6, yields a(s, hn)→ 0.
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To conclude the proof of part (i), letting c(s, r) =: r−α(s)`s(r), we see from Equation
(3.7) that, for all h > 0, `s(r)/`s(hr) → 1, as r ↓ 0, which shows `s is a slowly varying
function at 0.

Proof of part (ii). Assume now that in addition to (3.2), we have

η̃r := {Ts,c̃(s,r)(X(s, r · λ)), λ ∈ Λk}
d−→ Ỹs = {Ỹs(λ), λ ∈ Λk},

as r ↓ 0. By the properties of the scaling action, with ηr := {Ts,c(s,r)(X(s, r · λ)), λ ∈ Λk},
we have

η̃r = T
s,
c̃(s,r)
c(s,r)

(ηr)
d−→ Ỹs, as r ↓ 0.

On the other hand, Relation (3.2) reads ηr
d→ Ys, as r ↓ 0. Since both limits Ỹs and Ys are

non-zero, Lemma A.6 entails c̃(s, r)/c(s, r)→ a > 0 and Ts,a(Ys)
d
= Ỹs, which proves (3.6),

i.e., the essential uniqueness of the tangent process.

�

3.2 Tangent fields are intrinsically stationary

One of the key results in Falconer (2002) is that (almost all) tangent fields have
stationary increments (cf. Theorem 3.6 therein). The proof of that is based on a delicate
measure-theoretic argument. Below, we show that this phenomenon extends to higher
order tangent fields to processes taking values in a linear separable metric space V.

Let (3.2) hold and let

Fn(s) := Law of
{
Ts,c(s,1/n)X (s, (1/n) · λ) , λ ∈ Λk

}
(3.12)

be the probability distribution of the rescaled version of {X(s, λ), λ ∈ Λk} in (Sc(Λk,V), ρ).
Similarly, let

G(s) := Law of {Ys(λ), λ ∈ Λk} . (3.13)

In this notation, the convergence in (3.2) (with r := 1/n) is simply

Fn(s)
w−→ G(s), n→∞, (3.14)

where ‘
w→’ denotes the weak convergence of probability measures. An important result

that will be utilized below is Proposition 3.9 in the Appendix. In that regard, we first
equip the space P(Sc(Λk,V), ρ) of probability measures on (Sc(Λk,V), ρ) with a separable
metric that metrizes the weak convergence (3.14). Since (Sc(Λk,V), ρ) is complete and
separable, a suitable metric is dLP, the Lévy-Prokhorov distance (cf. Theorem 6.8 of
Billingsley, 1999). Thus, (3.14) can be re-expressed as

Fn(s)→ G(s) in (P(Sc(Λk,V), ρ), dLP), (3.15)

namely, dLP(Fn(s), G(s))→ 0.

Definition 3.6. A process Y = {Y (λ), λ ∈ Λk} is said to be strictly intrinsically stationary
if

{Y (w + λ), λ ∈ Λk}
fdd
= {Y (λ), λ ∈ Λk}, for all w ∈ Rd.

Note that this is different from the usual notion of weak or second-order intrinsic
stationarity in the literature (cf. Sasvári, 2009). The latter is the topic of Section 4.
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Remark 3.7. Observe that the notion of strict intrinsic stationarity like that of self-
similarity in (3.3) is stated in greater generality using equality in the sense of finite-
dimensional distributions. As discussed in Remark 3.3, when the processes therein take
values in the path space Sc(Rd,V), the equality of the finite-dimensional distributions is
equivalent to that of the probability distributions of the processes. In the next result, the
processes are understood as random elements in Sc(Rd,V).

Theorem 3.8. Let B be a Borel set of Rd. Assume that X = {X(λ), λ ∈ Λk} is a random
element in Sc(Rd,V) and it has a k-th order tangent field Ys = {Ys(λ), λ ∈ Λk} at every
s ∈ B in the sense of Definition 3.1. Also assume that for any r, the normalization c(s, r)
is Borel measurable in s, and for any s and any sequence wn → w ∈ Rd,

Tsn,c(sn,1/n) ◦ T−1
s,c(s,1/n) → I, (3.16)

where I is the identity operator and sn := s+n−1wn. Then, there exists a set U with zero
Lebesgue measure such that for all s ∈ B \ U , the tangent field Ys is strictly intrinsically
stationary. That is, at almost all locations s, tangent fields are strictly intrinsically
stationary.

The proof of this result uses the following proposition established in Section A.2
below.

Proposition 3.9. Let B ⊂ Rd be a Borel set with finite Lebesgue measure Leb(B) <∞.
Suppose that Fn : B → E is a sequence of Borel measurable functions into the separable
metric space (E, ρE) such that

Fn(s) −→
n→∞

G(s), for almost all s ∈ B.

Then, for every ε > 0, there exists a compact set Kε ⊂ B, such that Leb(B \Kε) < ε,
the function G being continuous on Kε, and

Fn(sn)→ G(s), whenever sn → s, for sn, s ∈ Kε. (3.17)

Proof of Theorem 3.8: By the σ-additivity of the Lebesgue measure on Rd, it suffices
to establish the result for the case Leb(B) <∞.

The assumption implies that (3.15) holds for all s ∈ B. The continuity of X and
the Borel-measurability of s 7→ c(s, 1/n) entail that s 7→ Fn(s) is a sequence of Borel
measurable functions in (E, ρE) := (P(Sc(Λk,V), ρ), dLP). Therefore, the assumptions
of Proposition 3.9 are fulfilled and for any ε > 0, there is a compact set Kε ⊂ B with
Leb(B \Kε) < ε such that Fn(sn)→ G(s) so long as sn, s ∈ Kε and sn → s.

It follows from Lebesgue’s density theorem that there is a subset K ′ε of Kε on which
the Lebesgue density is equal to 1 and Leb(Kε \ K ′ε) = 0. By Lemma 3.5 of Falconer
(2002), for any s ∈ K ′ε and w ∈ Rd, there exists a sequence wn such that wn → w and
sn := s+ wn/n ∈ Kε. Thus, for any s ∈ K ′ε, Fn(sn)→ G(s) as n→∞ or, equivalently,

ξn :=
{
Tsn,c(sn,1/n)(X(sn, (1/n) · λ)), λ ∈ Λk

} d−→ ξ := {Ys(λ), λ ∈ Λk}, (3.18)

On the other hand, we have

ξn =
{
Tsn,c(sn,1/n)(X(sn, (1/n) · λ), λ ∈ Λk

}
=
{
Tsn,c(sn,1/n) ◦ T−1

s,c(s,1/n) ◦ Ts,c(s,1/n)(X(sn, (1/n) · λ)), λ ∈ Λk

}
=
{
Tsn,c(sn,1/n) ◦ T−1

s,c(s,1/n) ◦ Ts,c(s,1/n)(X(s, (1/n) · (wn + λ))), λ ∈ Λk

}
.

(3.19)
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Since by (3.16), we have Tsn,c(sn,1/n) ◦ T−1
s,c(s,1/n) → I, Lemma A.7 implies

ξn
d−→ ξ̃ := {Ys(w + λ), λ ∈ Λk}, (3.20)

which implies that ξ
d
= ξ̃.

Finally, we take U := ∩∞k=1(B \K ′1/n), which is a set with measure 0. This concludes
the proof. �

We make next an important observation that Condition (3.16) holds automatically
in the case when the scaling actions Ts,c can be expressed through a single scaling
action independent of the location s. This is the case in particular for the usual scalar
multiplication actions (2.16) considered for example in (cf. Falconer, 2002).

Corollary 3.10. Assume the conditions of Theorem 3.8. If the scaling action does not
depend on location, i.e., Ts,c(s,r) = Tc(s,r), c > 0, then Condition (3.16) always holds.

The proof is given in Section A.3. We conclude this section with several remarks.

Remark 3.11. The null set U in Theorem 3.8 cannot be dropped in general. While all
tangent fields are self-similar, not all of them are intrinsically stationary. Indeed, one can
consider the simple example X(t) = ‖t‖HZ, t ∈ Rd, where Z is a fixed random variable
and H > 0. Consider the usual scalar multiplication action and observe that with s := 0,
and λ =

∑
i ciδti ∈ Λk, for all r > 0, we have

X(s+ r · λ) =
∑
i

ciX(rti) = rH
∑
i

ciX(ti) = rHX(s+ λ).

That is, X is its own tangent field at s = 0 for all k ≥ 0. Note that X is not intrinsically
stationary if H 6∈ N.

Remark 3.12. Notice that Λk2
⊂ Λk1

for all 0 ≤ k1 < k2. Therefore, all k1-order tangent
fields are also k2-order tangent fields. Specifically, if (3.2) holds with k = k1, then it also
holds with k2.

Remark 3.13. As in Falconer (2002), we focus here on random fields with continuous
paths. One can study the structure of generalized tangent fields for processes with
discontinuous paths and potentially extend the results in Falconer (2003) which focus
on the space of càdlág functions equipped with the Skorokhod J1-topology. The key
challenge is coming up with a suitable topology on the path-space in question which
is separable and complete. Provided that this is the case, we believe that versions of
Theorems 3.4 and 3.8 will continue to hold.

Remark 3.14. In principle, in the definition of the tangent field (3.2) one could apply a
general scaling action on both the domain Rd of the stochastic process as well as on its
range V. In this case, we anticipate that an analog of Theorem 3.4 will hold, where the
limits are scale-invariant processes similar to the ones studied in Biermé et al. (2007);
Didier et al. (2017). Here, for simplicity, we chose to apply a general scaling action only
on the range of the process and retain the usual rescaling by scalars in the domain Rd.

4 Spectral theory for Hilbert space valued IRFk’s

In this section, we develop the general correlation theory for stationary and intrinsi-
cally stationary processes taking values in a separable Hilbert space V over C equipped
with the inner product 〈·, ·〉. In the following section, we present a generalization of the
celebrated Bochner Theorem and then in Section 4.2, we extend the Matheron spectral
characterization to the class of V-valued intrinsic random functions. The applications of
these results to the characterization of Gaussian V-valued stationary and intrinsically
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stationary processes requires us to carefully consider both real and complex Hilbert
spaces (discussed in Section 4.3).

Throughout this paper, a random element X in V is said to have mean zero and finite
variance, together referred to as second order, if E[X] = 0 and E[‖X‖2] <∞, where, for
definiteness, all expectations here are defined in the Bochner sense (see Section S.2.1 in
Shen et al., 2020). A process is said to be second order if each element is second order.

Denote by T the collection of trace-class operators on V. That is, linear operators
T : V→ V, with finite trace norm:

‖T ‖tr =

∞∑
j=1

〈(T ∗T )1/2ej , ej〉,

where {ej} is an arbitrary complete orthonormal system (CONS) on V, and where T ∗
denotes the adjoint operator of T . One can show that the trace norm does not depend
on the choice of the CONS and the space T equipped with the trace norm is a Banach
space (cf. Simon, 2015).

Recall that T is self-adjoint if T = T ∗. Also T is positive definite (or just positive),
denoted T ≥ 0, if T is self-adjoint and 〈f, T f〉 ≥ 0, for all f ∈ V. The class of positive
and trace-class operators will be denoted by T+.

4.1 The Bochner Theorem

The aim of this subsection is to review the basic properties of second order covariance-
stationary processes on Rd taking values in the separable Hilbert space V over C. We
start with the important notion of positive definiteness.

Definition 4.1. A collection of operators {K(t), t ∈ Rd} on the complex Hilbert space V
is said to be positive definite in the weak sense if for all cj ∈ C, tj ∈ Rd, j = 1, · · · , n, we
have

n∑
j=1

n∑
j′=1

cjcj′K(tj − tj′) ≥ 0 (operator positivity). (4.1)

The classical Bochner’s Theorem (cf. Bochner, 1948; Khintchine, 1934) which con-
nects the space of positive-definite functions with range in C and finite positive measures
has provided a fundamental tool for constructing useful models for stationary random
fields. Below we state an extension of that for the infinite-dimensional setting. To do so
we need the notion of integration with respect to a T+-valued measure.

We say that µ : B(Rd) 7→ T+ is a T+-valued measure if µ is σ-additive, where B(Rd)

denotes the σ-field of Borel sets in Rd. Note that a fortiori µ(∅) = 0 and µ is finite in the
sense that 0 ≤ µ(B) ≤ µ(Rd) ∈ T+, B ∈ B(Rd) as positive operators. Integration of a
C-valued measurable function with respect to such µ can be defined along the line of
Lebesgue integration; see Section A.4.

Theorem 4.2. Let {K(t), t ∈ Rd} ⊂ T be a positive-definite set of trace-class operators in
the sense of Definition 4.1. IfK is continuous at 0 in the trace norm, i.e., ‖K(t)−K(0)‖tr →
0, as t→ 0, then there exists a unique finite T+-valued measure µ such that

K(t) =

∫
Rd
eit
>xµ(dx), for all t ∈ Rd. (4.2)

Conversely, for every finite T+-valued measure µ, Relation (4.2) yields a positive-definite
set of trace class operators.

We note that Theorem 4.2 or variations of it have been mentioned in the literature.
See, for instance, Kallianpur and Mandrekar (1971), Holmes (1979), Neeb (1998),
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Durand and Roueff (2020) and van Delft and Eichler (2020). In Section S.4.1 of Shen
et al. (2020), we provide a detailed proof that uses standard arguments familiar to the
readers in the statistics and probability community.

Both Neeb (1998) and van Delft and Eichler (2020) present Bochner’s Theorem in
terms of the following natural but stronger version of positivity.

Definition 4.3. A collection of operators {K(t), t ∈ Rd} on V is said to be completely
positive definite, or just positive definite, if

n∑
j=1

n∑
j′=1

〈fj ,K(tj − tj′)fj′〉 ≥ 0, (4.3)

for all fj ∈ V, tj ∈ Rd, j = 1, · · · , n and n ∈ N.

Definition 4.3 simply means that the matrices (K(tj − tj′))n×n with operator T-valued
entries are self-adjoint positive definite operators on the product Hilbert space Vn.
For more mathematical insight into this condition, see abstract literature on Hilbert
C∗-modules, e.g., Murphy (1997) and Pellonpää and Ylinen (2011). Clearly (4.3) implies
(4.1). However, observe that for every finite T+-valued measure µ, Relation (4.2) defines
a completely positive definite kernel K(·). This entails the following curious result,
already noted in Durand and Roueff (2020).

Corollary 4.4. Let K : Rd → T be continuous at 0 in ‖ · ‖tr. The collection of operators
{K(t), t ∈ Rd} is positive definite in the sense of Definition 4.1 if and only if it is
completely positive definite in the sense of Definition 4.3.

Let now {X(t), t ∈ Rd} be a V-valued, second order random field. The cross covari-
ance operator for X is then well-defined as

CX(s, t) := E[X(s)⊗X(t)], s, t ∈ Rd,

and takes values in the space of trace-class operators T equipped with the trace norm
(see e.g., Lemma S.2.2 in Shen et al., 2020). The latter expectation is understood to be
defined in the sense of Bochner integral in the separable Banach space (T, ‖ · ‖tr), and
for f, g ∈ V, the outer product operator is by definition (f ⊗ g)h := 〈h, g〉f . Observe that
CX(t, t) is positive definite, and

CX(s, t) = C∗X(t, s), for all s, t ∈ Rd.

The process X is said to be mean-square or L2-continuous if

E‖X(s)−X(t)‖2 → 0 as s→ t, for all t ∈ Rd. (4.4)

It is easy to see (e.g., Section S.2.2 or Proposition S.2.3 in Shen et al., 2020) that X is
mean-square continuous if and only if ‖CX(s′, t′)− CX(t, t)‖tr → 0 as (s′, t′)→ (t, t).

Definition 4.5. A process X is said to be weakly or covariance-stationary if it is second
order and its cross covariance is shift invariant, i.e.,

KX(h) := CX(s, s+ h), for all h ∈ Rd,

does not depend on s ∈ Rd. The function KX(h), h ∈ Rd, will be referred to as the
stationary covariance function of X.

Observe that every stationary covariance function KX is positive definite in the sense
of (4.3) (and hence (4.1)). Also, the L2-continuity of a stationary process is equivalent to
the continuity of its stationary covariance function at 0. Thus, the characterization in
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Theorem 4.2 readily holds for the stationary covariance of a stationary process that is
L2-continuous.

We conclude this section with a version of the classical Cramér stochastic repre-
sentation of stationary Hilbert-space-valued random fields. Recall that, for V = C, the
well-known integral representation (cf. Cramér, 1942) of a covariance stationary random
process X on Rd states that

X(t) =

∫
Rd
eit
>xξ(dx), almost surely, t ∈ Rd, (4.5)

where ξ is a second-order random measure with orthogonal increments. To extend
this result to a general V, we first have to define integration with respect to a random
measure with orthogonal increments in that setting. This is done in Section A.4 of
Appendix. Here, we only give the main ideas.

Let L2(Ω) be the L2 space of all V-valued random elements η on the probability space
(Ω,F ,P) with E[‖η‖2] <∞, equipped with the inner product

〈η1, η2〉Ω := E〈η1, η2〉.

Definition 4.6. Let µ be a T+-valued measure on B(Rd). A second-order stochastic
process ξ = {ξ(A), A ∈ B(Rd)} ⊂ L2(Ω) indexed by the Borel sets is said to be a V-valued
orthogonal random measure on Rd with control measure µ if the following conditions
hold:

(i) E[‖ξ(An)‖2]→ 0 if µ(An)→ 0,

(ii) µ(A ∩ B) = E[ξ(A) ⊗ ξ(B)], for all A, B ∈ B(Rd), where the expectation is in the
sense of Bochner on (T, ‖ · ‖tr).

It is straightforward to see that (ii) implies for disjoint A and B, that ξ(A ∪ B) =

ξ(A) + ξ(B), almost surely, so that ξ is in fact an additive set-function. This, combined
with the continuity property (i), yields the σ-additivity of ξ (for more details, see Section
A.4).

For a simple function f(t) =
∑n
i=1 ciIAi(t), with ci ∈ C and pairwise disjoint Ai’s, we

naturally define Iξ(f) :=
∫
Rd
f(t)ξ(dt) :=

∑n
i=1 ciξ(Ai). Letting ‖µ‖tr(A) := ‖µ(A)‖tr be

the trace measure of µ, we see that

E[‖Iξ(f)‖2] =

n∑
i=1

|ci|2E‖ξ(Ai)‖2 =

∫
Rd
|f(t)|2‖µ‖tr(dt).

That is, the linear operator Iξ is an isometry from the space of simple functions in
L2(Rd, ‖µ‖tr) into the Hilbert space L2(Ω). Thus, one can extend the definition of Iξ(f),
by continuity, to all f ∈ L2(Rd, ‖µ‖tr). We have moreover that, for all f, g ∈ L2(Rd, ‖µ‖tr),

E[Iξ(f)⊗ Iξ(g)] =

∫
Rd
f(t)g(t)µ(dt),

where the latter integral is in the sense of Bochner (cf. Section A.4 of Appendix).

Theorem 4.7. Let X = {X(t), t ∈ Rd} be an L2-continuous, weakly stationary process
taking values in the separable Hilbert space V and having stationary covariance function
K. Then, (4.2) holds and there exists an a.s. unique orthogonalV-valued random measure
ξ with control measure µ, such that (4.5) holds.

The proof of this result can be found in Section S.4.3 of Shen et al. (2020).
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4.2 Spectral theory for general IRFk

Gel’fand and Vilenkin (1964) provide an illuminating treatment of the spectral theory
of generalized stochastic processes, i.e., processes with paths in the space of generalized
functions. In this setting, the paths of the stochastic process have derivatives of all
orders and one can naturally study processes with stationary (1 + k)-th order derivatives.
One drawback of this treatment is that it is difficult to use generalized process models
in practice. Motivated by fundamental problems in spatial statistics, Matheron (1973)
developed the framework of intrinsic stationary functions, which allows one to study
classical random field models with stationary increments.

In a series of works, Matheron developed the theory of intrinsic random functions,
which has become the lingua franca of spatial statistics (see e.g. Chilès and Delfiner,
2012). Our goal here is to extend the Matheron theory to the functional setting, where
the underlying stochastic processes take values in a separable Hilbert space V. This is
not straightforward and new covariance asymmetry phenomena arise that reflect the
potential irreversibility of multivariate IRF’s (see Remark 5.21).

Following Matheron (1973), in this section we will focus on second order linear
processes Y = {Y (λ), λ ∈ Λk}, viewed in the weak sense as stochastic processes indexed
by Λk. That is, Y is a random element in S(Λk,V) equipped with the product σ-field
BVΛk generated by all finite-dimensional cylinder sets. We emphasize that, in contrast to
Section 3, here we no longer require that Y has continuous paths. The (cross) covariance
operator of Y is defined as

CY (λ, µ) := E[Y (λ)⊗ Y (µ)], λ, µ ∈ Λk.

Denote by Y̆ = {Y̆ (t), t ∈ Rd} the representation of Y (cf. Section 2.1) in S̆(Λk,V), i.e.,
Y̆ (t) = Y (λt), so that

Y (λ) :=

∫
Y̆ (t)λ(dt), λ ∈ Λk. (4.6)

We say that Y is mean-square continuous if Y̆ is mean-square continuous in the sense of
(4.4).

Definition 4.8. A second order process {Y (λ), λ ∈ Λk} ∈ S(Λk,V) is said to be an
intrinsic random function of order k (IRFk), k = −1, 0, 1, . . ., if

CY (λ, µ) ≡ CY (w + λ,w + µ), w ∈ Rd, λ, µ ∈ Λk. (4.7)

Note that (4.7) is equivalent to

CY (λ, λ) ≡ CY (w + λ,w + λ), w ∈ Rd, λ ∈ Λk, (4.8)

by Lemma A.10, and, in turn, to the weak stationarity of {Y (t + λ), t ∈ Rd} in t for all
λ ∈ Λk. Indeed, if Y (t+ λ) is stationary in t for all λ then (4.8) holds, and if (4.7) holds
then Y (t+ λ) is stationary in t for all λ.

Definition 4.9. A collection of trace-class operators {K(h), h ∈ Rd} ⊂ T is said to be
conditionally positive definite of degree k, k = −1, 0, 1, . . ., if for all n ≥ 1,

n∑
j=1

n∑
j′=1

cjcj′K(tj − tj′) ≥ 0 (operator positivity) (4.9)

for all ci ∈ C, tj ∈ Rd, 1 ≤ i ≤ n, such that λ(du) =
∑
j cjδtj (du) ∈ Λk.
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Relation (4.9) can be succinctly written as K(λ ∗ λ̃) ≥ 0, where

λ̃(du) := λ(−du) =
∑
j

cjδ−tj (du),

and λ ∗ µ denotes the usual convolution. More generally, with λ =
∑
j cjδtj and µ =∑

j′ dj′δsj′ ∈ Λk,

K(λ ∗ µ̃) =
∑
j

∑
j′

cjdj′K(tj − sj′). (4.10)

Interestingly, since (w + λ) ∗ ˜(w + µ) ≡ λ ∗ µ̃, for all w ∈ Rd, the map (λ, µ) 7→ K(λ ∗ µ̃) is
automatically shift invariant. This motivates the following definition.

Definition 4.10. A collection of operators K : Rd → T is said to be a generalized
covariance of Y with degree k if

CY (λ, µ) = K(λ ∗ µ̃), for all λ, µ ∈ Λk. (4.11)

Again, by Lemma A.10, (4.11) is equivalent to

CY (λ, λ) = K(λ ∗ λ̃), for all λ ∈ Λk.

The following result describes the connections between the notions in Definitions 4.8-
4.10, and gives a spectral representation of a conditionally positive definite K. As a
terminology, a polynomial in T refers to a linear combination of d-dimensional monomials
with coefficients in T, where the degree is equal to the highest degree of the monomials
in the linear combination.

Theorem 4.11. Let k ≥ −1 and the process Y = {Y (λ), λ ∈ Λk} ∈ S(Λk,V) be second
order.

(i) If Y has a generalized covariance K of degree k, then Y is IRFk and K must
be conditionally positive definite of degree k. Conversely, if Y is a mean-square
continuous IRFk, then it has a continuous generalized covariance of degree k.

(ii) A continuous function K : Rd → T is conditionally positive definite of degree k if
and only if it can be represented as

K(h) =

∫
Rd

eiu
>h − IB(u)P (u>h)

1 ∧ ‖u‖2k+2
χ(du) +Q(h), (4.12)

where P (x) =
∑2k+1
j=0 (ix)j/j!, B is some arbitrary bounded neighborhood of 0, Q(h)

is a conditionally positive definite polynomial with degree no more than 2k + 2 and
χ is a finite T+-valued measure with no point mass at 0. The measure χ in (4.12) is
unique and does not depend on the choice of the set B. The polynomial Q therein
is unique modulo an additive polynomial of degree 2k + 1.

The detailed proof of this result can be found in Section S.4.2 of Shen et al. (2020).
Note that the proof follows closely the general and elegant treatment of Sasvári (2009).

Remark 4.12. In the notation of Sasvári (2009), our situation corresponds to having a
single multiplicative function (character) γ1 ≡ 1 and y1 := 0 and k1 := k + 1 and their
measure σ is our (1 ∧ ‖u‖2k+2)−1χ(du). Observe also that Relation (4.3) in Theorem 4.2
of Sasvári (2009) appears to be missing the non-ignorable degree 2k + 2 polynomial
component in Q of (4.12). This omission can be attributed to the fact that the spectral
measure of a stationary process in the Bochner theorem could have an atom at {0}, while
σ and χ do not. See Section S.4.2 of Shen et al. (2020) for more details.
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The measure χ and polynomial Q in (4.12) will be referred to as the spectral charac-
teristics of an IRFk with generalized covariance K. Note that the spectral characteristics
pair (χ,Q) is unique modulo an additive polynomial of degree 2k + 1 in the component
Q. That is, the generalized covariance in (4.12) is unique up to an additive polynomial
of order 2k + 1. This implies that K(λ ∗ µ̃) is uniquely determined for λ, µ ∈ Λk, where
K(ν) :=

∫
K(h)ν(dh), ν ∈ Λ. Notice that λ ∗ µ̃ ∈ Λ2k+1, for λ, µ ∈ Λk. Thus, in view of

(4.11), the covariance structure of an IRFk process is completely determined by the
linear measure-indexed T-valued function K(ν), ν ∈ Λ2k+1. By integrating (4.12) with
respect to ν ∈ Λ2k+1, we obtain

K(ν) =

∫
Rd

ν̂(u)

1 ∧ ‖u‖2k+2
χ(du) +Q(ν), ν ∈ Λ2k+1, (4.13)

where ν̂(u) =
∫
eiu
>xν(dx) is the Fourier transform of ν. Since λ̂ ∗ µ̃ = λ̂µ̂, the cross

covariance operator CY (λ, µ) of Y can be uniquely expressed as

CY (λ, µ) = K(λ ∗ µ̃) =

∫
Rd

λ̂(u)µ̂(u)

1 ∧ ‖u‖2k+2
χ(du) +Q(λ ∗ µ̃). (4.14)

Now, consider the following counterpart to Definition 4.3.

Definition 4.13. A collection of trace-class operators {K(h), h ∈ Rd} ⊂ T is said to be
conditionally complete positive definite of degree k, k = −1, 0, 1, . . ., if

n∑
j=1

n∑
j′=1

〈fj ,K(µj ∗ µ̃j′)fj′〉 ≥ 0, (4.15)

for all fj ∈ V, µj ∈ Λk, j = 1, · · · , n and n ∈ N.

Since (4.9) is the special case of (4.15) with n = 1, conditional complete positive
definiteness implies conditional positive definiteness. However, as seen from (4.14),
K(λ∗µ̃), λ, µ ∈ Λk is a valid cross-covariance, and hence the operator function K in (4.12)
is conditionally complete positive definite. Thus, Theorem 4.11 implies the following
parallel of Corollary 4.4.

Corollary 4.14. If K : Rd → T is continuous, then Definitions 4.9 and 4.13 are equiva-
lent.

We end this section with a stochastic representation result for continuous IRFk, which
parallels the Cramér representation in Theorem 4.7. The proof is given in Section S.4.4
in Shen et al. (2020)

Theorem 4.15. Let k ≥ −1 and the process Y = {Y (λ), λ ∈ Λk} in S(Λk,V) be mean-
square continuous. Then Y is IRFk if and only if it can be uniquely represented as

Y (λ) =
∑

(j1,...,jd)∈J

∂k+1λ̂

∂j1 · · · ∂jd
(0) · Zj1···jd +

∫
Rd

λ̂(u)

1 ∧ ‖u‖k+1
ξ(du) a.s. (4.16)

for all λ ∈ Λk, where

(i) J = {(j1, . . . , jd) : j1, . . . , jd ≥ 0 and j1 + · · ·+ jd = k + 1},
(ii) ξ is an a.s. unique random orthogonal measure ξ on (Rd,B(Rd)) with control

measure χ, where χ is a finite T+-valued measure with no point mass at 0, and
(iii) the Zj1···jd are uncorrelated random variables with values inV and are uncorrelated

with ξ.

Remark 4.16. Berschneider (2012) also obtains the stochastic representation of IRFk
with the more abstract setting of locally compact Abelian domains. Our result here can
be considered as an extension to the case of V-valued processes connecting ξ(dx) with
the covariance operator functions in Theorem 4.11 explicitly.
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4.3 Real and complex IRFk’s: Covariance (ir)reversibility

The general treatment in the previous two subsections involves an abstract separable
Hilbert space V over the field of complex numbers C. In practice, however, one often
deals with Hilbert spaces of real-valued functions and it is useful to know how our results
specialize to this setting. Furthermore, the distribution of a zero-mean Gaussian process
taking values in a complex Hilbert space V cannot be directly characterized using their
covariance structure, alone. To this end one needs to consider both real and complex
Hilbert spaces.

Real and imaginary parts in a complex Hilbert space. In an abstract complex Hilbert
space V the notions of a real and imaginary part of an element z(∈ V) are not well
defined unless one fixes a basis. Let E := {ej , j ∈ N} be a fixed CONS of V. Then one
can postulate that the CONS E is real and for each z =

∑
j zjej ∈ V, with coordinates

zj := 〈z, ej〉, we can define

<(z) ≡ <E(z) :=
∑
j

<(zj)ej and =(z) ≡ =E(z) :=
∑
j

=(zj)ej , (4.17)

as the real and imaginary parts of z, relative to the CONS E . (Should one change the
basis E the notions of real and imaginary part may change.) Notice that VR := {z ∈ V :

=(z) = 0} is invariant to addition and multiplication by real scalars and it becomes a real
Hilbert space, with the inner product inherited from V. All elements of V that belong to
VR will be referred to as real.

For z ∈ V, we shall write z = <(z) + i=(z) and naturally define the complex conjugate
z := <(z)− i=(z). The complex conjugate operation as well as the real and imaginary
part operators extend to V-valued random elements in a straightforward manner and we
shall say that x ∈ V is real if x ∈ VR, i.e., if its imaginary part is zero.

The complex conjugate of a linear operator A : V → V is defined as: A(x) :=

A(x), x ∈ V. This implies that A(x) = A(x), the operator A is also linear and one
can define the real and imaginary parts of A in as: <(A) := (A+A)/2 and =(A) :=

(A−A)/2i. Thus, A = <(A) + i=(A) and the usual operations with complex numbers
and vectors extend to the operator Banach algebra over the complex Hilbert space V.
Note that the real and imaginary parts of A can be equivalently defined in terms of the
real and imaginary parts of the coordinates of A in the fixed CONS E . We shall say that
an operator A is real if A = <(A).

Real IRFk’s. The above discussion shows how one can specialize and interpret the
results in Sections 4.1 and 4.2 for the case of real Hilbert spaces VR. Indeed, let Λk(R)

be the set of all real λ ∈ Λk. It is easy to see that Λk = Λk(R) + iΛk(R).
Suppose now that Y is a VR-valued IRFk. That is, Definition 4.8 holds with Λk

replaced by Λk(R). Then, by linearity, Y extends uniquely to a V-valued IRFk as follows

Y (λ) := Y (<(λ)) + iY (=(λ)), λ ∈ Λk, (4.18)

where in fact Y (<(λ)) and Y (=(λ)) are real (belong to VR). This leads us to the following

Definition 4.17. A V-valued IRFk Y is said to be real if Y (λ) is real for all λ ∈ Λk(R).

Thus, there is a one-to-one correspondence between the real IRFk’s in V and the
VR-valued IRFk’s as processes indexed by Λk(R).

Proposition 4.18. Let Y be a mean-square continuous IRFk taking values in V and
having spectral characteristics (χ,Q).

(i) Y is real if and only if in Relation (4.16) the vectors (i)k+1Zj1···jd are real and
the orthogonal measure ξ is Hermitian, i.e., ξ(−A) = ξ(A), almost surely, for all
A ∈ B(Rd \ {0}).
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(ii) If Y is real, then Q has real (operator) coefficients (modulo polynomials of degree
up to 2k + 1) and the spectral measure χ is Hermitian, i.e., χ(−A) = χ(A), for all
A ∈ B(Rd \ {0}).

(iii) Conversely, if χ is Hermitian and Q real, then there is a real IRFk Y with spectral
characteristics (χ,Q). Let now Y and Y ′ be two real IRFk with the same spectral
characteristics (χ,Q) and such that E[Y (λ)⊗ Y ′(µ)] = E[Y ′(λ)⊗ Y (µ)], λ, µ ∈ Λk.
Then, for any a, b ∈ R, with a2 + b2 = 1, the IRFk defined as Ỹ (λ) = aY (λ) + ibY ′(λ)

has the same spectral characteristics as Y and Y ′.

The proof is given in Section A.4 of the Appendix.
Covariance (ir)reversibility. Next, we comment on an important covariance irre-

versibility phenomenon, which arises in the case of vector valued processes. It extends
the notion of time reversibility for vector time series.

Definition 4.19. We shall say that an IRFk Y with generalized operator covariance K(·)
is covariance-symmetric or -reversible if

K(ν) = K((−1) · ν), for all ν ∈ Λ2k+1. (4.19)

Observe that the symmetry of the generalized covariance is equivalent to the fact
that the IRFk processes {Y ((−1) · λ)} and {Y (λ)} have the same covariance structure.
Indeed, recall that

E[Y (λ)⊗ Y (µ)] = CY (λ, µ) = K(λ ∗ µ̃), λ, µ ∈ Λk

and observe that (−1) · λ ∗ µ̃ = ((−1) · λ) ∗ ˜((−1) · µ). Thus, the IRFk process Ỹ (λ) :=

Y ((−1) · λ) has covariance K((−1) · ν).
In the simple case, where Y takes real scalar values, all IRFk’s are automatically

covariance-symmetric. This is perhaps why symmetry is often taken for granted. In
the multivariate and especially function-valued case, however, covariance-symmetry is
an exception rather than a rule. Naturally, in view of (4.13) and the uniqueness of the
spectral measure, (4.19) holds if and only if χ(−A) = χ(A), for all A ∈ B(Rd \ {0}). This
simple observation and Proposition 4.18 yield the following fact (see also Theorem 5.1 in
Didier and Pipiras, 2011).

Proposition 4.20. A real mean-square continuous IRFk Y is covariance symmetric, if
and only if its spectral measure χ is real.

We end this section with a comment on the use of the results from Sections 4.1 and
4.2 in the context of Gaussian processes. Recall that a V-valued random element Y
is said to be Gaussian, if 〈Y, f〉 is a complex Gaussian variable, for each f ∈ V. This
means that the joint distribution of (<(〈Y, f〉),=(〈Y, f〉)) is bivariate normal, for all f ∈ V.
Equivalently, Y is Gaussian in V if and only if Ỹ := (<(Y ),=(Y )) is a Gaussian element
in the real Hilbert space V2

R := VR ×VR.

Remark 4.21 (Characterization of Gaussian IRFk’s). Part (iii) of Proposition 4.18 is
a manifestation of the fact that the covariance structure alone does not determine
the distribution of zero-mean Gaussian processes taking values in complex Hilbert
spaces (see also Example S.5.1 in Shen et al., 2020). To determine the distribution of
a zero-mean Gaussian IRFk Y = {Y (λ), λ ∈ Λk}, one needs to know both the cross-
covariance and pseudo cross-covariance operators: CY (λ, µ) = E[Y (λ) ⊗ Y (µ)] and
CY,Y (λ, µ) = E[Y (λ) ⊗ Y (µ)] (see e.g., Section S.5.1 and Corollary S.5.3 in Shen et al.,
2020).

Equivalently, the distribution of a V-valued Gaussian IRFk is completely determined
by the real IRFk Ỹ (·) := (<(Y )(·),=(Y )(·)) in the product space V2. Since the law of the
real Gaussian IRFk Ỹ is determined by its cross-covariance, the results of Sections 4.1
and 4.2 provide a complete characterization of the V-valued Gaussian IRFk’s.
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5 Second-order covariance self-similar IRFk’s

In view of Theorems 3.4 and 3.8, essentially all tangent fields are self-similar IRFk.
This motivates a more in-depth study of self-similar IRFk’s. In this section, we focus
on second order covariance self-similar IRFk’s with respect to linear operator-scaling
actions. We establish their covariance structure and spectral representation. Section
5.1 addresses the general case, Section 5.2 discusses examples and related work, while
Section 5.3 deals with the scalar scaling action, where the generalized covariance can
be written in closed form.

5.1 Linear operator scaling

Let H : V → V be a bounded linear operator on the Hilbert space V. Consider the
operator scaling actions Tc := cH, c > 0, where cH is interpreted as exp{log(c)H} and as
usual,

eH :=

∞∑
n=0

Hn

n!
. (5.1)

The latter series converges in operator norm and ‖eH‖op ≤ e‖H‖op . We have moreover
that if the bounded operators H1 and H2 commute, i.e., H1H2 = H2H1, then eH1eH2 =

eH1+H2 = eH2eH1 . This readily implies that eH has a bounded inverse (eH)−1 = e−H.
Consequently, cH, c > 0 is a strongly (operator) continuous and invertible group action
on V, i.e., cH1 c

H
2 = (c1c2)H, c1, c2 > 0. In fact, using the power-series representation (5.1),

one can readily show that c 7→ cH is continuously Fréchet differentiable with derivative
cH−1H, i.e., ∥∥∥ 1

h
((c+ h)H − cH)− cH−1H

∥∥∥
op
→ 0, as h→ 0, (5.2)

where here and below H− a, a ∈ R is interpreted as H− aI, so that cH−1 = c−1cH.
As in Definition 3.2, we consider the following notion of covariance operator self-

similarity.

Definition 5.1. Fix an arbitrary bounded linear operator H on V. A second order IRFk
Y is said to be covariance H-self-similar, if {Y (c · λ), λ ∈ Λk} and {cHY (λ), λ ∈ Λk} have
the same operator cross-covariance function for all c > 0.

Remark 5.2. If the IRFk process Y is real and Gaussian, then Y is covariance H-self-
similar if and only if it is H-self-similar in the following stronger sense:

{Y (c · λ), λ ∈ Λk}
fdd
= {cHY (λ), λ ∈ Λk}, for all c > 0. (5.3)

We emphasize that H in Definition 5.1 and (5.3) is an arbitrary bounded linear
operator and we do not require that c 7→ cH be a scaling action on V in the sense of
Definition 2.7 (see also Remark 2.9). If Tc := cH is a scaling action, however, then (5.3)
recovers the notion of self-similarity in Definition 3.2.

Let now Y be a second order, mean-square continuous IRFk with operator auto-
covariance K and spectral characteristics (χ,Q). By Theorem 4.15, we have the decom-
position

Y (λ) = Y(0,Q)(λ) + Y(χ,0)(λ), almost surely, (5.4)

for all λ ∈ Λk, where {Y(0,Q)(λ)} and {Y(χ,0)(λ)} are orthogonal mean-square continuous
IRFk’s with spectral characteristics (0,Q) and (χ, 0), respectively. This decomposition is
second order unique. Therefore, it follows that Y is covariance H-self-similar if and only
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if both the components Y(0,Q) and Y(χ,0) are covariance H-self-similar. More precisely,
we have the following general characterization of covariance H-self-similar IRFk’s. For
convenience, write

χk(dx) =
χ(dx)

1 ∧ ‖x‖2k+2
. (5.5)

Theorem 5.3. Let Y be an L2-continuous IRFk with spectral characteristics (χ,Q). Let
also H be a bounded linear operator.

(i) We have that Y is covariance H-self-similar if and only if for all c > 0 and λ, µ ∈ Λk

χk(dx) = c−Hχk(dx/c)c−H
∗

and Q(λ ∗ µ̃) = ck+1−HQ(λ ∗ µ̃)ck+1−H∗ , (5.6)

where χk is as in (5.5).

Suppose henceforth that (5.6) holds and consider the polar coordinates (r, θ) :=

(‖x‖, x/‖x‖) in Rd \ {0}.
(ii) There exists a finite T+-valued measure σ on the unit sphere S = {‖x‖ = 1} such

that

χk(D) =

∫ ∞
0

r−H
(∫

S

1D(rθ)σ(dθ)
)
r−H

∗ dr

r
, (5.7)

for all Borel sets D ∈ B(Rd \ {0}) that are bounded away from 0. If (5.7) holds, we
simply write

χk(drdθ) = r−Hσ(dθ)r−H
∗ dr

r
(5.8)

and refer to (5.8) as a disintegration formula for χk.

(iii) The measure σ in (5.8) is uniquely determined by the measure χk and it does not
depend on the possibly non-unique operator H in (5.6).

(iv) The component Y(χ,0) of Y admits the Cramér-type stochastic integral representa-
tion

Y(χ,0)(λ) =

∫ ∞
0

∫
S

λ̂(rθ)W (dr, dθ), almost surely, (5.9)

λ ∈ Λk, where W (dr, dθ) is an orthogonal V-valued random measure on (0,∞)× S,
such that

E[W (dr, dθ)⊗W (dr, dθ)] = r−(H+1/2)σ(dθ)r−(H∗+1/2)dr. (5.10)

The proof of this result is deferred to Section A.5, below.

Remark 5.4 (The support of an H-self-similar IRFk is H-invariant). The self-similarity
exponent operatorH can in principle be arbitrary outside the support of the IRFk process
Y . The support of Y , denoted supp(Y ), is the smallest closed linear subspace of V, which
contains all Y (λ)’s almost surely. One can show that H(supp(Y )) is a dense subset of
supp(Y ). This allows one to essentially restrict the operator H to supp(Y ) (see Section
S.6 in Shen et al., 2020, for more details).

Remark 5.5. If Y is H-self-similar, so are its components Y(χ,0) and Y(0,Q) in (5.4). While
this decomposition is unique in law, the operator H need not be unique. See for example
Didier et al. (2017) and Remark 5.14 below. For example, the polynomial component
Y(0,Q) is always (k + 1) · I-self-similar. In general, however, we cannot conclude that
H = (k + 1) · I, where I is the identity. The non-uniqueness of the operator self-similarity
exponent in the general setting of V-valued IRFk’s is an interesting problem of future
research.

EJP 27 (2022), paper 34.
Page 24/56

https://www.imstat.org/ejp

https://doi.org/10.1214/22-EJP754
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Tangent fields, intrinsic stationarity, and self similarity

For simplicity, in the rest of this section we suppose that Y
d
= Y(χ,0) has a trivial

polynomial component Y(0,Q) = 0. We will examine two classes of operators H which can
serve as self-similarity exponents of Y . We begin with a simple criterion.

Corollary 5.6. A finite T+-valued measure χ is the spectral measure of an L2-continuous,
covariance H-self-similar IRFk if and only if for some finite T+-valued measure σ on S,
we have

χk(dx) ≡ 1

1 ∧ ‖x‖2k+2
χ(dx) = r−Hσ(dθ)r−H

∗
r−1dr (5.11)

and ∫ ∞
0

r−1(1 ∧ r2k+2) trace
(
r−Hσ(S)r−H

∗
)
dr <∞, (5.12)

where (r, θ) := (‖x‖, x/‖x‖) are the polar coordinates in Rd \ {0}.

Proof. ‘only if’: Let Y be a continuous covariance H-self-similar IRFk. Then, by Theorem
5.3, χk satisfies the disintegration formula in (5.11). We have moreover that

χ(Rd) =

∫ ∞
0

r−1(1 ∧ r2k+2)r−Hσ(S)r−H
∗
dr ∈ T+.

Since χ(Rd) is self-adjoint and positive definite, ‖χ(Rd)‖tr = trace
(
χ(Rd)

)
< ∞, which

proves (5.12).
‘if’: Conversely, suppose that σ is a finite T+-valued measure on S such that (5.12)

holds. Then, the fact that for all B ∈ B(S) and r > 0, r−Hσ(B)r−H
∗ ≤ r−Hσ(S)r−H

∗
as

positive operators in T+, implies that

χ(D) :=

∫ ∞
0

r−1(1 ∧ r2k+2)r−H
∫
S

1D(rθ)σ(dθ)r−H
∗
dr, D ∈ B(Rd \ {0})

is well-defined in the sense of Bochner. The so-defined χ is a finite T+-valued Borel
measure on Rd \ {0}, which can be taken as the spectral measure of an IRFk process
Y = Y(χ,0) with trivial polynomial component. Clearly, χk defined as in (5.11) satisfies
the scaling property (5.6), which entails the covariance H-self-similarity of Y .

• Normal diagonalizable exponents. Corollary 5.6 allows us to provide a complete
characterization of the valid pairs (H, σ) of operator exponents and spectral measures in
the important case where H is normal and diagonalizable operator. Namely, suppose H
is a normal operator with

H =

∞∑
j=1

λjej ⊗ ej , (5.13)

where λj ∈ C and where {ej} is a CONS of Range(H) = Range(H∗). The convergence of
the last series is understood in the weak operator topology.

Theorem 5.7. Let H be a normal diagonalizable operator as in (5.13) and let σ be a
finite T+−valued measure on S. The measure χ(drdθ) = (1 ∧ r2k+2)r−Hσ(dθ)r−H

∗
r−1dr

is the spectral measure of an H-self-similar IRFk, if and only if

0 < R(λj) < k + 1, whenever 〈σ(S)ej , ej〉 > 0 (5.14)

and ∑
j

(
1

k + 1−R(λj)
+

1

R(λj)

)
〈σ(S)ej , ej〉 <∞. (5.15)
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Proof. First, we prove the ‘if’ part. Let σ ∈ T+ satisfy (5.14) and define (in polar
coordinates) χ(drdθ) = (1 ∧ r2k+2)r−Hσ(dθ)r−H

∗
r−1dr. By the simple fact

trace
(
r−Hσ(S)r−H

∗
)

=
∑
j

r−2R(λj)〈σ(S)ej , ej〉,

we obtain ∫ ∞
0

r−1(1 ∧ r2k+2) trace
(
r−Hσ(S)r−H

∗
)
dr

=
∑
j

〈σ(S)ej , ej〉
∫ ∞

0

(1 ∧ r2k+2)r−2R(λj)−1dr

=
1

2

∑
j

(
1

k + 1−R(λj)
+

1

R(λj)

)
〈σ(S)ej , ej〉 <∞

(5.16)

where the integration is justified by (5.14) and (5.15). By Corollary 5.6, χ is the spectral
measure of a covariance H-self-similar IRFk.

Conversely, suppose χ is the spectral measure of a covariance H-self-similar IRFk.
In order for the integral in (5.12) to be finite, the calculations in (5.16) show that both
(5.14) and (5.15) must hold.

• General bounded operator exponents. Suppose now that H is a general bounded
operator, which need not be normal nor diagonalizable. In this case, we cannot provide
a complete characterization of the covariance H-self-similar IRFk’s, but still furnish a
general sufficient condition using Riesz functional calculus (see e.g., Ch. VII.4 in Conway,
2007). Recall that the spectrum sp(H) of a bounded operator consists of all z ∈ C such
that (H − z · I) has no bounded inverse. The spectrum sp(H) is always a non-empty
compact subset of C and sp(H∗) = {z : z ∈ sp(H)} consists of the complex conjugates
of the elements in the spectrum of H. If Γ is a rectifiable curve containing sp(H) in its
interior then for every holomorphic function f on an open set containing the curve Γ

along with its interior, we define

f(H) :=
1

2πi

∮
Γ

f(z)

z−H
dz, (5.17)

where the latter integral over Γ is considered in the positive direction and 1/(z −H) :=

(z · I−H)−1 is a bounded operator since z ∈ Γ ⊂ C \ sp(H). Since f(z) = exp{− log(r)z}
is analytic for all r > 0, we can use the above Riesz functional calculus tool to study the
operator r−H.

Proposition 5.8. Let H be a bounded operator and let <(sp(H)) denote the set of real
parts of its spectrum. If

<(sp(H)) ⊂ (0, k + 1), (5.18)

for some k ≥ 0, k ∈ Z, then for all finite T+-valued measures σ on S, we have that

χ(drdθ) := (1 ∧ r2k+2)r−Hσ(dθ)r−H
∗
r−1dr,

is the spectral measure of a covariance H-self-similar IRFk.

Proof. We will show first that, for some ε > 0 and CH > 0,

‖r−H‖op ≤ CH ·
(
r−(k+1)+ε1(0,1)(r) + r−ε1[1,∞)(r)

)
. (5.19)
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Recall that sp(H) is a compact subset of C. This fact and the assumption (5.18) on
the spectrum of H implies that <(sp(H)) ⊂ (ε, k + 1 − ε), for some ε > 0. Since sp(H)

is compact, one can take a closed curve Γ containing sp(H) in its interior, such that
ε ≤ <(z) ≤ k+ 1− ε for all z ∈ Γ. Note that z 7→ ‖(z · I−H)−1‖op is a continuous function
of z for all z ∈ Γ ⊂ C \ sp(H). Thus, since Γ is a compact set, we have that

max
z∈Γ
‖(z · I−H)−1‖op =: CH(Γ) <∞.

Now, by applying (5.17) to f(z) := r−H = e− log(r)H, for all r > 0, we obtain

‖r−H‖op ≤
1

2π

∫
Γ

|e− log(r)z|‖(z · I−H)−1‖op|dz|

≤ CH(Γ)

2π
Len(Γ) sup

z∈Γ
|e− log(r)z|,

(5.20)

where Len(Γ) =
∫

Γ
|dz| is the length of Γ.

Observe now that |e− log(r)z| = r−<(z) and recall that ε ≤ <(z) ≤ k+ 1− ε, for all z ∈ Γ.
This implies that

|e− log(r)z| ≤ r−(k+1)+ε1(0,1)(r) + r−ε1[1,∞)(r),

which in view of (5.20) yields (5.19).
Now, by Corollary 5.6, the measure χ in (5.11) is the spectral measure of a covariance

H-self-similar IRFk, provided (5.12) holds. This, however, readily follows from (5.19).
Indeed, by (A.19), the integral in (5.12) is bounded above by

‖σ(S)‖tr
∫ 1

0

r2k+2‖r−H‖2opr
−1dr + ‖σ(S)‖tr

∫ ∞
1

‖r−H‖2opr
−1dr, (5.21)

where we used the fact that ‖r−H‖op = ‖r−H∗‖op. By (5.19), the integrals in (5.21) are
finite and the proof is complete.

Remark 5.9. The sufficient condition in (5.18) may appear restrictive. In particular, it
implies that H has a bounded inverse (since 0 6∈ sp(H)). This condition is not all that
restrictive when the Hilbert space V is finite-dimensional and our sufficient conditions
are precisely the same as the existing literature in the special case k = 0 (see e.g., Didier
and Pipiras, 2011; Didier et al., 2018).

5.2 Related work and examples

Here, we first specialize the results from the previous section and discuss existing
related work when V is finite-dimensional. Then, we consider a class of stationary
infinite-dimensional processes, which admit higher-order tangent fields under operator
scaling.

Example 5.10 (IRF0 or operator fractional Brownian motions). When k = 0, d = 1, and
V = Rm, the IRFk processes can be identified with the well-studied class of vector-
valued stationary increment processes. The seminal paper of the Didier and Pipiras
(2011) established the spectral representation and stochastic integral representations
for essentially all Gaussian operator self-similar processes with stationary increments
taking values in Rm. We demonstrate next how these processes, known as operator
fractional Brownian motions (OFBM), can be recovered from our Theorem 5.3. In this
setting the operator H is a real m×m matrix with eigenvalues λi ∈ C, i = 1, · · · ,m such
that

0 < <(λi) < 1, (5.22)
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(see e.g., (1.4) in Didier and Pipiras, 2011). Observe that the last condition coincides
with (5.18) of Proposition 5.8 for k = 0.

Let {Y (λ)} be a zero-mean Gaussian H-self-similar IRF0. Then, if one considers

λt(du) := δt(du)− δ0(du), t ∈ R,

the process B(t) := Y (λt), t ∈ R has stationary increments. The H-self-similarity of
{B(t)} follows readily from the self-similarity of {Y (λ)} and the fact that c · λt = λct, c >

0, t ∈ R. Conversely, every H-self-similar stationary increment process {B(t), t ∈ R}
can be taken as a representer of an H-self-similar IRF0 process.

Since λ̂t(x) = eitx − 1 and S = {−1, 1}, Relation (5.9) yields

B(t) ≡ Y (λt) =

∫ ∞
0

∫
{−1,1}

(eitrθ − 1)W (dr, dθ)

=

∫ ∞
0

(eixt − 1)W (dx, {1}) +

∫ ∞
0

(e−ixt − 1)W (dx, {−1}). (5.23)

Now, following the notation in Theorem 3.1 of Didier and Pipiras (2011), let B̃(dx) =

B̃1(dx) + iB̃2(dx), where B̃i, i = 1, 2 are independent zero-mean Gaussian Rm-valued
measures such that B̃1(dx) = B̃1(−dx), B̃2(dx) = −B̃2(−dx), and

E[B̃(dx)B̃(dx)
∗
] ≡ E

[
B̃(dx)B̃(dx)

>]
= Imdx. (5.24)

Observe that, by (5.10),{
W (dx, {±1}), dx ∈ (0,∞)

}
d
=
{
x−(H+1/2)A±1B̃(±dx), dx ∈ (0,∞)

}
,

where A±1A
∗
±1 = σ({±1}). Therefore, Relation (5.23) yields

{B(t)} d
=

{∫ ∞
−∞

(eixt − 1)

ix

(
x
−(H−1/2)
+ A1 + x

−(H−1/2)
− A−1

)
B̃(dx)

}
.

This is precisely the representation established in Theorem 3.1 of Didier and Pipiras
(2011), wherein A−1 = A1 is the complex conjugate of A1 since they consider real-valued
processes. Indeed, the last stochastic integral is real-valued if and only if the integrand
ft(x) is a Hermitian function of x, i.e., ft(−x) = ft(x). This is the case, if and only if
A1 = A−1.

Remark 5.11. Note that the condition (5.22) on the eigenvalues of the matrix H does
not imply in general that Tc := cH, c > 0 are scaling actions in the Euclidean norm of
V ≡ Rm. This is because the monotonicity of the function c 7→ ‖cH‖ may be violated
except when the matrix H is normal (i.e., diagonalizable in an orthonormal basis). In
particular, Lemma A.1 is not applicable. Nevertheless, as shown in (Lemma 6.1.5 in
Meerschaert and Scheffler, 2001), there is a suitable norm in V, with respect to which
the latter are monotone increasing and in this new (equivalent norm) {cH, c > 0} is a
scaling action in the sense of Definition 2.7. See also Jurek (1984) for the case where V
is a Banach space.

Remark 5.12. By Proposition 5.8 (with k = 0), Condition (5.22) implies that the stochas-
tic integrals in (5.23) are well-defined.

Example 5.13 (Operator fractional Brownian fields). Stationary increment vector-valued
random fields (IRFk with k = 0) where d ≥ 2 have been actively studied by many authors
(see e.g., Biermé et al., 2007; Li and Xiao, 2011; Baek et al., 2014; Didier et al., 2018,
among others.) In the latter references, self-similarity is considered under operator
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rescaling of both the range and the domain of the process. Here, we consider only scalar
rescaling of the domain. In this setting, in the special case of processes taking values in
Rm and k = 0, Theorem 5.3 recovers Proposition 3.1 of Didier et al. (2018).

Interestingly, using Fréchet differentiability in Theorem 5.3, we extend the disin-
tegration formula in Relation (3.10) of Didier et al. (2018) to the case of processes
taking values in a separable Hilbert space as well as to the general case of intrinsic
random functions of order k. We anticipate that a version of our Theorem 5.3 holds
under operator scaling of both the range and the domain of Y .

Remark 5.14 (The non-uniqueness of the operator exponent H). Suppose that Y is an
operator H-self-similar zero-mean Gaussian continuous IRFk taking values in the real
Hilbert space VR (recall Section 4.3). Then, the distribution of Y is determined by its
covariance structure, i.e., by the unique pair of its spectral characteristics (χ,Q) or
equivalently (σ,Q). The operator exponent H, however, is not necessarily unique even
when H is restricted to the support of the process Y . For the notion of a support of
Y and its relation to the operator exponent H, see Section S.6 in Shen et al. (2020).
To gain some intuition, suppose that for an operator A on V := supp(Y ), we have that

{cAY (λ)} d
= {Y (λ)}, for all c > 0. If H and A commute, then cH+A = cHcA, c > 0 and

hence Y is also (H+A)-self-similar.
As shown in Didier et al. (2017) such non-uniqueness can arise even in the finite-

dimensional case with k = 0, where a wealth of interesting phenomena emerge. Specif-
ically, Theorem 2.4 therein characterizes all possible operator exponents and shows
that one can always choose a commuting exponent H0 such that H0A = AH0. In their
terminology, the operator A belongs to the tangent space of the group of symmetries
of the process. Notice that A can indeed be viewed as a tangent since it is the Fréchet
derivative of f(c) = cA at c = 1.

Understanding the non-uniqueness of the operator self-similarity exponent in the
general infinite-dimensional case is a challenging problem. We anticipate that the
extension of the important characterization results of Didier et al. (2017) to the infinite-
dimensional case is possible but considerably beyond the scope of this paper.

We end this section with an example of stationary Gaussian V-valued processes,
which admit a large class of tangent fields.

Example 5.15 (Higher-order tangent fields in infinite dimensions). In this example, we
shall assume that VR is a real Hilbert space and through the method of complexification
define V = VR + iVR, with the natural inclusion VR ⊂ V.

Consider polar coordinates in Rd \ {0}, where u = ‖x‖, θ := x/‖x‖, are the radial and
angular components of x ∈ Rd \ {0} and let µ(dθ) be a finite, real, T+-valued measure on
the unit sphere S = {θ ∈ Rd : ‖θ‖ = 1}. Define the real, σ-finite T+-valued measure

ν(dx) = ν(du, dθ) = duµ(dθ), (u, θ) ∈ (0,∞)× S.

Let WR = {WR(A), A ∈ B(Rd \ {0})} and WI = {WI(A), A ∈ B(Rd \ {0})} be two
independent, real (i.e., VR-valued) orthogonal Gaussian measures with the same control
measure 2−1ν (in the sense of Definition 4.6). Construct

W (A) = WR(A) + iWI(A). (5.25)

It is straightforward to see that W = {W (A)} is an orthogonal Gaussian V-valued
random measure with control measure ν, i.e., for all bounded Borel A,B ∈ B(Rd \ {0}),
the random vectors W (A) and W (B) are such that

E[W (A)⊗W (B)] = ν(A ∩B) =

∫ ∞
0

∫
S

1A∩B(uθ)duµ(dθ). (5.26)
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Note, moreover, that W is also independently scattered, i.e., W (Ai), i = 1, · · · , n are
independent for all disjoint bounded Borel sets Ai ⊂ Rd \ {0}, i = 1, · · · , n, which is not
necessarily true for all orthogonal Gaussian random measures taking values in a complex
Hilbert space.

By analogy with the scalar C-valued case the Gaussian random measure W in (5.25)
will be referred to as standard. Since its real and imaginary components are iid, the
distribution of the process W = {W (A)} is completely determined by its cross-covariance
operators in (5.26). Moreover, W has circular symmetry and self-similarity properties:

{eiϕW (du, dθ)} fdd= {W (du, dθ)} and {r1/2W (du, dθ)} fdd= {W (d(r · u), dθ)}, (5.27)

for all ϕ ∈ R and r > 0.
Let H be a bounded linear operator on V such that

<(sp(H)) ⊂ (0, k + 1), (5.28)

for some k ≥ 0, k ∈ Z. Suppose also that A(θ), θ ∈ S is a collection of bounded linear
operators such that θ 7→ A(θ) is Borel measurable in θ and such that∫

S

‖A(θ)‖2op‖µ‖tr(dθ) <∞, (5.29)

where ‖µ‖tr denoted the (finite) trace measure ‖µ‖tr(A) := ‖µ(A)‖tr.
Proposition 5.16. Suppose that (5.28) and (5.29) hold for some k ≥ 0, k ∈ Z.

(i) For all s ∈ Rd, the stochastic integral

X(s) :=

∫ ∞
0

∫
S

fs(u, θ)W (du, dθ), where fs(u, θ) := eius
>θ(1 ∧ u)k+1u−(H+1/2)A(θ)

(5.30)

exists and defines a stationary V−valued Gaussian random field.
(ii) The process X = {X(s), s ∈ Rd} has a version with γ-Hölder continuous paths for

all γ ∈ (0, 1 ∧ ε) and ε > 0 such that <(sp(H)) ⊂ (ε, k + 1) (recall (5.28)).
(iii) The continuous-path version of the process {X(s)} has a k-th order tangent field at

each (any) s0. More precisely,{
r−HX(s0 + r · λ), λ ∈ Λk

}
d−→ Y = {Y (λ), λ ∈ Λk}, as r ↓ 0, (5.31)

where the tangent process is an H-self-similar IRFk given by

Y (λ) =

∫
Rd
λ̂(uθ)u−H−1/2A(θ)W (du, dθ).

The proof of this result is given in Section A.6, below.

Remark 5.17. Notice that when V is infinite-dimensional in (5.30) one cannot consider
Gaussian measures W with the control measure equal to the Lebesgue measure times
the identity operator Im as in (5.24). Indeed, for W (A) to be a bona fide random element
in V the control measure of W must take values in T+. This is the key reason why we
consider control measures of the type duµ(dθ). In the finite-dimensional case, one can
obtain more familiar, but ultimately equivalent stochastic integral representations, in
terms of Gaussian Cm-valued Gaussian random measures with the Lebesgue control
measure times the identity by considering E[WLeb(dr, dθ)⊗WLeb(dr, dθ)] = vdr

d−1dθ× Im,
where vd := πd/2/Γ(1 + d/2) is the volume of the unit sphere in Rd. In this case, the
stochastic integral in (5.30) can be equivalently written in Cartesian coordinates as
follows:

X(s) := v
−1/2
d

∫
Rd
eis
>x(1 ∧ ‖x‖)k+1‖x‖−(H+d/2)A(x/‖x‖)WLeb(dx), s ∈ Rd.

EJP 27 (2022), paper 34.
Page 30/56

https://www.imstat.org/ejp

https://doi.org/10.1214/22-EJP754
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Tangent fields, intrinsic stationarity, and self similarity

5.3 Scalar actions

In this section, we characterize the spectral measure of covariance self-similar IRFk’s
with respect to the usual scalar scaling action. In this special but important case we
obtain a more complete picture of the H-self-similar IRFk’s, where now H is a scalar
exponent.

Proposition 5.18. Let Y be a non-constant continuous IRFk, k ≥ 0 with operator auto-
covariance function K and spectral characteristics (χ,Q). If Y is covariance self-similar
with exponent H, then H ∈ (0, k + 1] and we have the following dichotomy:

(i) If H = k+ 1, then χ ≡ 0 and if 0 < H < k+ 1, then Q is trivial, i.e., Q(ν) = 0, for all
ν ∈ Λ2k+1.

(ii) In the case 0 < H < k + 1, the measure χk in (5.5) satisfies the scaling property in
(5.6) and consequently, the disintegration formula in (5.8) reads:

χk(drdθ) = r−2H−1drσ(dθ), (r, θ) ∈ (0,∞)× S, (5.32)

for some finite T+-valued measure σ on S.
(iii) Conversely, for every 0 < H < k+ 1 and any finite T+-valued measure σ on S, there

exists a covariance H-self-similar IRFk with spectral measure χ such that (5.32)
holds, which can be written as in (5.9).

The proof is given in Section A.7, below.
In view of (4.13) and (5.32), one can obtain explicit formulae for the generalized

covariance K of all covariance H-self-similar IRFk’s. This is done next.

Theorem 5.19. Let K(·) be the generalized covariance of a covariance self-similar
IRFk, k ≥ 0 with exponent H ∈ (0, k + 1). Then, with σ as in (5.32), we have:

(i) If 2H 6∈ {1, . . . , k} is non-integer, then for all ν ∈ Λ2k+1,

K(ν) = I(H)

∫
Sd−1

|(θ, ·)|2H(ν)σ(dθ) + iJ(H)

∫
Sd−1

(θ, ·)<2H>(ν)σ(dθ), (5.33)

where (θ, t) = θ>t denotes the Euclidean inner product, x<H> := sign(x)|x|H , and
f(·)(ν) :=

∫
f(t)ν(dt). Here the real functions I(H) and J(H) are such that

I(H) + iJ(H) :=

∫ ∞
0

(
eir −

b2Hc∑
j=0

(ir)j

j!

) dr

r2H+1
. (5.34)

(ii) If 2H ∈ {1, . . . , k} is integer, then for 2H even:

K(ν) =

∫
Sd−1

[
|(θ, ·)|2H

( (−1)H+1

(2H)!
log |(θ, ·)|+ i J(H)sign(θ, ·)

)]
(ν)σ(dθ),

and for 2H odd:

K(ν) =

∫
Sd−1

[
|(θ, ·)|2H

(
I(H) + i

(−1)H+1/2

(2H)!
sign(θ, ·) log |(θ, ·)|

)]
(ν)σ(dθ).

The proof of this result is given in Section A.7, below.

Remark 5.20. Gel’fand and Vilenkin (1964) provide spectral theory for generalized
random fields taking values in the dual of the Schwartz space on Rd with homogeneous
(1 + k)th-order increments (denoted as G-IRFk here). Dobrushin (1979) then studied
the self-similar G-IRFk and obtained results similar to Proposition 5.18 where the self-
similarity parameter H can take any value in (−∞, k + 1]. The G-IRFk class of processes
is more general than the IRFk’s studied by Matheron (1973) and they do not always have
a representation on Rd. Specifically, it can be shown that a Gaussian self-similar G-IRFk
has a representation as in (4.6) on Rd only if H > 0 (see Shen, 2019).
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Remark 5.21 (On symmetry and covariance (ir)reversibility). Observe that for σ in
(5.33), one can write σ = σs + σa, where σs(A) := (σ(A) + σ(−A))/2 and σa(A) :=

(σ(A)− σ(−A))/2, are the symmetric and anti-symmetric components of σ. Thus,∫
Sd−1

|(θ, ·)|2H(ν)σa(dt) =

∫
Sd−1

(θ, ·)<2H>(ν)σs(dt) = 0,

and (5.33) can be equivalently written as:

K(ν) = I(H)

∫
Sd−1

|(θ, ·)|2H(ν)σs(dθ) + iJ(H)

∫
Sd−1

(θ, ·)<2H>(ν)σa(dθ). (5.35)

This shows that unless σa ≡ 0, we have that K(ν) 6= K(−ν), for some ν ∈ Λ2k+1. Recall
that by −ν we understand ((−1) · ν)(dx) := ν(−dx).

Recall Definition 4.19; Y is covariance reversible, i.e., {Y (−λ)} and {Y (λ)} have the
same covariance structure, if and only if K(ν) = K(−ν),∀ν ∈ Λ2k+1 or equivalently if
and only if σa ≡ 0 (see also Proposition 4.20 above as well as Theorem 5.1 in Didier and
Pipiras, 2011, for a related result).

Remark 5.22 (Real H-self-similar IRFk’s). Recall that V = VR + iVR (cf Section 4.3).
Thus for an H-self-similar IRFk Y , we have

Y (λ) = <Y (λ) + i=Y (λ),

where the real and imaginary parts <Y and =Y are real, i.e., VR-valued. Thus, in view
of (5.35), one can see that Y is real-valued (i.e., =Y ≡ 0) if and only if σs is real and σa
imaginary, i.e., if σ is Hermitian, σ(A) = σ(−A) for all A ∈ B(S). Observe that Y need
not be covariance-reversible for it to be real (see Section 4.3.)

Since the covariance structure characterizes completely the zero-mean Gaussian
processes taking values in real Hilbert spaces, Theorem 5.19 with Hermitian σ provides
a complete characterization of all H-self-similar VR-valued IRFk’s.

Remark 5.23 (n-th order fractional Brownian motion). Perrin et al. (2001) have studied
the so-called n-th order fractional Brownian motion defined (in Remark 2 therein) as

B
(n)
H (t) :=

1

2π

∫ ∞
−∞

1

(iω)H+1/2

(
eitω −

n−1∑
`=0

(itω)`

`!

)
W (dω),

with n− 1 < H < n, n ∈ N, where W (dω) is a zero mean complex Gaussian measure on
R with the Lebesgue control measure and such that W (−dω) = W (dω). Notice, however,
that the above integral representation is well defined only if H ∈ (n− 1, n). While one
can always put n := dHe, the integer values of H have to be dealt with separately. Using
our abstract approach, we can handle all values of H ∈ (0, k+ 1), k := n− 1, in a unified
manner.

Indeed, observe that with k = n− 1, for any λ ∈ Λk, we have

B
(n)
H (λ) =

1

2π

∫ ∞
−∞

λ̂(ω)(iω)−(H+1/2)W (dω)

=
1

2π

∫ ∞
0

∫
S

λ̂(uθ)u−(H+1/2)e−iθ
π
2 (H+1/2)W (du, dθ)

=:
1

2π

∫ ∞
0

∫
S

λ̂(uθ)u−(H+1/2)W̃ (du, dθ),

(5.36)

where we used the change to polar coordinates (u, θ) := (|ω|, sign(ω)), with S = {±1}
and the fact that λ annihilates all polynomials of degree up to k. This latter integral is
defined for all 0 < H < k + 1. Notice that W̃ (du, dθ) := e−iθ

π
2 (H+1/2)W (du, dθ) is equal in

law to W (du, dθ) and (5.36) is a particular case of the stochastic representation of the
self-similar IRFk’s characterized in Proposition 5.18.
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We end with an example outlining the general form of the R-valued H-self-similar
Gaussian IRFk’s in Rd, which may be viewed as generalized fractional Brownian fields
with (1 + k)-th order stationary increments.

Example 5.24 (Real n-th order fractional Brownian fields). Fix an integer k := n− 1 ≥ 0,
and let λt be as in (2.7). Let also σ(dθ) be a finite symmetric measure on the unit sphere

S ⊂ Rd. For all H ∈ (0, k+1), it can be shown that ft(x, θ) := (〈·, θ〉−x)
H−1/2
+ (λt) belongs

to L2(dx, σ(dθ)), where dx is the Lebesgue measure on R. Thus, one can define the
R-valued Gaussian random field

Y (t) :=

∫ ∞
−∞

∫
S

(
〈·, θ〉 − x

)H−1/2

+
(λt)W (dx, dθ), t ∈ Rd,

where W (dx, dθ) is a zero-mean Gaussian real-valued random measure on R × S with
control measure dxσ(dθ). Then, it is easy to see with a simple change of variables that
Y (λ) :=

∫
Y dλ, λ ∈ Λk is an H-self-similar IRFk with real and symmetric generalized

covariance K. In this case Theorem 5.19 yields:

K(ν) = CH

∫
S

[
|〈·, θ〉|2H

(
I(H) +

(−1)H+1

(2H)!
1N(H) log |〈·, θ〉|

)]
(ν)σ(dθ).

For more examples and further insights, see the PhD thesis of Shen (2019).

A Proofs and auxiliary results

A.1 Proofs and tools for Section 2

Proof of Lemma 2.2: Notice that Sc(Λ̆k,V) is a closed set in the metric space
(C(Rd,V), ρ) of continuous V-valued functions on Rd, equipped with the metric ρ in
(2.13). Thus, it is enough to show that (C(Rd,V), ρ) is a complete separable metric space
(cf. Theorems 1 and 2 in Chapter XIV.2 in Kuratowski, 1977).

It is known that the metric ρ generates the compact-open topology (see, e.g., Theorem
46.8 in Munkres, 2000). Therefore, to prove separability it is enough to demonstrate
that this topology has a countable base. Recall that the compact-open topology on
C(Rd,V) has a sub-base comprising all sets V (K,U) = {f ∈ C(Rd,V) : f(K) ⊂ U},
where K ⊂ Rd is compact and U ⊂ V is open. Since (V, dV) is separable and Rd is locally
compact, the compact-open topology on C(Rd,V) is second countable (cf. Theorem 5.2,
page 265 in Dugundji, 1966). This entails the separability of (C(Rd,V), ρ).

Completeness is established in a standard manner. Let {fn} be a Cauchy sequence
in (C(Rd,V), ρ). In view of (2.13), for each t ∈ Rd, {fn(t)} is a Cauchy sequence in the
complete metric space (V, dV). Thus, fn(t) → f(t) ∈ V. It remains to show that f is
continuous and ρ(fn, f)→ 0. Fix an arbitrary compact K ⊂ Rd and ε > 0. Since {fn} is
Cauchy in ρ, there exists an Nε such that

sup
τ∈K

dV(fn(τ), fm(τ)) ≤ ε/3, for all m,n ≥ Nε.

On the other hand, for every fixed t ∈ K, we have

dV(fn(t), f(t)) = lim
m→∞

dV(fn(t), fm(t)) ≤ ε/3, n ≥ Nε.

Since the latter bound is uniform in t, we also obtain supt∈K dV(fn(t), f(t)) ≤ ε/3, n ≥ Nε.
That is, fn converge to f uniformly on all compact K. It remains to establish that f is
continuous. For all s, t ∈ K, we have by the triangle inequality that

dV(f(t), f(s)) ≤ 2 sup
τ∈K

dV(fn(τ), f(τ)) + dV(fn(t), fn(s)) ≤ ε,

EJP 27 (2022), paper 34.
Page 33/56

https://www.imstat.org/ejp

https://doi.org/10.1214/22-EJP754
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Tangent fields, intrinsic stationarity, and self similarity

provided that ‖t− s‖ < δ for some sufficiently small δ > 0. Here, we used the uniform
continuity of fn on K. Since ε > 0 was arbitrary, this completes the proof of the (uniform)
continuity of f on K. �

Proof of Lemma 2.10: Properties (i) and (ii) in Definition 2.7 are immediate. We
now verify (iii). Consider the coordinate-wise action on S̆c(Λk,V), also denoted as
{T̃a, a ∈ R+} for convenience. One can easily verify that J (T̃a(f)) = T̃a(J (f)). Let
fn → f in Sc(Λk,V) and an → a > 0. To show that ρ(T̃an(fn), T̃a(f))→ 0, it is enough to
verify that for every K > 0, we have

sup
‖t‖≤K

dV(T̃an(f̆n)(t), T̃a(f̆)(t))→ 0, as n→∞,

where f̆n = J (fn) and f̆ = J (f).
In view of Lemma A.2, below, it is enough to show that T̃an(f̆n)(tn) → T̃a(f̆)(t),

whenever tn → t in BK := {t : ‖t‖ ≤ K, t ∈ Rd}. Notice, however, that T̃an(f̆n)(tn) =

Tan(yn) and T̃a(f̆)(t) = Ta(y), where yn := f̆n(tn) and y := f̆(t). By applying Lemma A.2
again, but now to the locally converging functions f̆n and f̆ , we have that yn = f̆n(tn)→
y = f̆(t) in V, whenever tn → t in BK . Hence, the continuity of the scaling action {Ta},
yields Tan(yn)→ Ta(y) in V, which completes the proof of property (iii).

Let now 0 6= f ∈ Sc(Λk,V). Proving property (iv) of Definition 2.7 amounts to showing
that ρ(T̃a1(f), 0) < ρ(T̃a2(f), 0), for all 0 < a1 < a2. Observe that by property (iv) for {Ta},
we have

dV(T̃a1(f̆)(t), 0) ≡ dV(Ta1(f̆(t)), 0) ≤ dV(Ta2(f̆(t)), 0) ≡ dV(T̃a2(f̆)(t), 0).

This implies that ρ(T̃a1
(f), 0) ≤ ρ(T̃a2

(f), 0). We next argue that the inequality is strict.
Since f 6= 0, we have 0 6= f̆(t) ∈ V for some t ∈ Rd. Let t ∈ Bj for some large enough j,
where Bj is as defined in (2.15). Since the suprema therein are attained, it is enough to
show that

dV(Ta1
(f̆(t1)), 0) := max

t∈Bj
dV(Ta1

(f̆(t)), 0)

< max
t∈Bj

dV(Ta2
(f̆(t)), 0) =: dV(Ta2

(f̆(t2)), 0).
(A.1)

Observe that, 0 < dV(Ta1
(f̆(t), 0) ≤ dV(Ta1

(f̆(t1)), 0) and hence f̆(t1) 6= 0. Thus, by the
radial monotonicity of the action {Ta}, we have

dV(Ta1
(f̆(t1)), 0) < dV(Ta2

(f̆(t1)), 0) ≤ dV(Ta2
(f̆(t2)), 0),

which yields (A.1) and completes the proof of (iv).
We now verify property (v). In view of Remark 2.8, it is equivalent to show that for all

f ∈ Sc(Λk,V), we have T̃1/n(f)→ 0 in Sc(Λk,V). Suppose that this is not the case. Then,
for some compact K ⊂ Rd, some ε0 > 0 and a sequence tn ∈ K, we have

dV(T1/n(f̆(tn)), 0) ≥ ε0 > 0.

Since K is compact, for some n′ →∞, we have tn′ → some t∗ ∈ K, and by the continuity
of f̆ , we have f̆(tn)→ f̆(t∗) in V. For all δ > 0, fixed, the radial monotonicity implies that

0 < ε0 ≤ lim sup
n′→∞

dV(T1/n′(f̆(tn′)), 0) ≤ lim
n′→∞

dV(Tδ(f̆(tn′)), 0) = dV(Tδ(f̆(t∗)), 0).

Property (v), for the scaling action {Ta}, however, entails that Tδ(f̆(t∗)) → 0 in V, as
δ ↓ 0, which yields a contradiction with the above inequality and completes the proof. �

The following result shows that the linear operator actions considered in Remark 2.9
are in fact actions under mild natural conditions on the operator exponent H.
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Lemma A.1. Let V be a Hilbert space and H : V→ V a bounded linear operator such
that

<(sp(H)) ⊂ (0,∞) and 2<〈Hx, x〉V = 〈(H+H∗)x, x〉V > 0, (A.2)

for all x 6= 0. Then, Tc := cH, c > 0 is a scaling action in the sense of Definition 2.7. Here
<(sp(H)) denotes the set of real parts of the elements in the spectrum of H.

Proof. Properties (i)–(iii) of Definition 2.7 are immediate. Indeed, we have (c1c2)H =

cH1 c
H
2 , c1, c2 > 0 and 1H = I, while Property (iii) follows from the strong continuity (in

operator norm) of c 7→ cH. To establish the radial monotonicity (Property (iv) in Definition
2.7), it is enough to show that for all x 6= 0, the function ϕ(c) := 〈cHx, cHx〉V is strictly
increasing in c > 0. To this end, we will show that ϕ′(c) > 0 for all c > 0 and x 6= 0. By
(5.2), h−1((c+ h)H − cH)→ HcH−1, in operator norm, as h→ 0. Thus, for c > 0,

ϕ′(c) = lim
h→0

1

h

(
〈(c+ h)Hx, (c+ h)Hx〉V − 〈cHx, (c+ h)Hx〉V

+ 〈cHx, (c+ h)Hx〉V − 〈cHx, cHx〉V
)

= 〈HcH−1x, cHx〉V + 〈cH,HcH−1x〉V = 2c−1<〈HcHx, cHx〉V,

which is strictly positive, by assumption. Finally, property (v) follows from the first
condition in (A.2) as in the proof of Relation (5.19).

A.2 Proof of Proposition 3.9

Proposition 3.9 is the key to establishing the a.e. intrinsic stationarity of the tangent
fields in Theorem 3.8. This section outlines its proof, which is based on the following
lemma and the Egorov and Lusin Theorems.

Lemma A.2. Let (K, ρK) be a compact metric space and (E, ρE) be a metric space.
Suppose that fn and f : K → E are Borel measurable functions.

If the function f is continuous, then

sup
x∈K

ρE(fn(x), f(x))→ 0, as n→∞, (A.3)

if and only if

ρE(fn(xn), f(x))→ 0, whenever ρK(xn, x)→ 0. (A.4)

Proof. (‘if’) Suppose that (A.4) holds and assume that (A.3) fails. Then, for some ε0 > 0,
there exist an infinite sequence nk ∈ N and xnk ∈ K, such that ρE(fnk(xnk), f(xnk)) ≥
ε0 > 0. It is easy to see that {xnk} is also an infinite sequence, since for every k0 ∈ N,
by (A.4), we have fnk(xnk0

) → f(xnk0
), as nk → ∞. Indeed, had {xnk} been a finite

set, for some infinite subsequence {n′k} ⊂ {nk}, we would have xn′k = xnk0
and hence

ρE(fn′k(xn′k), f(xn′k)) = ρE(fn′k(xnk0
), f(xnk0

))→ 0, contradicting the construction of the
xnk ’s.

The infinite sequence {xnk} is included in the compact K, and hence it has a converg-
ing subsequence xnk(m) → x. This, in view of (A.4), implies that fnk(m)(xnk(m))→ f(x) in
V. Since f is continuous at x, however, f(xnk(m))→ f(x). This, by the triangle inequality,
implies

ρE(fnk(m)(xnk(m)), f(xnk(m)))

≤ ρE(fnk(m)(xnk(m)), f(x)) + ρE(f(x), f(xnk(m)))→ 0, as nk(m)→∞.

This contradicts the assumption that ρE(fnk(m)(xnk(m)), f(xnk(m))) ≥ ε0.
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(‘only if’) Let xn → x. By the triangle inequality, we have that

ρE(fn(xn), f(x)) ≤ ρE(fn(xn), f(xn)) + ρE(f(xn), f(x))

≤ sup
x′∈K

ρE(fn(x′), f(x′)) + ρE(f(xn), f(x)),

which converges to zero by (A.3) and the continuity of f .

The next result is a restatement of Theorem 7.5.1 in Dudley (2002).

Theorem A.3 (Egorov). Let (B,B, µ) be a finite measure space and (Y, ρY ) be a separable
metric space. Suppose that fn : B → Y, n = 1, · · · are measurable functions such that,
for µ-almost all x ∈ B,

fn(x)→ f(x), as n→∞.

Then, for all ε > 0, there exists a measurable set Bε ⊂ B, such that

µ(B \Bε) < ε and sup
x∈Bε

ρY (fn(x), f(x))→ 0, as n→∞.

We present next a relatively general form of the classic Lusin’s theorem stating that
every Borel function is nearly continuous. The proof follows the elegant 3-line argument
given in Theorem 1 on page 56 in Loeb and Talvila (2004). We provide a bit more detail
and tailor the result to the case of metric spaces.

Theorem A.4 (Lusin). Let (X, ρX) be a metric space and (Y, ρY ) be a separable metric
space. Let also f : X → Y be a Borel measurable function and µ be a finite Borel
measure µ on X.

For every ε > 0, there exists a closed set F ⊂ X, such that µ(X \F ) < ε and f : F → Y

is continuous. If (X, ρX) is separable and complete, then the set F can be taken to be
compact.

Proof. We will essentially unpack the argument on page 56 of Loeb and Talvila (2004)
with small modifications.

By Theorem 7.1.3 on page 175 in Dudley (2002) every finite Borel measure µ on
(X, ρX) is closed regular, that is, for every Borel set A in X, we have

µ(A) = sup{µ(F ) : F ⊂ A, F is closed}. (A.5)

Recall that µ is called regular if the sets F above can be taken to be compact. Ulam’s
Theorem implies that if (X, ρX) is separable and complete, then µ is regular (cf. Theorem
7.1.4 in Dudley, 2002).

We now fix an ε > 0 and construct the closed set F . Since (Y, ρY ) is separable, it
is second countable, i.e., its topology has a countable base. Namely, there exists a
countable collection of open sets {Vn, n ∈ N} in Y such that every open set V ⊂ Y can
be represented as a union of Vn’s, i.e., V = ∪{Vn : Vn ⊂ V, n ∈ N}.

Following Loeb and Talvila (2004), by (A.5) since µ is finite, we can find closed sets
Fn ⊂ f−1(Vn) and F ′n ⊂ X \ f−1(Vn) in X (compact if µ is regular), such that

µ(f−1(Vn) \ Fn) <
ε

2n+1
and µ([X \ f−1(Vn)] \ F ′n) <

ε

2n+1
.

Observe that

µ(X \ (Fn ∪ F ′n)) = µ(f−1(Vn) \ Fn) + µ([X \ f−1(Vn)] \ F ′n) <
ε

2n
.
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Define F := ∩n∈N(Fn ∪ F ′n) and notice that F is closed and in fact compact if (X, ρX) is
separable and complete. The above relation implies moreover that

µ(X \ F ) ≤
∑
n∈N

µ(X \ (Fn ∪ F ′n)) <
∑
n∈N

ε

2n
= ε.

To complete the proof, it remains to show that f : F → Y is continuous. To this end, it
is enough to show that for every x ∈ F and every Vn such that f(x) ∈ Vn, there is an
open set U 3 x such that f(U ∩ F ) ⊂ f(Vn). Suppose f(x) ∈ Vn and consider the open
set U := X \ F ′n. Since F ⊂ Fn ∩ F ′n and U ∩ F ′n = ∅, we have

U ∩ F ⊂ U ∩ Fn ⊂ f−1(Vn),

which implies f(U ∩ F ) ⊂ Vn. We have thus established the desired continuity of f on
F .

Remark A.5. Loeb and Talvila’s proof of Lusin’s Theorem A.4 is not constructive and it
does not use approximation arguments based on the Tietze–Uryson Lemma and Egorov’s
theorem as many other proofs in the literature (see, e.g., Theorem 7.5.2 in Dudley,
2002). This makes it possible to extend Lusin’s theorem to functions taking values in an
arbitrary separable metric space.

We conclude this section with the proof of Proposition 3.9.

Proof of Proposition 3.9: By Egorov’s Theorem (see Theorem A.3, above), there is a
Borel set Bε ⊂ B such that µ(B \Bε) < ε/2 and

sup
s∈Bε

ρE(Fn(s), G(s))→ 0, (A.6)

as n → ∞. Observe that since the Lebesgue measure is closed regular (recall (A.5)),
one can choose the set Bε to be closed. Therefore, Bε with the usual metric in Rd is
a complete and separable metric space. Hence, we can apply Lusin’s Theorem A.4 to
X := Bε ⊂ Rd and Y := E to conclude that there is a further compact set Kε ⊂ Bε, such
that µ(Bε \Kε) < ε/2 and the function G : Kε → E is continuous.

Observe that

µ(B \Kε) = µ(B \Bε) + µ(Bε \Kε) < ε.

By Lemma A.2, the continuity of G on Kε and the uniform convergence (A.6) imply (3.17).
�

A.3 Supplementary results and proofs for Section 3

The following convergence to types lemma is rather useful.

Lemma A.6. Let {Ta, a > 0} be a scaling action on some metric space (X, dX). Let also
ξ, ξ̃ and ξn be random elements taking values in X. Then the following hold.

(i) If ξ is non-zero, then Ta′(ξ)
d
= Ta′′(ξ) implies a′ = a′′.

(ii) Suppose that ξn
d→ ξ and ξ̃n := Tan(ξn)

d→ ξ̃, for some sequence an > 0, where both

ξ and ξ̃ are non-zero. Then an → a for some a > 0 and ξ̃
d
= Ta(ξ).

(iii) If ξ is non-zero and Tan(ξ)
d→ 0, then an → 0.
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Proof. Part (i). Suppose that a′ < a′′. Then,

ξ
d
= T−1

a′′ ◦ Ta′(ξ) ≡ Ta′/a′′(ξ),

which implies ξ
d
= Tcn(ξ), for all n ∈ N, where cn = (a′/a′′)n ↓ 0. As in Remark 2.8, let Br

be the open ball centered at the origin with radius r. It follows that, for every Br,

P(ξ ∈ Br) = P(Tcn(ξ) ∈ Br) = P(ξ ∈ T1/cn(Br)).

Since 1/cn → ∞, applying (2.15) and (2.17), we see that P(ξ ∈ Br) = 1, for all r > 0,
which contradicts the assumption that ξ is non-zero.

Part (ii). We will first show that {an} is bounded away from 0 and∞. Indeed, suppose
that an′ →∞ for some n′ →∞. Observe that all but countably many Br’s are continuity
sets for the distribution of ξ. Indeed, the sets ∂Br := Br \ Br, r > 0 are pairwise
disjoint in r and for each ε > 0, there are at most 1/ε distinct values for r, such that
P(ξ ∈ ∂Br) > ε.

For every r > 0 such that P(ξ ∈ ∂Br) = 0, since ξn′
d→ ξ, we have

P(ξ ∈ Br) = lim
n′→∞

P(ξn′ ∈ Br) = lim
n′→∞

P(Tan′ (ξn′) ∈ Tan′ (Br))

≥ lim sup
n′→∞

P(ξ̃n′ ∈ Tm(Br)),
(A.7)

where ξ̃n′ := Tan′ (ξn′) and m is an arbitrary fixed integer. Here, we used the fact that
Tm(Br) ⊂ Tan′ (Br), for all large enough n′, by (2.15) and (2.17).

Now, since Tm is a homeomorphism, we have ∂Tm(Br) = Tm(∂Br) are disjoint in r > 0,
and by the above argument, for all but countably many r’s, we have P(ξ̃ ∈ ∂Tm(Br)) = 0

and hence P(ξ̃n′ ∈ Tm(Br))→ P(ξ̃ ∈ Tm(Br)), as n′ →∞. Therefore, in view of (A.7), we
obtain

P(ξ ∈ Br) ≥ P(ξ̃ ∈ Tm(Br)), for all m and all but countably many r > 0.

Relation (2.15), however, implies that Tm(Br) ↑ E as m→∞, which implies

P(ξ ∈ Br) = 1 = lim
m→∞

P(ξ̃ ∈ Tm(Br)),

for all but countably many r. This implies that P(ξ = 0) = 1, which is a contradiction.
We have thus shown that the sequence {an} is bounded above. One can similarly

show that {an} is bounded away from 0. Indeed, by defining ãn := 1/an, we see that

ξn = Tãn(ξ̃n)
d→ ξ. Therefore, repeating the above argument with an, ξn and ξ replaced

by ãn, ξ̃n and ξ̃, respectively, we see that {ãn ≡ 1/an} is bounded.
We have thus shown that {an} can only have positive cluster points. Suppose that

an′ → a′ > 0 and an′′ → a′′ > 0, for some sub-sequences n′, n′′ → ∞. Since the space
(X, dX) is separable, by the Skorokhod-Dudley representation (cf. Theorem 3.30 of
Kallenberg, 1997), on a suitable probability space we can define ξ∗ and ξ∗n such that

ξ∗n
d
= ξn, ξ∗

d
= ξ, and ξ∗n → ξ∗, almost surely.

Thus, the continuity property (iii) in Definition 2.7, implies that

Tan′ (ξ
∗
n′)→ Ta′(ξ

∗) and Tan′′ (ξ
∗
n′′)→ Ta′′(ξ

∗),

almost surely. Since also Tan(ξ∗n)
d
= Tan(ξn)

d→ ξ̃, and ξ
d
= ξ∗, we obtain

Ta′(ξ)
d
= ξ̃

d
= Ta′′(ξ). (A.8)
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By part (i), this is only possible if a′ = a′′. We have thus shown that the sequence {an}
has a unique cluster point a = a′ = a′′ > 0 and in view of (A.8), that Ta(ξ)

d
= ξ̃.

Part (iii). Suppose that lim supn→∞ an > 0, i.e., for some subsequence n′ → ∞, we
have an′ ≥ ε0 > 0, for all n′. Then, in view of (2.17), for all r > 0, we have

P(Tε0(ξ) ∈ Bcr) ≤ P(Tan′ (ξ) ∈ B
c
r).

Since Tan′ (ξ)
d→ 0, the right-hand side vanishes, as n′ →∞. On the other hand, since ξ is

nonzero, so is Tε0(ξ) and the left-hand side is positive for sufficiently small r > 0. This
contradiction yields lim supn→∞ an = 0.

The next result is used in the proof of Corollary 3.10, given below.

Lemma A.7. Let X := {X(λ), λ ∈ Λk} and Xn := {Xn(λ), λ ∈ Λk} be random fields in

Sc(Λk,V) such that Xn
d→ X. Then for any sequences vn → 0 and rn → 1, we have

{Xn(vn + rn · λ), λ ∈ Λk}
d−→ {X(λ), λ ∈ Λk}.

Proof. Let Yn(λ) = Xn(vn + rn · λ) and Y̆n = Yn(λt). By Proposition 2.3, conditions (i)
and (ii) hold for X̆n. We need to show that they also hold for Y̆n. The proof for (i) is an
easy application of the Skorokhod-Dudley representation Theorem 3.30 on page 56 in
Kallenberg (1997). We focus on proving (ii).

First consider the relationship between X̆n and Y̆n. It follows that

Y̆n(t) = Xn(vn + rn · λt) =

∫
X̆n(vn + rnu)λt(du),

where one can write

λt(du) =

Mk+1∑
i=1

ci(t)δsi(t)(du),

for some continuous functions ci(t) ∈ C and si(t) ∈ Rd, i = 1, . . . ,Mk + 1 (recall (2.7)).
Since X̆n(t) = Xn(λt), for any K and n large enough,

sup
‖t‖2≤K

dV(Y̆n(t), X̆n(t)) ≤ sup
‖t‖2≤K

Mk+1∑
i=1

dV

(
ci(t)X̆n(vn + rnsi(t)), ci(t)X̆n(si(t))

)
≤ (Mk + 1) sup

‖s‖,‖t‖≤2K
|c|≤CK ,‖s−t‖≤δn

dV(cX̆n(s), cX̆n(t)),
(A.9)

where δn := |rn − 1|SK + |vn| → 0 with

SK := sup
‖t‖≤K

i=1,...,Mk+1

‖si(t)‖ and CK := sup
‖t‖≤K

i=1,...,Mk+1

|ci(t)|.

Therefore, for any η, ε > 0, by (ii) in Proposition 2.3 there exists n large enough such
that, P(An < η) > 1− ε, where

An := sup
‖s‖,‖t‖≤2K
‖s−t‖≤δn

dV(X̆n(s), X̆n(t)).

Then according to (2.3), (2.4) and (A.9), we have on the event {An < η}, that

sup
‖t‖≤K

dV(Y̆n(t), X̆n(t)) ≤ (Mk + 1)fCK (η),
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where for any CK > 0, fCK (η) := supdV(x,y)<η,|c|<CK dV(cx, cy) → 0 as η → 0. Thus, on
{An < η}, we have

sup
‖s‖,‖t‖≤K
‖s−t‖≤δn

dV(Y̆n(s), Y̆n(t)) ≤ 2 sup
‖t‖≤K

dV(Y̆n(t), X̆n(t)) + sup
‖s‖,‖t‖≤K
‖s−t‖≤δn

dV(X̆n(s), X̆n(t))

≤ 2(Mk + 1)fCK (η) + η.

Thus, the second condition of Proposition 2.3 for Y̆n follows.

Proof of Corollary 3.10: Consider the context of the proof of Theorem 3.8. When
Ts,c = Tc, c > 0, for a fixed scaling action Tc. Relation (3.19) becomes

ξn =
{
Tcn(sn) ◦ T−1

cn(s) ◦ Tcn(s)X(s, (1/n) · (wn + λ)), λ ∈ Λk

}
=: Tcn(sn)/cn(s)ξ̃n.

(A.10)

where cn(s) := c(s, 1/n), and we used the fact that T−1
cn(s) = T1/cn(s).

Relation (3.18) implies that

ξn
d−→ ξ := {Ys(λ), λ ∈ Λk}.

On the other hand, by Lemma A.7, we have

ξ̃n = {Tcn(s)X(s, (1/n) · (wn + λ)), λ ∈ Λk}
d−→ ξ̃ := {Ys(w + λ), λ ∈ Λk}.

Thus, in view (A.10), we have ξ̃n = Tcn(s)/cn(sn)ξn
d→ ξ̃ and since both ξ and ξ̃ are non-zero,

Lemma A.6 implies that

cn(s)

cn(sn)
≡ cn(s)

cn(s+ wn/n)
→ as({wn}) > 0.

One can verify that the limit as({wn}) is independent of the choice of the sequence {wn}.
Indeed, if there exists another w′n → w and s+ w′n/n ∈ Kε then we will have

{Ys(w + λ), λ ∈ Λk}
d
= {Tas({wn})(Ys(λ)), λ ∈ Λk}

d
= {Tas({w′n})(Ys(λ)), λ ∈ Λk},

which shows as({wn}) = as({w′n}) by (i) of Lemma A.6. Thus, we can just use the notation
as(w) and we have

{Ys(w + λ), λ ∈ Λk}
d
= {Tas(w)Ys(λ), λ ∈ Λk}. (A.11)

To prove that (3.16) holds, or equivalently Tcn(s)/cn(sn) → T1 ≡ I, we only need to
verify as(w) = 1, which we do next. By (A.11), it is easy to see that as(0) = 1 and
as(w + u) = as(w)as(u). By Theorem 3.4, there is a positive scalar α = α(s) > 0, such
that

{Ys(r · λ), λ ∈ Λk}
d
= {Trα(Ys(λ)), λ ∈ Λk}, for all r > 0. (A.12)

Consider Ys(r · (w + λ)) with r ∈ N. On one hand, (A.11) and (A.12) imply that

{Ys(r · (w + λ)), λ ∈ Λk}
d
= {Trα(Ys(w + λ)), λ ∈ Λk}

d
= {Trαas(w)(Ys(λ)), λ ∈ Λk}.

(A.13)

On the other hand, since as(rw) = ars(w), for all r ∈ N, viewing Ys(r · (w + λ)) as
Ys(rw + r · λ), by (A.11), we have

{Ys(r · (w + λ)), λ ∈ Λk}
d
= {Tas(rw)(Ys(r · λ)), λ ∈ Λk}

d
= {Tars(w)rα(Ys(λ)), λ ∈ Λk}.

(A.14)

Thus, by Lemma A.6 applied to (A.13) and (A.14), we obtain as(w) = ars(w) for all r ∈ N,
which, since as(w) > 0, implies as(w) = 1. �
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A.4 Supplemental background and some proofs for Section 4

In Bochner’s Theorem, we need the notion of integration of a C-valued function on
Rd with respect to a finite T+-valued measure. A finite T+-valued measure is a mapping
µ : B(Rd) → T+ from the class of Borel sets in Rd to T+ that is countably additive.
Notice that this readily implies that µ(∅) = 0; that µ is monotone, i.e., µ(A) ≤ µ(B) as
positive operators for A ⊂ B; and that µ is finite since µ(Rd) ∈ T+. This notion can be
developed along the line of ordinary Lebesgue integral, making use of the completeness
of T. We will provide a brief outline below and leave the details to Section S.3 in Shen
et al. (2020). (The construction naturally extends to the case of σ-finite T+-valued
measures.)

Let µ be a finite T+-valued measure. We follow the development of ordinary Lebesgue
integration:

(i) For any real nonnegative simple function f =
∑k
i=1 ciIAi , define

∫
fdµ =∑k

i=1 ciµ(Ai).

(ii) For nonnegative measurable functions f , let∫
fdµ = lim

n→∞

∫
fndµ (A.15)

in (T, ‖·, ‖tr) where {fn} is any sequence of simple functions such that

(a) fn ≤ fn+1,
(b) fn(x) ↑ f(x) for all x,
(c)

∫
fndµ ≤ B for all n and some fixed B ∈ T+.

The existence of {fn} satisfying (a) and (b) for any given nonnonegative measurable
f follows from standard measure theory. However, we need the extra condition (c)
(along with the completeness of T+) to ensure that the limit on rhs of (A.15) exists
and does not depend on the choice of {fn}. Clearly, (c) is automatically fulfilled if f
is bounded.

(iii) For a general real measurable f , let∫
fdµ =

∫
f+dµ−

∫
f−dµ

provided both terms on the right is finite. For a general complex f , let∫
fdµ =

∫
fredµ+ i

∫
fimdµ

where fre, fim be the real and imaginary parts, respectively.

It is immediate that ‖µ‖tr(A) := ‖µ(A)‖tr, A ∈ B(Rd) defines a finite Borel measure
referred to as to the trace measure of µ. The following useful integrability criterion is
straightforward.

Proposition A.8. The integral
∫
Rd
fdµ ∈ T is well-defined, for all f ∈ L1(Rd, ‖µ‖tr), and∫

Rd
f(x)‖µ‖tr(dx) = trace

(∫
Rd
f(x)µ(dx)

)
.

The integral can be readily extended to σ-finite T-valued signed measures. One
can also naturally consider finite signed T-valued measures, namely µ = µ+ − µ−
where µ+, µ− are both finite T+-valued measures, by

∫
fdµ :=

∫
fdµ+ −

∫
fdµ−. In

this case, the trace measure of µ is the (scalar) signed measure defined as ‖µ‖tr(·) :=

‖µ+‖tr(·)− ‖µ−‖tr(·).
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Next we turn to the stochastic integral in Cramér’s representation. Recall that L2(Ω)

is the L2-space of all V-valued random elements η on the probability space (Ω,F ,P) with
E‖η‖2 <∞, equipped with the inner product

〈η1, η2〉Ω := E〈η1, η2〉.

We briefly discuss the properties of the orthogonal random measure ξ = {ξ(A), A ∈
B(Rd)} in Definition 4.6. Condition (ii) therein readily implies the orthogonality as well
as finite additivity of the measure ξ. Indeed,

E[ξ(A)⊗ ξ(B)] = µ(∅) = 0, for all disjoint A,B ∈ B(Rd), (A.16)

where 0 stands for the zero operator in T. This implies in particular that 〈ξ(A), ξ(B)〉Ω = 0

(cf Remark A.9). We have, moreover, that for all (orthogonal) projection operators
Π : V→ V, the random measure η(·) := Πξ(·) is also an orthogonal measure with control
measure Πµ(·)Π.

Now, to show finite additivity, observe that for disjoint Borel sets A and B,

E‖ξ(A ∪B)− ξ(A)− ξ(B)‖2

= Etrace
(

(ξ(A ∪B)− ξ(A)− ξ(B))⊗ (ξ(A ∪B)− ξ(A)− ξ(B))
)

= trace
(
µ(A ∪B)− µ(A)− µ(B)

)
= 0,

by the fact that the E and trace operators can be exchanged and the finite additivity of µ.
This shows ξ(A ∪B) = ξ(A) + ξ(B), almost surely.

Finally, Condition (i) in Definition 4.6 along with the established finite additivity
implies the σ-additivity of ξ, in the sense that for any sequence of pairwise disjoint
An ∈ B(Rd), n = 1, 2, · · · , we have

ξ
( ∞⋃
n=1

An

)
=

∞∑
n=1

ξ(An), almost surely,

where the series on the rhs stands for the limit of
∑N
n=1 ξ(An) as N →∞ in L2(Ω).

Remark A.9. Observe that for random vectors X,Y ∈ L2(Ω), we have that

E[X ⊗ Y ] = 0 implies 〈X,Y 〉Ω = 0,

but the converse implication is not always true. Thus, the orthogonality condition in
(A.16) is stronger than requiring simply 〈ξ(A), ξ(B)〉Ω = 0.

Introduce the finite Borel scalar measure

‖µ‖tr(A) := trace(µ(A)) ≡ ‖µ(A)‖tr, A ∈ B(Rd).

It is easy to verify (cf. Lemma S.2.2 in Shen et al., 2020) that, for all A ∈ B(Rd),

‖ξ(A)‖2Ω = ‖µ(A)‖tr = ‖µ‖tr(A).

Next, for an orthogonal random measure ξ with control measure µ, we sketch the
construction of the stochastic integral Iξf :=

∫
Rd
f(t)ξ(dt) defined for all functions

f ∈ L2(Rd, ‖µ‖tr), i.e., all measurable f : Rd → C with
∫
Rd
|f(t)|2‖µ‖tr(dt) < ∞. For

any simple function ψ(x) =
∑n
j=1 cjIAj (x), where Aj ∈ B(Rd), Aj ∩Aj′ = ∅ when j 6= j′,

define the integral

Iξ(ψ) =

n∑
j=1

cjξ(Aj).
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The integral Iξ(ψ) takes values in L2
ξ(Ω), defined as the closure of

span(ξ) :=
{ n∑
j=1

ciξ(Aj), cj ∈ C, Aj ∈ B(Rd), n = 1, 2, . . .
}

in L2(Ω). Property (ii) in Definition 4.6 entails

‖Iξ(ψ)‖2Ω =

∫
Rd
|ψ(x)|2‖µ‖tr(dx).

Therefore, Iξ is an isometric linear mapping between the class of simple functions in the
L2-space L2(Rd, ‖µ‖tr) and the Hilbert space L2

ξ(Ω).

As the class of simple functions is dense in L2(Rd, ‖µ‖tr) and the integrals Iξ(ψ)

are dense in L2
ξ(Ω), the linear operator Iξ can be uniquely extended to an isometric

linear mapping between L2(Rd, ‖µ‖tr) and L2
ξ(Ω). This completes the construction of the

stochastic integral ∫
Rd
f(x)ξ(dx) := Iξ(f), f ∈ L2(Rd, ‖µ‖tr).

Observe, moreover that for all f, g ∈ L2(Rd, ‖µ‖tr), we have

E[Iξ(f)⊗ Iξ(g)] =

∫
Rd
f(x)g(x)µ(dx),

where the last integral is well-defined in view of Proposition A.8.

Proof of Proposition 4.18: Part (i): If Y is a real IRFk then Y is also a real IRFk+1

with trivial polynomial spectral characteristic. Indeed, since for all λ ∈ Λk+1, we have
∂k+1
j1,··· ,jd λ̂(0) = 0, Relation (4.16) becomes

Y (λ) =

∫
Rd

λ̂(u)

1 ∧ ‖u‖k+1
ξ(du) =:

∫
Rd

λ̂(u)

1 ∧ ‖u‖k+2
η(du),

where η(du) := (1∧‖u‖k+2)(1∧‖u‖k+1)−1ξ(du). By taking λ ∈ Λk+1(R), since Y (λ) = Y (λ)

and λ̂(u) = λ̂(−u), we obtain that

Y (λ) =

∫
Rd

λ̂(u)

1 ∧ ‖u‖k+2
η(−du), λ ∈ Λk+1(R).

By (4.18), the last relation continues to hold for all complex λ ∈ Λk+1. Hence, appealing
to the uniqueness of the representation (4.16) of Y viewed as an IRFk+1 (with k replaced
by k + 1 and ξ by η), we obtain

η(du) = η(−du), almost surely,

or equivalently ξ(du) = ξ(−du), a.s., which shows that the orthogonal measure ξ is
Hermitian.

The fact that ξ is Hermitian and Y a real IRFk, imply that for all λ ∈ Λk(R),

Y (λ)−
∫
Rd

λ̂(u)

1 ∧ ‖u‖k+1
ξ(du) =

∑
j1,··· ,jd

∂k+1
j1,··· ,jd λ̂(0)Zj1,··· ,jd is real.

By taking suitable real λ’s for which ∂k+1
j1,··· ,jd λ̂(0) vanish for all but each one term in the

sum, we obtain that all (i)k+1Zj1,··· ,jd must be real.
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Conversely, if ξ is Hermitian and the (i)k+1Zj1,··· ,jd ’s are real, it is immediate that Y (λ)

is real for all λ ∈ Λk(R). This completes the proof of part (i). Part (ii) is an immediate
consequence of (i).

Part (iii): One can define Y as in (4.18), where all (i)k+1Zj1,··· ,jd ’s are real and ξ

Hermitian. By part (i), this entails that Y is a real IRFk. Suppose now that Ỹ (λ) =

aY (λ) + ibY ′(λ) and observe that

CỸ (λ, µ) = a2E[Y (λ)⊗ Y (µ)] + b2E[Y ′(λ)⊗ Y ′(µ)] + abi
[
EY ′(λ)⊗ Y (µ)− EY (λ)⊗ Y ′(µ)

]
= E[Y (λ)⊗ Y (µ)] = CY (λ, µ),

since a2 + b2 = 1 and the cross-covariance terms cancel. This shows that Ỹ and Y have
the same covariance structure. �

Lemma A.10. Let T (x, y) be a bivariate mapping from D ×D to F, where both D and
F are linear spaces over C. Assume that T is sesquilinear form with T (cx, y) = cT (x, y)

and T (x, cy) = c̄T (x, y), x, y ∈ D, c ∈ C. Then, for x, y ∈ D,

T (x, y) =
i− 1

2
(T (x, x) + T (y, y)) +

1

2
T (x+ y, x+ y)− i

2
T (ix+ y, ix+ y).

Proof. The proof is trivial by noticing the identities:

T (x+ y, x+ y) = T (x, x) + T (y, y) + T (x, y) + T (y, x),

T (ix+ y, ix+ y) = T (x, x) + T (y, y) + iT (x, y)− iT (y, x).

A.5 Proofs for Section 5.1

We start with an auxiliary result needed for the proof of Theorem 5.3 below.

Lemma A.11. For any A ∈ T and any bounded linear operator H, define f(c) :=

c−HAc−H∗ , c > 0. The function f : (0,∞)→ T is continuously Fréchet differentiable in
(T, ‖ · ‖tr) with derivative

f ′(c) = −c−1(Hf(c) + f(c)H∗) = −c−1c−H(HA+AH∗)c−H
∗
, c > 0.

That is,

‖f(c+ h)− f(c)− f ′(c)h‖tr = o(h), as h→ 0. (A.17)

Proof. Observe that (c+ h)−H− c−H =
∑∞
n=1(−H)n[(log(c+ h))n− (log c)n]/n!. Applying

the mean value theorem to the terms (log(c + h))n − (log c)n, and using the triangle
inequality for ‖ · ‖op, one can show that for all c > 0,∥∥∥(c+ h)−H − c−H − c−H (−H)c−1h

∥∥∥
op

= o(h), as h→ 0. (A.18)

That is, c 7→ c−H and similarly c 7→ c−H
∗

are Fréchet differentiable in the Hilbert space
V.

On the other hand, by Proposition IV.5.4 on page 62 of Gohberg et al. (2000), for any
two bounded operators B and C and a trace class operator A ∈ T, we have that BAC ∈ T
and moreover

‖BAC‖tr ≤ ‖B‖op‖A‖tr‖C‖op. (A.19)

This inequality can be used to show that the Fréchet differentiability of c 7→ c−H and
c 7→ c−H

∗
in the operator norm induced by the Hilbert space norm in V entails the

Fréchet differentiability in trace-norm.
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Indeed, for all c > 0 and h > −c, we have

f(c+ h)− f(c) = (c+ h)−HA(c+ h)−H
∗
− c−HAc−H

∗

= ((c+ h)−H − c−H)A(c+ h)−H
∗

+ c−HA((c+ h)−H
∗
− c−H

∗
).

Now, in view of (A.18) and using the inequality (A.19), we obtain

‖f(c+ h)− f(c)− hc−H−1(−H)A(c+ h)−H
∗
− h(c+ h)−HA(−H∗)c−H

∗−1‖tr = o(h),

as h → 0. The continuity of c 7→ c−H and c 7→ c−H
∗

in the operator norm and another
application of (A.19) entails (A.17).

Proof of Theorem 5.3: Fix c > 0 and define the rescaled IRFk process Ỹ (λ) :=

c−HY (c · λ), λ ∈ Λk. Observe that Y is covariance H-self-similar if and only if Ỹ and Y
have the same covariance structure or, equivalently, the same spectral characteristics
(χ,Q).

In view of (4.14), for all λ, µ ∈ Λk, we have

CỸ (λ, µ) = E[Ỹ (λ)⊗ Ỹ (µ)] = c−HE[Y (c · λ)⊗ Y (c · µ)]c−H
∗

=

∫
Rd
ĉ · λ(u)ĉ · µ(u)c−Hχk(du)c−H

∗
+ c−HQ(c · λ ∗ c̃ · µ)c−H

∗

=

∫
Rd
λ̂(x)µ̂(x)c−Hχk(dx/c)c−H

∗
+ c−Hc2k+2Q(λ ∗ µ̃)c−H

∗
,

(A.20)

where in the last relation we used that ĉ · λ(u) = λ̂(cu), the change of variables u := x/c,
and the fact that Q(c · ν) = c2k+2Q(ν) for all ν ∈ Λ2k+1.

Relation (A.20) shows that the spectral characteristics of Ỹ are

(c−Hχk(dx/c)c−H
∗
, ck+1−HQ(·)ck+1−H∗).

Hence, by the uniqueness of the spectral representation in (4.14), the IRFk process
Y and Ỹ have the same covariance structure, if and only if Relation (5.6) holds. This
completes the proof of part (i) .

Part (iv) is an immediate consequence of part (ii) and Theorem 4.15, where the
random measure ξ(dx)/(1 ∧ |x|k+1) therein, is now written in polar coordinates as
W (drdθ). Thus, in the remainder of the proof we focus on establishing the disintegration
formula (5.8) (part (ii) ) and the uniqueness of the measure σ (part (iii) ).

Define the T-valued set-mapping

σ(B) := Hχk((1,∞)×B) + χk((1,∞)×B)H∗, B ∈ B(S), (A.21)

where in short, we write χk(A×B) for χk({(r, θ) ∈ A×B}), with A ⊂ (0,∞) and B ⊂ S.
The fact that χk is a T+-valued measure readily implies σ(∅) = 0 and the countable
additivity of σ. Note also that σ is finite, since for all B ∈ B(S), by (A.19),

‖σ(B)‖tr ≤ (‖H‖op + ‖H∗‖op)‖χk((1,∞)× S)‖tr <∞.

We will argue next that σ(B) is positive and hence it defines a T+-valued measure on
S. We will also show that for all c > 0 and B ∈ B(S), we have

χk((c,∞)×B) =

∫ ∞
c

u−Hσ(B)u−H
∗ du

u
. (A.22)
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This fact and a standard π − λ argument then entail that (5.7) holds. Indeed, the
right-hand side of (5.7) defines a σ-finite T+-valued measure, say χ̃k, on B(Rd \ {0}).
By Relation (A.22), the measures χk and χ̃k agree on the semi-ring of rectangle sets
(c,∞)×B. Since the latter generates the σ-field B(Rd \ {0}), by considering projections
on a fixed CONS, it can be seen that the two T+-valued measures coincide.

We now prove that σ is a finite T+-valued measure and show (A.22). In view of
Lemma A.11 (above), it follows that the function

f(u) := u−Hχk((1,∞)×B)u−H
∗
.

is Fréchet continuously differentiable in (T, ‖ · ‖tr) with derivative:

f ′(u) = −u−1u−H
(
Hχk((1,∞)×B) + χk((1,∞)×B)H∗

)
u−H

∗

= −u−1u−Hσ(B)u−H
∗
, u > 0.

(A.23)

Observe that by the operator-scaling property for χk in (5.6), we have

f(u) = χk((u,∞)×B), u > 0.

The monotonicity of the T+-valued measure χk then implies that

χk((u, u+ h]×B) = f(u)− f(u+ h) ∈ T+,

for all h > 0. This shows that −f ′(u) ∈ T+ and by setting u = 1, we obtain −f ′(1) =

σ(B) ∈ T+, which shows that σ(B) ∈ T+, completing the proof that the so-defined
set-mapping in (A.21) is a finite T+-valued measure.

Now, using (A.23) and a straightforward extension of the fundamental theorem of
calculus to Bochner integrals, we obtain∫ ∞

c

u−Hσ(B)u−H
∗ du

u
= −

∫ ∞
c

f ′(u)du = f(c)

= c−Hχk((1,∞)×B)c−H
∗
.

(Note that f(u) = χk((u,∞)×B) ↓ 0 as u ↑ ∞.) The latter, in view of the scaling property
of χk, equals χk((c,∞)×B), completing the proof of (A.22) and part (ii) .

Part (iii). We now show that σ is uniquely determined by χk, alone. By definition, we
have

σ(B) = − d

dc

∣∣∣
c=1

χk((c,∞)×B), B ∈ B(S),

where the latter is interpreted as the Fréchet derivative in (T, ‖ · ‖) of the function
c 7→ χk((c,∞) × B), evaluated at c = 1. This shows that σ is uniquely determined in
terms of the measure χk and it does not depend on the choice of the exponent operator
H, which need not be unique (see e.g., Remark 5.14). �

A.6 Proofs for Section 5.2

Proof of Proposition 5.16: Stationarity is immediate, provided that the stochastic
integral in (5.30) is well-defined. To this end, it suffices to show that∫ ∞

0

∫
S

‖fs(u, θ)‖2opdu‖µ‖tr(dθ) :=

∫ ∞
0

∫
S

(1 ∧ u)2(k+1)
∥∥∥u−HA(θ)

∥∥∥2

op
u−1du‖µ‖tr(dθ)

≤
∫
S

‖A(θ)‖2op‖µ‖tr(dθ)
∫ ∞

0

(1 ∧ u)2(k+1)‖u−H‖2opu
−1du.

(A.24)
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By the assumption (5.29), the first integral in (A.24) is finite. It remains to show that
the second one therein is also finite. This, however, readily follows from the inequality

(1 ∧ u)2(k+1)u−1‖u−H‖2op ≤ C ×
(

1(0,1)(u)u2δ−1 + 1[1,∞)(u)u−2ε−1
)
, (A.25)

where in view of (5.28) and the compactness of <(sp(H)), ε > 0 and δ > 0 are such that
<(sp(H)) ⊂ (ε, k + 1 − δ). Relation (A.25) can be established exactly as in the proof of
(5.19) using (5.28) and Riesz functional calculus. This completes the proof of (A.25) and
part (i) .

To prove part (ii) , it suffices to establish that, for all s, t ∈ B(0,M), M > 0,

E[‖X(s)−X(t)‖2] ≤
∫ ∞

0

∫
S

‖fs(u, θ)− ft(u, θ)‖2opdu‖µ‖tr(dθ) ≤ C‖s− t‖2ζ . (A.26)

Indeed, consider the Gaussian V-valued variables ξs,t := (X(s) − X(t))/σs,t, where
σ2
s,t := E[‖X(s) − X(t)‖2], and where by convention ξs,t := 0 if σs,t = 0. By Corollary

S.5.4 in Shen et al. (2020) (with θ := 1/4 therein) we have that

E[‖ξs,t‖p] ≤ cpE exp{‖ξs,t‖2/4} ≤ cp
√

2

for all p > 0 and some finite universal constant cp. The last bound and Relation (A.26)
can be equivalently written as

E[‖X(s)−X(t)‖p] ≤ Cp
√

2‖s− t‖pζ .

This, in view of Proposition 2.4, implies the existence of a γ-Hölder continuous version of
{X(s), s ∈ B(0,M)} for all γ ∈ (0, ζ − d/p). Taking p large, we see that every γ ∈ (0, ζ) is
a possible Hölder exponent. We shall continue to denote this continuous-path version of
the process by {X(s)}.

Now, we turn to proving (A.26). We have

‖fs(u, θ)− ft(u, θ)‖2op ≤ 2|eis
>uθ − eit

>uθ|2(1 ∧ u)2(k+1)u−1‖A(θ)‖2op‖u−H‖2op. (A.27)

By Relations (5.29) and (A.25), we have

Is,t :=

∫ ∞
0

∫
S

‖fs(u, θ)− ft(u, θ)‖2opdu‖µ‖tr(dθ)

≤ C
∫ ∞

0

sup
θ∈S
|ei(s−t)

>uθ − 1|2
(
u2δ−11[0,1](u) + u−2ε−11[1,∞)(u)

)
du.

Thus, Lemma A.12 applied with ∆ := (s− t)>θ, γ := 2δ > 0 and ε := 2ε, yields

Is,t ≤ C‖s− t‖2(ε∧1)(1 + | log(‖s− t‖)|21{ε=1}).

This implies that (A.26) holds with any ζ < 1 ∧ ε.
Part (iii). Consider the measures in (2.7) and observe that

λt = δt −
∑
j

cj(t)δtj , (A.28)

where the cj(t)’s are polynomials in t of degrees up to k and the tj ’s are some fixed
points in Rd. In view of Proposition 2.4, to prove (5.31) it is enough to work with

X̆r(t) := r−HX(s0 + r · λt)

= r−H
∫ ∞

0

∫
S

eis
>
0 uθ
(
eirs

>uθ −
∑
j

cj(s)e
irt>j uθ

)
(1 ∧ u)k+1u−H−1/2A(θ)W (du, dθ)

=

∫ ∞
0

∫
S

λ̂t(ruθ)(1 ∧ u)k+1(ru)−H−1/2A(θ)W̃ (du, dθ),
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where W̃ (du, dθ) := eius
>
0 θr1/2W (du, dθ). We will show that since the V-valued Gaussian

random measure W is circularly symmetric and self-similar (recall (5.27)), we have

{W̃ (du, dθ)} fdd= {W (d(r · u), dθ)}. (A.29)

Indeed, since W is standard Gaussian, it is not only orthogonal but also an independently
scattered measure. This readily implies that W̃ is also independently scattered. It
is straightforward that W̃ has control measure rduµ(dθ). It remains to show that W̃
is standard, i.e., its real and imaginary components are independent and identically
distributed. Indeed, for all bounded Borel A ⊂ Rd \ {0}, in view of (5.25), we have

W̃ (A) =

∫
A

cos(ϕu,θ)r
1/2WR(du, dθ)−

∫
A

sin(ϕu,θ)r
1/2WI(du, dθ)

+ i
(∫

A

sin(ϕu,θ)r
1/2WR(du, dθ) +

∫
A

cos(ϕu,θ)r
1/2WI(du, dθ)

)
=: <(W̃ (A)) + i=(W̃ (A)),

where ϕu,θ := us>0 θ. Using the fact that WR and WI are independent and identically

distributed real orthogonal measures, we obtain that <(W̃ (A)) and =(W̃ (A)) are indepen-
dent and identically distributed. This, since W̃ is independently scattered and Gaussian,
completes the proof of (A.29).

Therefore, by (A.29),

{X̆r(t), t ∈ Rd}
d
=
{∫ ∞

0

∫
S

λ̂t(vθ)(1 ∧ (v/r))k+1v−H−1/2A(θ)W (dv, dθ), t ∈ Rd
}

=: {Xr(t), t ∈ Rd},
(A.30)

where we made the change of variables v := ru.
This relation readily implies that the convergence in (5.31) holds in the sense of finite-

dimensional distributions. Indeed, writing Y̆ (t) :=
∫∞

0

∫
S
λ̂t(vθ)v

−H−1/2A(θ)W (dv, dθ),
with the same measure defining the Xr(t)’s in (A.30), it is enough to show that

E‖Xr(t)− Y̆ (t)‖2

≤
∫ ∞

0

∫
S

|λ̂t(vθ)|2| · |(1 ∧ (v/r))k+1 − 1|2 ·
∥∥∥v−H−1/2A(θ)

∥∥∥2

op
‖µ‖tr(dθ)dv → 0,

(A.31)

as r → 0. It is easy to see that since λt ∈ Λk, we have |λ̂t(x)| ≤ C(1 ∧ ‖x‖)k+1, x ∈ Rd
Therefore, in view of Relations (5.29) and (A.25), the fact that |(1∧(v/r))k+1−1| → 0, r →
0 and the Dominated Convergence Theorem imply (A.31), proving the convergence of
the finite-dimensional distributions. To complete the proof of (5.31), we will establish
the tightness of {X̆r(·), r ∈ (0, 1)}. Since the X̆r’s are Gaussian, as argued above (recall
(A.26)), by Proposition 2.4 it is enough to show that for all M > 0, there exist C > 0 and
ζ > 0 such that

sup
r∈(0,1)

E‖X̆r(s)− X̆r(t)‖2 ≤ C‖s− t‖2ζ , for all s, t ∈ B(0,M).

This is because for k ≥ 0, the tightness condition on {X̆r(s0), r ∈ (0, 1)} is automatically
fulfilled if one takes s0 = t1 (recall (2.9) and Remark 2.6).

To this end, we begin with some key observations about the measures λt. Since the
cj(t)’s in (A.28) are fixed polynomials, we have

|λ̂s(vθ)− λ̂t(vθ)|2 ≤ |eis
>vθ − eit

>vθ|2 +
∑
j

|cj(s)− cj(t)|2

≤ Cv2‖s− t‖2 + CM‖s− t‖2 ≤ CM (1 ∨ v2)‖s− t‖2,
(A.32)
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for all v > 0 and s, t ∈ B(0,M), where the constant CM does not depend on v, s, t and
θ ∈ S.

On the other hand, in view of (A.28), the λ̂t’s are uniformly bounded for t ∈ B(0,M)

and since λt ∈ Λk they annihilate polynomials of degree up to k and hence λ̂t(vθ) =

O(vk+1). This implies that

sup
t,s∈B(0,M), θ∈S

|λ̂s(vθ)− λ̂t(vθ)|2 ≤ CM (1 ∧ v2(k+1)). (A.33)

We are now ready to estimate the difference moments. For all s, t ∈ B(0,M), we have

E‖X̆r(s)− X̆r(t)‖2 ≤
∫ ∞

0

∫
S

|λ̂s(vθ)− λ̂t(vθ)|2
∥∥∥v−H−1/2A(θ)

∥∥∥2

op
‖µ‖tr(dθ)dv

=:

∫ ∞
0

∫
S

gs,t(v, θ)‖µ‖tr(dθ)dv.

Observe first that by (A.33) the bound in (A.25) applies and by (5.29), we have∫
S

gs,t(v, θ)‖µ‖tr(dθ) ≤ C
(
v2δ−11(0,1)(v) + v−2ε−11[1,∞)(v)

)
, (A.34)

where the latter function is integrable in v over (0,∞).
The rest of the strategy is as follows. We will consider the integral of gs,t over three

regions (v, θ) ∈ (0, α]× S, (α, 1/α)× S and [1/α,∞)× S. We will choose α = 1 ∧ ‖s− t‖κ
for some κ > 0, such that each of the three integrals can be dominated by Cαη, for some
positive η. Namely, let

I1(s, t) + I2(s, t) + I3(s, t) :=
(∫

(0,α]×S
+

∫
(α,1/α)×S

+

∫
[1/α,∞)×S

)
gs,t(v, θ)‖µ‖tr(dθ)dv.

In view of (A.34), we have

I1(s, t) ≤ C
∫ α

0

v2δ−1dv ≤ Cα2δ

and

I3(s, t) ≤ C
∫ ∞

1/α

v−2ε−1dv ≤ Cα2ε.

Now, for the middle piece, using the bound in (A.32), we obtain

I2(s, t) ≤ C‖s− t‖2
∫ 1/α

α

(1 ∨ v2)dv ≤ C‖s− t‖2α−3.

Setting ‖s − t‖2α−3 = α2(ε∧δ), we see that α = 1 ∧ ‖s − t‖2/(3+2(ε∧δ)) yields the desired
bound E‖X̆r(s) − X̆r(t)‖2 ≤

∑3
i=1 Ii(s, t) ≤ C‖s − t‖2ζ , uniformly in r ∈ (0, 1), where

ζ = 2(ε ∧ δ)/(3 + 2(ε ∧ δ)) > 0. �

Lemma A.12. (i) There exists a constant C such that∫ ∞
1

|ei∆u − 1|2u−1−εdu ≤ C


|∆|2 , if ε > 2

|∆|2| log |∆|| , if ε = 2

|∆|ε , if 0 < ε < 2.

(ii) Also, for any γ > 0, there is a constant Cγ > 0, such that
∫ 1

0
|ei∆u − 1|2uγ−1du ≤

Cγ |∆|2.

Proof. Noting that |ei∆u − 1|2 = 2(1− cos(∆u)) = O(∆2), as ∆→ 0, the claim in part (ii)
is immediate. Part (i) follows by straightforward calculus by considering the change of
variables x := |∆|u.
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A.7 Proofs for Section 5.3

Proof of Proposition 5.18: Theorem 5.3 applied to H := H · I implies the scaling
property of χk and the disintegration formula (5.32) in part (ii) . Part (iii) follows from
Proposition 5.8. We need only prove that 0 < H ≤ k + 1 and the dichotomy claim (i) .

Recall the decomposition in (5.4) and observe that both components Y(χ,0) and Y(0,Q)

are covariance H-self-similar. Notice, however, that Y(0,Q) is always either (k + 1)-self-
similar or zero. In particular, for all c > 0,

cHY(0,Q)(λ)
d
= Y(0,Q)(c · λ)

d
= ck+1Y(0,Q)(λ), λ ∈ Λk

This, since H is scalar, implies H = k + 1 unless Y(0,Q) ≡ 0 (recall Lemma A.6).
Thus, the polynomial spectral componentQ is non-trivial only ifH = k+1. To complete

the proof of (i) , it remains to show that if Y(χ,0) is non-zero, then its self-similarity

exponent is in the range 0 < H < k + 1. Firstly, note that Y(χ,0)(c · λ)
d
= cHY(χ,0)(λ)→ 0,

in probability, as c ↓ 0, by the continuity of Y . This implies that H > 0.
Now, observe that by the scaling property of χk, we have, for all r ∈ (0, 1),

r−2Hχk((1,∞)× S) = χk((r,∞)× S) =

∫
{r<‖u‖}

1

1 ∧ ‖u‖2k+2
χ(du)

=

∫
{r<‖u‖≤1}

1

‖u‖2k+2
χ(du) + χ({‖u‖ > 1})

= r−(2k+2)

∫
{r<‖u‖≤1}

( r

‖u‖

)2k+2

χ(du) + χ({‖u‖ > 1}).

Since χ is a finite T+-valued measure, however, the last integral vanishes as r ↓ 0, by
the Dominated Convergence Theorem. Thus, by multiplying the last expression by r2k+2,
we obtain

r2(k+1−H)χk((1,∞)× S)→ 0,

as r → 0, which means that H < k + 1, since by the scaling property χk((r,∞)× S) 6= 0,
for any (all) r > 0. This completes the proof. �

Proof of Theorem 5.19: The proof of Part (i) is as follows. Since H < k + 1, the
polynomial Q in the spectral characteristic of K is zero and χ satisfies (5.32) in polar
coordinates. Let ν ∈ Λ2k+1. Using that ν̂(rθ) =

∫
Rd
eirθ

>tν(dt), Relation (4.13) in polar
coordinates becomes

K(ν) =

∫
Sd−1

∫ ∞
0

∫
Rd
eirθ

>tν(dt)r−(2H+1)drσ(dθ)

=

∫
Sd−1

∫ ∞
0

∫
Rd

(eirθ>t − b2Hc∑
j=0

(irθ>t)j

j!

)
ν(dt)

 r−(2H+1)drσ(dθ)

=

∫
Sd−1

∫
Rd

∫ ∞
0

(eirθ>t − b2Hc∑
j=0

(irθ>t)j

j!

)
r−(2H+1)dr

 ν(dt)σ(dθ)

(A.35)

where the second relation follows from the fact that ν ∈ Λ2k+1 and therefore we could
add a polynomial in t of degree b2Hc ≤ 2k + 1 without changing the integral. We will
justify next the interchange of the inner two integrals leading to (A.35) and compute the
inner integral, therein.
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For all integer m ≥ 0, one can show that∣∣∣eiz − m∑
j=0

(iz)j

j!

∣∣∣ ≤ min
{ |z|m+1

(m+ 1)!
,

2|z|m

m!

}
, z ∈ R (A.36)

(see e.g., page 298 in Resnick, 1999). Thus, for 0 ≤ b2Hc < 2H + 1 < b2Hc+ 1 (recall
2H is not integer), we obtain∫ ∞

0

∣∣∣eirθ>t − b2Hc∑
j=0

(irθ>t)j

j!

∣∣∣r−(2H+1)dr <∞.

This allows us to interchange the order of the two inner integrals in (A.35). Doing so
and making the change of variables z := r|θ>t|, we obtain∫ ∞

0

(
eirθ

>t −
b2Hc∑
j=0

(irθ>t)j

j!

)
r−(2H+1)dr

= |θ>t|2H
∫ ∞

0

(
eiz sign(θ>t) −

b2Hc∑
j=0

(iz sign(θ>t))j

j!

)
z−(2H+1)dz

= |θ>t|2H
∫ ∞

0

(
cos(z)−

∑
0≤2j≤b2Hc, j∈Z

(−1)jz2j

2j!

)
z−(2H+1)dz

+ i sign(θ>t)|θ>t|2H
∫ ∞

0

(
sin(z)−

∑
1≤2j+1≤b2Hc, j∈Z

(−1)jz2j+1

(2j + 1)!

)
z−(2H+1)dz

= |θ>t|2HI(H) + i(θ>t)<2H>J(H),

where I(H) and J(H) are in (5.34). Note that this argument also demonstrates that I(H)

and J(H) are well-defined.
By substituting the last expression in the right-hand side of (A.35), we obtain

K(ν) = I(H)

∫
Sd−1

∫
Rd
|θ>t|2Hν(dt)σ(dθ)

+ iJ(H)

∫
Sd−1

∫
Rd

(θ>t)<2H>ν(dt)σ(dθ)

= I(H)

∫
Sd−1

|(θ, ·)|2H(ν)σ(dt) + iJ(H)

∫
Sd−1

(θ, ·)<2H>(ν)σ(dt).

This completes the proof of (5.33).
Part (ii): Suppose now that 2H ∈ Z, where 1 ≤ 2H ≤ 2k+ 1 and observe that 2H may

be either even or odd. Using the fact that ν ∈ Λ2k+1, we get

ν̂(rθ) =

∫
Rd

(
eirθ

>t −
2H−1∑
j=0

(irθ>t)j

j!
− 1[0,1](r)

(irθ>t)2H

(2H)!

)
ν(dt)

=:

∫
Rd
f(rθ>t, r)ν(dt).

Relation (A.36) implies that |f(rθ>t, r)| = O(|r|2H+1) as r → 0 and because of the
presence of the indicator function 1[0,1](r), we have |f(rθ>t, r)| = O(|r|2H−1) as r →∞.
Therefore, ∫ ∞

0

|f(rθ>t, r)|r−(2H+1)dr <∞,
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and by Fubini, we obtain∫ ∞
0

ν̂(rθ)r−(2H+1)dr =

∫
Rd

∫ ∞
0

f(rθ>t, r)r−(2H+1)drν(dt)

=

∫
Rd

[
|θ>t|2H

∫ ∞
0

(
eizκ −

2H−1∑
j=0

(izκ)j

j!
− 1[0,1](z/|θ>t|)

(izκ)2H

(2H)!

)
z−(2H+1)dz

]
ν(dt)

(A.37)

=:

∫
Rd
IH(t) ν(dt)

where we made the change of variables z := r|θ>t| and where κ := sign(θ>t).
We now consider two cases. Suppose fist that 2H is even. Upon separating the real

and imaginary parts the integral in the r.h.s. of (A.37) becomes:

IH(t) = |θ>t|2H
∫ ∞

0

(
cos(z)−

∑
0≤2j≤2H−1,

j∈Z

(−1)jz2j

(2j)!
− 1[0,1](z/|θ>t|)

(−1)Hz2H

(2H)!

)
z−(2H+1)dz

+ iκ|θ>t|2H
∫ ∞

0

(
sin(z)−

∑
1≤2j+1≤2H−1, j∈Z

(−1)jz2j+1

(2j + 1)!

)
z−(2H+1)dz

=: (θ>t)2HIH,cos(t) + i(θ>t)<2H>J(H). (A.38)

Observe that the integral in the imaginary part above equals J(H) in (5.34) and where
in the real part we dropped the absolute value around θ>t since 2H is even.

Since (θ>t)2H is a polynomial in t of degree 2H < 2k+1, we have
∫
Rd

(θ>t)2Hν(dt) = 0.
Therefore, ∫

Rd
(θ>t)2HIH,cos(t)ν(dt) =

∫
Rd

(θ>t)2H(IH,cos(t)− CH,cos)ν(dt), (A.39)

where

CH,cos :=

∫ ∞
0

(
cos(z)−

∑
0≤2j≤2H−1, j∈Z

(−1)jz2j

(2j)!
− 1[0,1](z)

(−1)Hz2H

(2H)!

)
z−(2H+1)dz,

which is almost the same as the first integral in (A.38) except that the indicator function
1[0,1](z) no longer depends on t. Notice again that CH,cos is well-defined. We thus obtain

IH,cos(t)− CH,cos =

∫ ∞
0

(
1[0,1](z)− 1[0,|〈θ,t〉|](z)

) (−1)Hz2H

(2H)!
z−(2H+1)dz

=
(−1)H

(2H)!

∫ 1

|θ>t|
z−1dz =

(−1)H+1

(2H)!
log(|θ>t|).

(A.40)

In view of (A.38), (A.39), and (A.40), we get

K(ν) =

∫
Sd−1

∫
Rd
IH(t)ν(dt)σ(dθ)

=
(−1)H+1

(2H)!

∫
Sd−1

∫
Rd

(θ>t)2H log |θ>t|ν(dt)σ(dθ)

+ i J(H)

∫
Sd−1

∫
Rd

(θ>t)<2H>ν(dt)σ(dθ)

=
(−1)H+1

(2H)!

∫
Sd−1

[
(θ, ·)2H log |(θ, ·)|

]
(ν)σ(dθ) + i J(H)

∫
Sd−1

(θ, ·)<2H>(ν)σ(dθ),
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which completes the expression in the case when 2H is an even integer.
Suppose now that 2H is odd. With a very similar argument, using the fact that

ν ∈ Λ2k+1 annihilates polynomials of degree 2k + 1 ≥ 2H, we obtain that the right-hand
side of (A.37) equals∫
Rd
|θ>t|2HI(H)ν(dt)+i

∫
Rd
κ|θ>t|2H

∫ ∞
0

(
sin(z)−

∑
1≤2j+1≤2H−1

(−1)jz2j+1

(2j + 1)!

− 1[0,1](z/|θ>t|)
(−1)H−1/2z2H

(2H)!

)
z−(2H+1)dzν(dt)

= I(H)|(θ, ·)|2H(ν)+i

∫ ∞
0

[ ∫
Rd

(θ>t)2H(1[0,1](z)− 1[0,1/|θ>t|](z))
(−1)H−1/2z−1

(2H)!
ν(dt)

]
dz,

(A.41)

where we used the fact that κ|θ>t|2H = (θ>t)2H and the last relation is obtained
with the same strategy as in (A.39). More precisely, applying Fubini and using that∫
Rd

(θ>t)2Hν(dt) = 0, allows us to eliminate the terms involving sin(z) and z2j+1. At
the same time, we add the term (θ>t)2H1[0,1](z)z

−1, which is a polynomial in t also
annihilated by ν.

Now, since the inner integrand in the r.h.s. of (A.41) is integrable with respect to z,
another application of Fubini shows that right-hand side of (A.37) equals

I(H)|(θ, ·)|2H(ν) +
i(−1)H−1/2

(2H)!

∫
Rd

(θ>t)2H
[ ∫ 1

1/|θ>t|
z−1dz

]
ν(dt)

= I(H)|(θ, ·)|2H(ν) +
i(−1)H+1/2

(2H)!

∫
Rd

(θ>t)2H log(|θ>t|)ν(dt).

This leads to the desired expression

K(ν) = I(H)

∫
Sd−1

|(θ, ·)|2H(ν)σ(dθ) + i
(−1)H+1/2

(2H)!

∫
Sd−1

[
(θ, ·)2H log |(θ, ·)|

]
(ν)σ(dθ),

completing the proof. �
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