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ABSTRACT. We prove a central limit theorem for a general class of adaptive Markov
Chain Monte Carlo algorithms driven by sub-geometrically ergodic Markov kernels. We
discuss in detail the special case of stochastic approximation. We use the result to analyze
the asymptotic behavior of an adaptive version of the Metropolis Adjusted Langevin

algorithm with a heavy tailed target density.

1. INTRODUCTION

This work is a sequel of Atchade and Fort (2008) and develops central limit theorems
for adaptive MCMC (AMCMC) algorithms. Previous works on the subject include An-
drieu and Moulines (2006) and Saksman and Vihola (2009) where central limit theorems
are proved for certain AMCMC algorithms driven by geometrically ergodic Markov ker-
nels. There is a need to understand the sub-geometric case. Indeed, many Markov kernels
routinely used in practice are not geometrically ergodic. For example, if the target distri-
bution of interest has heavy tails, then the Random Walk Metropolis algorithm (RWMA)
and the Metropolis Adjusted Langevin algorithm (MALA) result in sub-geometric Markov
kernels (Jarner and Roberts (2002a)).

We consider adaptive MCMC algorithms driven by Markov kernels {P, 6 € ©} such
that each kernel Py enjoys a polynomial rate of convergence towards 7 and satisfies a drift
condition of the form PV <V —cV1=2+b for some a € (0, 1] (uniformly in 6 over compact
sets). We obtain a central limit theorem when o < 1/2 under some additional stability
conditions. This result is very close to what can be proved for Markov chains under
similar conditions. Indeed, it is known (Jarner and Roberts (2002b)) that irreducible and
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aperiodic Markov chains for which the drift condition PV < V — ¢V~ 4+ bl hold for
some small set C satisfy a central limit theorem when @ < 1/2. The slight loss of efficiency
in our case (o < 1/2 versus a < 1/2) is typical of martingale approximation-based proofs.
The proof of the central limit theorem is based on a martingale approximation technique
initiated by Kipnis and Varadhan (1986) and Maxwell and Woodroofe (2000). The method
is a Poisson equation-type method but where the Poisson’s kernel is replaced by a more
general resolvent kernel. We have used a variant of the same technique in Atchade and
Fort (2008) to study the strong law of large numbers for AMCMC.

Adaptive MCMC has been studied in a number of recent papers. Beside the above
mentioned papers, results related to the convergence of marginal distributions and the law
of large numbers can be found e.g. in (Rosenthal and Roberts (2007); Bai (2008)). For
specific examples and a review of the methodological developments, see e.g. Roberts and
Rosenthal (2006); Andrieu and Thoms (2008); Atchade et al. (2009).

The rest of the paper is organized as follows. The main CLT result is presented in
Section 2.3. Adaptive MCMC driven by stochastic approximation is considered in Section
2.6. To illustrate, we apply our theory to an adaptive version of the Metropolis adjusted
Langevin algorithm (MALA) with a heavy tailed target distribution (Section 2.7). Most

of the proofs are postponed to Section 3.

2. STATEMENT OF THE RESULTS

2.1. Notations. We start with some notations that will be used through the paper. For
a transition kernel P on a measurable general state space (T, B(T)), denote by P, n > 0,

its n-th iterate defined as
PO, 4) % 5,(4), P, ) [P dy)P @A), nzo;

d;(dt) stands for the Dirac mass at {z}. P" is a transition kernel on (T, B(T)) that acts
both on bounded measurable functions f on T and on o-finite measures p on (T, B(T))
via PUf() € [ P, dy) f(y) and pP™(-) < [ p(da) P ().

IfV:T — [1,+00) is a function, the V-norm of a function f : T — R is defined as
|flv o supy |f|/V. When V = 1, this is the supremum norm. The set of functions with
finite V-norm is denoted by Ly .

If 14 is a signed measure on a measurable space (T,B(T)), the total variation norm
|||y is defined as

def .
lullrv = sup |u(f)| =2 sup |u(A)|= sup u(A)— inf wu(A);
{£lrh<1} A€eB(T) A€B(T) AeB(T)

and the V-norm, where V' : T — [1, +00) is a function, is defined as ||u||v e SUP{g |gly <13 11(9)]-

Observe that || - ||y corresponds to || - ||y with V' = 1.
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In the Euclidean space R", we use (a, b) to denote the inner product and |a| def (a,a)
the Euclidean norm. We denote R the set of real numbers and N the set of nonnegative

integers.

2.2. Adaptive MCMC: definition. Let X be a general state space resp. endowed with
a countably generated o-field X. Let © be an open subspace of R? the g-dimensional
Euclidean space and B(0©) is its Borel o-algebra. Let {Py,0 € ©} be a family of Markov
transition kernels on (X, X’) such that for any (z, A) € Xx X, 6 — Py(x, A) is measurable.
We assume that for any 8 € O, the Markov kernel Py admits an invariant distribution 7.
Let {K,,n > 0} be a family of nonempty compact subspaces of © such that K,, C K.
Let IT: X x © — Xg X ©g be a measurable function, the so-called re-projection function,
where Xy x Op is some measurable subset of X x ©. We assume that II(z,0) = (z,0) if
6 € ©p. For an integer k > 0 we define II;(z,0) = II(z,0) if £k = 0 and (x,0) = (z,0)
if k> 1. Let R(n;-,-): (Xx0)x (X xB(©)) — [0,1] a sequence of Markov kernels on
X x © with the following property. For any n >0, A € X, (z,0) € X x ©

R (n;(x,0), A x ©) = Py(z, A). (1)

In most cases in practice, the adaptation is driven by stochastic approximation. One

such example of stochastic approximation is obtained by taking R(n;-,-) of the form

R (n; (x,0), (dz',d0")) = Py(x,dr")dg1r, 1, (d0). But the main example of stochastic

approximation considered in this paper is

R (n; (x,0), (da', d6")) = / a5 (,dy)as” ((2,Y), d2") Spy g () (A6").

where qél) and qéQ) are Markov kernels. Obviously, in order for (1) to hold, these kernels

ought to satisfy the constraint

/Qél) (x7 dy)qé2) ((‘Ta y)v dl’l) = P@(‘Ta dwl)

Throughout the paper and without further mention, we assume that (1) hold. We are
interested in the Markov chain {(X,,60,,v,,&,), n > 0} define on X x © x N x N with

transition kernel P,

P ((2,0,1,€), (2,0, v/, de")) & R (v + & Tl (x,0), (da, d0'))

X (Lgorek, y0u(dv)e41(d€') + Ligrgk, ) 1 (dv)do(dE")) . (2)
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Algorithmically, this Markov chain can be described as follows.

Algorithm 2.1. Given (X, 0n,Vn, &):

a: generate (Xp11,0n41) ~ R (vn + &ns e, (Xn,6n),);
b: if 0,41 € K, then set vpy1 = Un, Env1 =& + 1,

c: if 041 ¢ Ky, then set vy = vy + 1 and &,41 = 0.

We denote by Ip’xjg,yf and IVE%(;,V,& the probability and expectation operator when the
initial distribution of the Markov chain is ¢, ¢,,.¢). Throughout the paper, we will assume
that the initial state of the process is fixed to (z¢,60p,0,0) for some arbitrary element
(z0,60) € Xo x O and we will systematically write P and E instead of Pxo,ao,o,o and

E,00,0,0 respectively.

Remark 1. Algorithm 2.1 is fairly general and encompasses the two main strategies used

in practice to control the adaptation parameter.

(1) For example, one obtains the framework of re-projections on randomly varying
compact sets developed in (Andrieu et al. (2005); Andrieu and Moulines (2006))
by taking {K,,n > 0} such that © = J,, K,, ©9 C Ky and K,, C int(K;+1), where
int(A) is the interior of A.

(2) But we can also set ©g = K, = K for all £ > 0 for some compact subset K of O.
And we then obtain another commonly used approach where the re-projection is

done on a fixed compact set K. See e.g. Atchade and Rosenthal (2005).

Let {F,,, n > 0} denote the natural filtration of the Markov chain {(X,, 0, vn, &), 7 >

0}. It is easy to compute using (1) that for any bounded measurable function f: X — R,

E (f(Xns1)|1 ) Lig, >0y = P, f(Xn), P—as. (3)

Equation (3) together with the strong Markov property are the two main properties of the
process {(Xy, On, Vn, &), n > 0} that will used in the sequel.

We now introduce another stochastic process closely related to the adaptive chain
defined above. For [ > 0 an integer, we consider the nonhomogeneous Markov chain

{(X,0,), n > 0} with initial distribution d, ¢ and sequence of transition Markov kernels
Py (n; (x1,61), (da’,d0")) = R (I + n; (z1,01), (da’, db")) .

Its distribution and expectation operator are denoted respectively by Pg)@ and ]Eg)g We
will denote {F,, n > 0} its natural filtration (for convenience in the notations, we omit
its dependence on (x,0,1)). Again it follows from (1) that for any bounded measurable

function f: X — R,

Eg)e (f(XnJrl)’]:n) = Pénf(f(n), IP’% —a.s. (4)

)
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For K a compact subset of ©, we define the stopping time (;K (wrt the nonhomogeneous

Markov chain {(X,,60,), n > 0}) as
Tk=inf{k>1: 6, ¢ K},

with the usual convention that inf() = oco. Clearly the two processes defined above are
closely related. We will refer to {(X,, én), n > 0} as the re-projection free process. The
general strategy that we adopt to study the Markov chain {(X,,0,,vs,&,), n > 0} (a
strategy borrowed from Andrieu et al. (2005)) consists in first studying the re-projection
free process { (X, 0,), n > 0} and showing that the former process inherits the limit

behavior of the latter.

2.3. General results. The main assumption of the paper is the following.
A1 There exist o € (0, 1], and a measurable function V' : X — [1,00), sup,ex, V(z) <

oo with the following properties. For any compact subset K of O, there exists

b,c € (0,00) (that depend on K) such that for any (z,6) € X x K,
PV (x) <V(x) —cVIm%x) 4+ b (5)

and for any 3 € [0,1 — o], k € [0,a”1(1 — 3) — 1], there exists C' = C(V, &, 3, K)
such that

(n+ )" |Pg (2, ) = 7()lys < C VI (x), n>0. (6)

Notice that (5) implies that 7(V1~%) < co. We will also assume that the number of

re-projection is finite.

A2

P (sup Up < oo) =1 (7)

n>0
We introduce a new pseudo-metric on ©. For 3 € [0,1], 6,6 € ©, set

Pyf(z) — Py f(z)|
D3 (0,0 def sup sup‘ b .
5(0.6) 1l 5<1 wEX Vh(x)

Under Al and A2 a weak law of large numbers hold.

Theorem 2.1. Assume A1-A2. Let 3 € [0,1 —«) and fy: X — R a family of measurable
functions of Lys such that 7(fp) =0, 6 — fo(x) is measurable and supgek | folys < oo for
any compact subset K of ©. Suppose also that there exist e > 0, Kk >0, f+ax <1 — «
such that for any (z,0,1) € Xo x ©g x N

! e < <
By [ 2k (Dl Bio) + 15, — fo_ lvo) Ui, gV (R | <00 (®)
E>1

Then n=tS°7_, fo._, (Xk) converges in P-probability to zero.
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Proof. The proof is given in Section 3.5. O

Remark 2. A strong law of large numbers also hold under similar assumptions (Atchade
and Fort (2008)). It is an open problem whether A1, A2 and (8) imply a weak law of large
numbers hold for measurable functions f for which 7 (|f|) < oo without the additional

assumption that f € L5, 0< <1 —a.

For the Central limit theorem, we introduce few additional notations. For f € Ly
with 7(f) = 0, and a € [0, 1/2] we introduce the resolvent functions
galw,0) =Y (1 —a) " P f(x).
320

Whenever g, is well defined it satisfies the approzimate Poisson equation

f(l‘) = (1 - a)_lga(l"e) - PGQa(xa ‘9) (9)

When a = 0, we write g(z, ) which is the usual solution to the Poisson equation f(z) =
g(xz,0) — Pyg(x,0). Define also

Ha(xay) :ga(yae) _Pﬁga(x7 9)7 (10)

where Pygq(z,0) def [ Py(z,dz)gq(z,0). We start by showing that under A1-A2, the partial

sum Y p_; f(Xx) admits a martingale approximation.

Theorem 2.2. Assume A1-A2 with « < 1/2. Let B € [0, — ) and f € Lys such that
m(f) =0. Let k > 1, 6 € (0,1) be such that 28+ ok +6) < 1 —a. Take p € (3, 555] and
let {an, n > 0} be any sequence of positive numbers such that a, € (0,1/2], a, x n™=".

Suppose that for any (x,0,b,1) € Xg X ©g x [0,1 —a] x N
! _ _ . ol N
E;,)e ;ﬂ{?pk}k 14p(2 §)Db(9k,9k;—1)v25+ ( Jr5)(Xk) < 0. (11)

Then
n
lim n_l/zz (f(Xk) — Hap o (Xp—1,Xg)) =0, in P-probability.
k=1

Proof. We show in Lemma 3.8 that the same martingale approximation hold for the re-
projection free process {(Xn,0,), n > 0} and this property transfers to the adaptive chain
{(Xn,0n,vn, &), n >0} as a consequence of Lemma 3.12. O

The process 2?21 nil/QHan’gjil(Xj_l,Xj)ﬂ{§j71>0}, 1 < k < n is a martingale array

but do not satisfy a CLT in general. To derive a CLT we strengthen A2.
A3 There exists a O-valued random variable 6, such that with P-probability one,
{6n, n > 0} remains in a compact set and lim, .o, Dg(6p,60,) = 0 for any § €

[0,1—al.
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Notice that the compact set referred to in A3 is sample path dependent.

Theorem 2.3. Assume Al and A3 with « < 1/2. Let 3 € |0, % —a), f € Lys, k,I,p and
{an, mn > 0} as in Theorem 2.2. Suppose that the diminishing adaptation condition (11)
hold and

ol 2 - o

lim — Zgan (X, Ok—1) — Po,_, 95, (Xp,0k—1) =0, in P-probability. (12)
Then there exists a nonnegative random variable o2(f) such that n=/23°7_, f(Xx) con-
verges weakly to a random variable Z with characteristic function ¢(t) = E {exp (f@ﬂ)} .

Moreover

o (f) = /w(d:z) {2f(2)g(z,0.) — f*(2)}, P—as.
Proof. See Section 3.6. O

2.4. On assumption (12). Assumption (12) is needed to establish the weak law of large
numbers in the CLT. When {X,, n > 0} is a stationary Markov chain (12) automati-
cally hold. The proof is based on a result due to Maxwell and Woodroofe (2000). The

stationarity assumption is not restrictive in the case of Harris recurrent Markov chain.

Proposition 2.4. Suppose that {X,,, n > 0} is a stationary and ergodic Markov chain
with invariant distribution m and transition kernel P that satisfies (5) and (6) with a <

1/2. Let f € Lys with B € [0,1/2 — «). Then (12) hold.
Proof. See Section 3.7. O

In the general adaptive case, the simplest approach to checking (12) is through appro-

priate moments condition.

Proposition 2.5. Assume A1 and A3 with o < 1/2. Let 8 € [0, % —a), f € Lys, K, p
and {a,, n > 0} as in Theorem 2.2. Suppose that there exists € > 0 such that for any
((IZ,@,Z) € Xop X0y xN

sup n_l}Eg)e
n>1 ’

ZV“W‘“HG(X,C)] < 0. (13)
k=1
Then (12) hold.

Proof. See Section 3.8. U

One can always check (13) if @« < 1/3 and € [0,1 — 3a).

Corollary 2.6. Assume A1 and A3 with « < 1/3. Let § € [0,1 — 3«), f € Lys, K,0,p
and {an, n > 0} as in Theorem 2.2. Suppose that (11). Then the conclusion of Theorem
2.3 hold.
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Proof. If o < 1/3 and we take € [0,1—3c) then we can find € > 0 such that 2(8+a)+e <
1 — « and by Proposition 3.4 (ii), Eq. (13) hold. The stated result thus follows from
Proposition 2.5 and Theorem 2.3. U

2.5. Some additional remarks on the assumptions.

2.5.1. On Assumption A1. In many cases, Al can be checked by establishing a drift and
a minorization conditions. For example if uniformly over compact subsets K of ©, P
satisfies a polynomial drift condition of the form PyV <V — ¢V~ 4 b1, for some small
set C, a € (0, 1] and such that the level sets of V' are 1-small then (5) and (6) hold. This
point is thoroughly discussed in Atchade and Fort (2008) (Section 2.4 and Appendix A)
and the references therein.

Assumption Al also hold for geometrically ergodic Markov kernels and in this case we
recover the CLT result of Andrieu and Moulines (2006). Indeed, suppose that uniformly
over compact subsets K of ©, there exist C € X, v a probability measure on (X, X),
b,e > 0 and A € (0,1) such that v(C) > 0, Py(z,:) > ev(-)le(x) and PV < AV + ble.
Then for any a € (0,1], PV <V — (1 — \)V!1=% + b, thus (5) hold. Moreover by explicit
convergence bounds for geometrically ergodic Markov chains (see e.g. Baxendale (2005)),
for any 8 € (0,1]

sup 175 (2, ) = w()lve < Ca(K)pV” ().

A fortiori (6) hold. Also under the geometric drift condition, if 5 € [0,1/2) then we
can find 0 < a < 1/2 and € > 0 such that 2(8 + @) +¢ < 1, and since V°-moment of
geometrically ergodic adaptive MCMC are bounded in n for any ¢ € [0,1), we get (13).
In this case and assuming (11), Theorem 2.3 yields a CLT for all functions f € L5 with
B € [0,1/2) which is the same CLT obtained in Andrieu and Moulines (2006) (Theorem
8). Roughly speaking, assuming (11) at no extra cost is similar to setting 8 = 0 in their

theorem).

2.5.2. On assumption A2-A3. Assumption A3 is a natural assumption to make when a
CLT is sought. Whether A2 or A3 hold depends on the adaptation strategies. We show

below how to check A3 when the adaptation is driven by stochastic approximation.

2.5.3. On the diminishing adaptation conditions (8) and (11). It is well known that adap-
tive MCMC can fail to converge when to so-called diminishing adaptation condition (which
embodies the idea that one should adapt less and less with the iterations) does not hold.
Here, the diminishing adaptation takes the form of conditions (8) and (11). Indeed, (8)
and (11) cannot hold unless Dg(0,,,0,—1) converges to zero in some sense. These condi-
tions are not difficult to check. Typically Dy(0k,0r—1) < CvV"(X}) for some positive
numbers 7 and n > 0. then we can check (8) or (11) using Proposition 3.5.
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2.6. Checking A3 for AMCMUC driven by stochastic approximation. Adaptive
MCMC is often driven by stochastic approximation. We consider an example of stochastic
approximation dynamics and show how to check A3. Let {7,} be a sequence of positive
numbers. Let qél) : Xx X — [0,1] and qéQ) : X x X x X — [0,1] be two Markov kernels
such that
/qél)(x,dy)qém ((:c,y),da:/) = Pg(x,d:c').

Let ® : © x X x X — O be a measurable function. For convenience we write ®g(x,y)
instead of ®(6,z,y). We consider the adaptive MCMC algorithm with the kernels R are

given as

R (n; (x,0), (da', d6")) = / a5 (2, dy)as” ((2,y),d2') Spyp(agy (d0)).  (14)

Under (14), the dynamics on 6, in algorithm 2.1 can then be written as
Ont1 = 0n + Vo, 16, (h(@ )+ ef}]rl + efl)rl) on {& >0}, P—as.

where 6534)_1 =Yy, (Xpn)—h(bn), 6,22_?_1 =Py, (X, Yot1) — Yo, (X,), where Y, 41 is a random
(1)

variable with conditional distribution g, *(Xp,-) given F, and where

Ty(x) = / oD (2, dy)g(z,y),  and  h(8) = / (dz)To(z).
Following Andrieu et al. (2005), we assume that
B1 (1) {K,,n > 0} is such that © = (J,, K,, ©g C Ko and K,, C int(K,4+1), where
int(A) is the interior of A.
(2) The function A is a continuous function and there exists a continuously dif-
ferentiable function w : © — [0, 00) such that
(a) forany 0 € ©, (Vw(6), h(f)) <0, theset £ o {0 €O : (Vw(),h(0)) =
0} is non-empty and the closure of w(£) has an empty interior.
(b) there exists My > 0 such that LU ©¢ C {6 : w(f) < My} and for any

M > My, Wi & {60 : w(f) < M} is a compact set.

For integers p > 0, n > 1 and a compact subset K of O, we define the random variable

def
Chp(K) = sup H{HK>I} Z’yp+] 1 ( e +e( )) ,

where €SJ)FI =T; ( X,,) — h(0,) and 6514)-1 = o, (Xn,f/n“) fq( ) (X, dy)® (f(n,y>
and where the conditional distribution of Yn+1 given F,, is q( )(Xn7 ).

Ch p(K) is the magnitude of the errors in the stochastic approximation. Notice that
Chp(K) is defined from the re-projection free process. A key result shown by Andrieu
et al. (2005) is that when B1 hold, the convergence of a SA algorithm depends mainly on
Chp(K). The framework considered here is slightly different from Andrieu et al. (2005)
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but the result still hold. The proof follows the same lines as in Andrieu et al. (2005) and

we omit the details.

Proposition 2.7. Assume (14), B1, lim, vy, =0 and ), v, = 0o. Suppose that for any
M > 0 large enough and for any § > 0
lim  sup PP (Cy,(War) > 6) =0, (15)
P70 (2,0)€XoxOp
and for any p > 0,

lim sup ngé (Crp(Kp) >6) =0. (16)
n—oo (I,G)EXQX@O

Then A3 hold.

We now show that (15)-(16) hold true under Al.

Assume that the function YT satisfies

B2 There exists n > 0, 2(n + o) < 1 such that for any compact subset K of ©,
be0,1—aql, 6,0 €K,

supsup V' ~*"(z) / a$9 (2, ) |Bo(z,)]> < 00, and Dy(6,6") + Lo — Ty lyn < Cl0— 0,
cK xze
(17)

for some finite constant C' that depends possibly on K.

Proposition 2.8. Assume A1 with < 1/2 and (14). Suppose that B1 and B2 hold.
Suppose also that limy, v, =0 and ), v, = 0o and for any p > 0,
. _ - 1
nh—{go(’y””_l — Ypin)n ¥ =0 and Z (’ygk” + k™ + ’yk+p> < 00, (18)
n>1

for some p € (0,(1 —a)(n+a)~' —1). Then A3 hold.

Proof. See Section 3.9. O

2.7. Example: Adaptive Langevin algorithms. We illustrate the theory above with
an application to the Metropolis-adjusted Langevin algorithm (MALA). In this section,
X is the d-dimensional Euclidean space R? and 7 is a positive density on X with respect
to the Lebesgue (denoted pipep or dx). The MALA algorithm is an effective Metropolis-
Hastings algorithm whose proposal kernel is obtained by discretization of the Langevin
diffusion
dX, = %eQVIOgﬂ(Xt)dt +e%dB,, X =z,

where 6 € R is a scale parameter and {B;, t > 0} a d-dimensional standard Brownian
motion. Denote gg(z,y) the density of the d-dimensional Gaussian distribution with mean

bo(x) and covariance matrix e’I; where

bo(x) = x + %eQVIOg m(x).
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The MALA works as follows. Given X,, = x, we propose a new value Y ~ gp(z,-).
Then with probability ag(X,,,Y"), we ’accept Y’ and set X,,11 = Y and with probability
1 —ap(Xp,Y), we reject Y and set X,,+1 = X,,. The acceptance probability is given by
m(y)ao(y z)
m(2)g0(7,y)

The convergence and optimal scaling of MALA is studied in detail in Roberts and
Tweedie (1996); Roberts and Rosenthal (2001). In practice the performance of this algo-

ap(r,y) = 1A

rithm depends on the choice of the scale parameter §. In high-dimensional spaces (and
under some regularity conditions) it is optimal to set § = 6, such that the average accep-
tance probability of the algorithm in stationarity is 0.574. In general, 6, is not available
and its computation would require a tedious fine-tuning of the sampler. Adaptive MCMC
provides a straightforward approach to properly scale the algorithm.

The parameter space is © = R. For € ©, denote Py the transition kernel of the MALA

algorithm with proposal gy. We also introduce the functions

muﬂgﬁwmm%mmmawxawﬂgémuw@mmwm

Let {K,,, n > 0} be a family of nonempty compact intervals of © such that UK,, = R,
K, C int(K,4+1). Therefore by construction B1-(1) hold. Let ©¢g = {#y} and Xo = {zo}
for some arbitrary point (zg,60) € X x Kg. The re-projection function is II(z, §) = (xo, 6p)
for any (x,0) € X x ©. We also have Ilj(x,0) = (z,0) if £k > 0 and g (z,0) = I(x,0) if
k = 0. Obviously many other choices are possible. The adaptive MALA we consider is
the following.

Algorithm 2.2. Initialization: Let & be the target acceptance probability (taken as
0.574). Choose (Xo,00) € Xo X Oq, vp =0 and & = 0.
Iteration: Given (X,,0n,vn,&n): set (X,0) =1g, (Xn, 0,).
a: generate Y, 41 ~ qg (X, ) With probability ag(X,Ynt1), set Xni1 = Ynia
and with probability 1 — ag(X, Yyi1), set X1 = X.
b: Compute

_ 1 _
01 =0+ —— (a5(X,Yuy) — @) . 1
b =0t e (@0(K V) — ) (19)

c: If 0,41 € Ky, then set vpp1 = vy and §nq = &, + 1. Otherwise if 0,41 ¢ Ky,

then set vpy1 = vy + 1 and £,41 = 0.
In this algorithm, the kernel R(n;-,-) takes the form

R (n; (x,0), (do', d@')) = /qg(:n, dy) (ozg(x,y)éy(da:’)

+(1 - Oée(.%’, y))éflf(dx/)) 5<1>n(9,x,y) (d@l),
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where ®,,(0,z,y) = 0+ (n + 1) ! (ap(z,y) — @). Thus (14) hold. We make the following
assumption.

C1l a€(0,1), limp_ 4o a(@) =0, limy_._, a(f) = 1.

Proposition 2.9. Under C1, the function h(0) = a() — & satisfies B1-(2) with L = {0 €
R: a(f) = a} and w(h) = foe cosh(u)(a — a(u))du + K for some finite constant K where
cosh(u) = (e + e~%)/2 is the hyperbolic cosine.

Proof. See Section 3.10.1. ]

We assume that the target density m is heavy tailed as in Kamatani (To appear).

C2 We assume that 7 : R? — (0, 00) is of class C? and there exists n > d such that

limsup (z, Vlogm(z)) < —n, lim |Vlegn(z)| =0, lim |[|[VZlogn(z)]| =0, (20)

where for a matrix A, | A|| denotes its Frobenius norm.

The next proposition is a paraphrase of Theorem 5 of Kamatani (To appear).

Proposition 2.10. Assume C2. For s € (2,2 +n —d), define Vy(z) = (1+ |x\2)5/2 and
a =2/s. Let C be a compact subset of R with pre(C) > 0. For any compact subset K of
O, there exists €,¢,b € (0,00), such that

. pres(dy)le(y)
inf P dy) > e [mw)} 1e(2),

sup PV (z) < Vi(z) — cVIm%(z) + ble(z).
0cK

For the smoothness we have

Proposition 2.11. Assume that |Vlogm(x)| is a bounded function. Let K be a compact
convex subset of ©. There exists a finite constant C(K) such that for any f € L, s,
B €[0,1], any 6,60" € K,

’/ae(xyy)qa(%y)f(y)dy - /aef(x,y)qef(x,y)f(y)dy < C(K)|flypl0 = 0"V (). (21)
Proof. See Section 3.10.2. U

We now apply Theorem 2.3 to get a CLT for the adaptive MALA.

Theorem 2.12. Assume C1 and C2 with n > d + 4. Let s € (6,2 +n —d) and let
f: X — R be a measurable function such that ©(f) = 0 and |f(x)] < C(1 + |z|?)® for
some b € [0, 5 — 3) and some finite constant C. Then there exists a nonnegative random

variable o2(f) such that n=/23°7_, f(X)) converges weakly to a random variable Z with
characteristic function ¢(t) = E [exp (—@tz)} .
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Remark 3. If 7 is positive and of class C? and 7(z) ~ (1 + |z]?)~(")/2 in the tails, then
C2 hold with n = v 4+ d and Theorem 2.12 guarantees a CLT for v > 4. Compare with

v > 2 for Harris recurrent Markov chains satisfying A1.

Proof. Al hold as a consequence of Proposition 2.10 (see e.g. Atchade and Fort (2008) Sec-
tion 2.4 and Appendix A). Proposition 2.9 shows that B1-(2) hold and Proposition 2.11
implies that B2 hold. Therefore A3 hold as a consequence of Proposition 2.8. (11) is

an easy consequence of Proposition 2.11 and Proposition 3.5. We thus conclude with
Corollary 2.4. [l

In the above theorem the asymptotic variance o2(f) takes values in the set {c2(f), 0 €

L}, where L={0 € R: a(f) = a} and

def
)Y [tan){ Py +2 Y P
k>0
In particular, if £ = {6} and ag*(f) > 0, then n—1/2 > p—y [(Xk) converges weakly to
N(O,ag*(f)).

3. PROOFS

The proofs are organized as follows. The weak law of large numbers (Theorem 2.1) is
proved in Section 3.5, the CLT (Theorem 2.3) is proved in Section 3.6. In Section 3.1 we
develop some preliminary results on the resolvent functions g, and we establish some basic
results on the asymptotic behavior of the nonhomogeneous process {(Xy,0,), n > 0} in
Section 3.2-3.3. The results in Section 3.4 (in particular Lemma 3.12) serve as a link and
allow us to reduce the limiting behavior of the adaptive algorithm {(X,, 0, v, &,), n > 0}
to that of the nonhomogeneous Markov chain {(X,,6,), n > 0}.

Throughout the proof, C'(K) denotes a finite constant that depends on the compact set
K and on the constants in the above assumptions. But to simplify the notations, we will
not keep track of these constants so the actual value of C'(K) might be different from one

appearance to the next.

3.1. Resolvent kernels and approximate Poisson’s equations. In this section, K is
a given compact subset of © and 3 € [0,1—a]. We consider a family of functions fy € L5,

6 € © such that 7(fy) = 0. For a € (0,1) we define the resolvent function associated with

fo as
o0

i J—HPJfH Z J+1P]f6( )

Jj=0 Jj=0
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where Py = Py — w. Similarly we define
(.0 = > P fo(x) =Y P} fo(x),
§=0 j=0

When fy = f does not depend on 6 € O, and to help keep the notation clear, we write
ga(x,0) (resp. g(x,0)) instead of g,(x,0) (resp. g). It is easy to see that when g, is well

defined, it satisfies the following approximate Poisson equation

f@(l‘) = (1 - a)ilga(lﬂv 6) - P9§a(x7 9) (22)

Similarly g, when well-defined, satisfies the Poisson equation

fo(x) = g(x,0) — Pyg(x, 0). (23)

We introduce the function
def i N\ —K
Go(a) S D (L= a)/ 11 +4)7"
j=0

We will need the following lemma.

Lemma 3.1. For any a € (0,1/2] and k > 0,

2@1 k—r if k>1
Cela) < ¢ —log(2a) +1 ifk=1 ,
27 (1 — k)T if 0<Kk<1

where T'(z) := [ u”"te ™ du is the Gamma function.

Proof. (1 —a)? < 1 for all j > 1. Therefore, for x > 1, > ol — a1+ )" <
> 514" For k = 1, we note that £ {ijo(l —a)it(1 —}-j)_“} = —a~!. Therefore
for a € (0,1/2], 3,50(1 — a1 (1 +5)7" = 3;5,(j2) 7" — log(2a) < —log(2a) + 1.
Finally, if 0 < x < 1, by monotonicity, >~ ;o(1 — a)/ ™ (1 + )™ < [7°(1 — a)*z "dz =
Jo et e P dy = T'(1—k)B~1*, where 3 = —log(1—a). Fora € (0,1/2], —log(1—a) <
2a and we conclude that 3.~ o(1 — ay (14 5)7" <27 (1 — K)a 1R, O

Proposition 3.2. Assume Al.

(i): Let k € [0,aY(1—B) —1]. There exists a finite constant C(K) such that for any
(z,0) € X x K and any a € (0,1/2]

1Ga(,0)] < C(K)|folysCu(a) VI (2). (24)

(ii): Suppose that o < 1/2. Let k € (1,a (1 —3) —1]. There exists a finite constant
C(K) such that for any (z,6) € X x K and any a € (0,1/2]

Gal,0) — 3(2.0)] < C(K) | folys (21” / ' <H_1<u>du) vBresm).  (25)
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Proof. (i) is a direct consequence of (6).

To prove (i), we note the identity 1 — (1 —a)’*! = (j+1) [;'(1 — u)’du and then write

9(2,0) = Gal@, Ol £ D (1= (1= a)*) | P fo(a)|
j=>1
< COlfolyoV (@) - [ (= updua+ )
i>170
= ) folys V()[4 S (1—wp(1 )
0 {s>1

< CK)| folys VEoR (2)21 " /O " G (w)d.

Since £ > 1 and a > 0, the interchange of the summation and integral signs is permitted.
O

Remark 4. One can check using Lemma 3.1 that for £ > 1, [/ Ce—1(u)du — 0 as a — 0.
Hence a direct consequence of Proposition 3.2 is that for any 5 € [0,1—2«) (o < 1/2), any
€ (1,a (1 —B) — 1], there exists a finite constant C'(K) such that for any (z,0) € X x K,

19(2,0)] < C(K)| folys VI+"(2). (26)
Proposition 3.3. Assume Al.
(i): For any k,6 > 0 with k+0 < a~1(1— B) — 1, there exists a finite constant C(K)
such that for any 0,0' € K, z € X and a € (0,1/2]
|9a(,0) = ga(z,0")] < C(K) Sup [ folvs¢e(a) (G5(@)Dptas(0,0) + |fo = forlys) VT (z),
€
(ii): Assume o < 1/2. For any § € [0,1 —2a), any Kk > 0, 6 > 1 with kK + 6 <
a Y1 — B) — 1, There exist a finite constant C(K) such that for any = € X,
0,0 € K and any a € (0,1/2]
i(0.6) = 30 0)] < CO)supflys ([ Gooa )+ Gl ~ firlys
€
+((@) Dpyas(0,0) VT (z),
Proof. We have

Gal.0)=Ga(w,0) = > (1=aV ™! (Plfolw) = P fala) ) + Y (1=aV " P} (fol) = fur ().

j=0 J=20

By Proposition 3.2 (i) we bound the second term in the rhs as follows.

S = aV LB (fo(a) — for(@))| < CK)Ifo — falysCul@VP*o5(a).  (27)

J=0
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The first term in the rhs can be rewritten as

j—1
> (1 -a)t! (Pg fo(z) — P, fe(:v)> = (1 —a) "> PPy — Py) B folw).
>0 i>1 1=0
From (6) of A2 with k = &, we have |PL, fo(z)| < C(K) supgek | folys (1 +1)0VFTe(z) for
all [ > 0. Combined with the definition of Dg.s, we get
(o= Po) By o) < COR)sup ol (G = 1) Dieas(0,0)V 74 @)
(S

Another application of A2-(6) then yields for any x € [0,a™1(1 — 3) — 1 — ]

}—‘

i
’ngg(flf) — pg,fe(:v)’ < C(K) 21611; |folvsDptas(0,0") Vﬂ+a(n+6) Z 1+0)7"G — 1)76
1=0

It follows that

> (=0 (B fo(@) - B fo(w))

Jj=0

j—1
< C(K)sup | folys Dgras(8, )V UF0 (@) Y2 (1 —a) 1Y (14075 —1)7°
0K -
j=1

< O(K) sup | folveCe(a)Cs(a) Dpyas(8,0)VETET0) (),
S

Combining this with (27) gives part (i).
To prove (ii), we write |g(z,0) — g(x,0")] < [ga(,0) — §(2,0)] + |ga(2,0) — Ja(z,0')] +
|Ga(x,0") — g(z,0")|. Part (i) gives

|9a (. 0) — Ja(,0")| < C(K) Sup | folys¢e(@) (Dpras(0,0') + [ fo = forlys) VITECOT ().
Then we use § > 1 and Part (ii) of Proposition 24, to get
u(2.6) = 3,0) + lga(e.#) = .0 < CORYsup fulys [ Gooa () **0(a),
The conclusion follows. O

3.2. Modulated moments. In this section, K is an arbitrary compact subset of O,
(z,0) € X x K and | > 0 an integer. We consider the nonhomogeneous Markov chain
{(X,0,), n > 0} with initial distribution 8, ¢ and transition kernels P, (n; (z1,61), (dz', d8")) =
R (I +n;(x1,61), (da’,df")). Tts distribution and expectation operator are denoted respec-
tively by IP’?Q and Eg)e The key property that we will use here is (4) which, as we have
seen, is a consequence of (1). The first two propositions below are easy modifications of

similar results proved in Atchade and Fort (2008).

Proposition 3.4. Assume Al. There exists a finite constant C(K) such that for any
(r,0) e Xx K, l,n>1,
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(i) for any 0 < B <1,

l ~
EY), {VB(X”)IL{?KM_Q} < C(K)n® VA(z) .

(i) for any 0 < B <1—«

n

8
ZV (X’C)H{?K>k_1}
k=1

EY, < C(K)n VPo(z) .

Proposition 3.5. Assume A1l. Let {r,, n > 0} be a non-increasing sequence of positive
numbers. For § € [0,1 — a, there exists a finite constant C(K) such that for any (z,0) €
XxK 1<n<N

N—-1 N
! ~ . oo
E;)e [Z Tk+1V5(Xk)]l{‘r_K>k—1} < O(K) (T"Ea(c,)e (VBJF (Xn)]l{;K>n_1}) + ZrkH) .
k=n o

The next proposition gives a general standard bound on moments of martingales as a

consequence of the Burkholder’s inequality.

Proposition 3.6. Let M, = > }_; Dy, n > 1 be a martingale such that E (|Dg|?) < co
for some p > 1. Then

E[|M, "] < Cn™*W2/2=1N R (|DJP),
k=1

for C'= (18pg'/2)P, p~ +q71 = 1.

3.3. A Weak law of large numbers. We fix [ > 0 integer, K a compact subset of ©
and (z,0) € X x K. This section deals with the weak law of large numbers for the non-
homogeneous Markov chain {(X,,6,), n > 0} with initial distribution &, ¢ and transition

kernels P, (n; (x1,601), (d2’',d0")) = R (1 4+ n; (z1,61), (da’,db")).

Proposition 3.7. Assume Al. Let € [0,1 —«) and fp € Lys a class of functions such
that 0 — fp(x) is a measurable map, 7(fp) =0 and supgek | folys < 0o. Suppose also that
there exist € > 0, k > 0 such that 0+ ak <1 — « and

l —1+e 00 akK(y
B | S 1 ok (Do, 0a) + 15, = fi, o) VIR ()| <00, (28)
k>1

Then nfl]l{?}&n} pya fék—l(Xk) converges to zero in Pg)(a—pmbability.
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Proof. Define H, ¢(,y) = Ga(y,0) — Paga(z,0) and S, = S-7_, ﬂ{?K>k—1}f5k_1(Xk)' Note
that ]I{?K>n}n_1 py fo, ( X)) = {?K>n}n_15n. Then we use (22) to re-write S, as:

Zl{ ropHan g, (X1, Xe) + ((1=an) ™' = 1) Zﬂ{?pkfl}ga"(Xk’gk’l)
k=1 k=1

+ (Peogan (X0,00) = L5 .y P Gan (X, )

+ Zﬂ“ iy (Paian (K 00) = Py, G, (K, On) ) + D15y P o (K B

We take an, o« n=” € (0,1/2] where p > 0 is such that p(1 — ) < min (0.5,a,1 —p~1)
where p = (1 — a)(8+ ax)™! > 1; and p(2 — k) < €, where s and € are as in (28). First,

we notice that
l{?K>n} Z H{?K:k}Pékflgan (X, 0p—1) = 0.
k=1

def =
Then we consider the term M,, ;, = Zk ]l{TK>k 1}Ham 6, 1(X] 1, X;). Clearly, {(M, x, Fi)}
is a martingale array. Applying Proposition 3.2 and Proposition 3.6 (with p = (1—«)/(8+

ar) > 1), we get

; Il{?K>k—1}

B, 1 < OO Vo)
k=1

0 (npp(lffe)nmaxu,p/m) ,

By the choice of p, p(1 — &) + max(0.5,p~!) < 1 and we conclude that M,, ,/n converges
in L? to zero.

Define R ((1 —ap) P 1) >0, Il{?pkil}gan(f(k,ék_l). Proposition 3.2 (i) im-
plies that

Bl [ 1A < Catn B, (Z ﬂ{a>k_1}V1‘“<Xk>> —0(af).
k=1

The rhs converges to zero since a, — 0 and s > 0.
We turn to R(z) def PayGa,, (XO, o) — {?K>n}P9n§“” (Xn, én) Again, by Proposition 3.2
(1), the drift condition in A2, and Proposition 3.4 (i)

l — B R e ( ak aK (v
B, (n7RP]) < on o RS, (VR (Ro) + 1, VIRRR(R,))

=0 <n_1+ﬁ+°‘”a;1+”> =0 (n_o"“’(l_“)) .

Given the assumption p(1 — k) < «, it follows that nile) converges in probability to

Z€ero.
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We finally turn to RY ¢ > k=1 {7- Sk} ( 0, Jan (X, Ok) — gan(kaek 1)) By
definition, Fyga(z,0) — Fyrga(z,0') = for(z) — fo(z) + (1 —a)” (ga(wﬁ) — Ja(z,0')). By
Proposition 3.3 (with § = 0) we have:

| Pyga, (%,0) — Pyga,(z,0")] < C(K) sup |folvsan >t (Dg(0,60") + | fo — forlys) VOT" (z)

< C(K)sup | folyon (Ds(0,0) + |fo = folys) V(@)

Therefore Kronecker’s lemma and (28) implies that n 1R( ) converge almost surely to

ZeT0. O

The next result will be useful in proving the central limit theorem. We take f € Ly
and let g, be the resolvent associated with f and H,g(x,vy) := ga(y,0) — Poga(z,0). We
will show in the next lemma that n~1/21 {T n) S°7_, f(Xy) behaves like the martingale
array n~1/2 Sy {TK>k 1}Han G 1(Xk 1, X3) as n — oo for some well chosen sequence

{an, n > 0}.

Lemma 3.8. Assume A1 with a < 1/2 and let K a compact subset of ©. Let 3 > 0 such
that 2(8+ ) < 1 and f € Lys such that 7(f) = 0. Let k > 1, § € (0,1) be such that
2604+ a(k +06) <1—a. Take p € (1/2,1/(2 =) and let {an, n > 0} be a sequence of

positive numbers such that a,, € (0,1/2], an, x n=?. Suppose that
3 ﬂ{?K>k}k—1+P(2_5)Dﬁ+a6(ékv O 1) VI (X)) | < oc. (29)
k>1

For any s > 0, n_1/2]l{TK>n} Dy < f(Xp) — (Xk_l,f(k)) converges to zero in

]P’g(i)(9 -probability.

An+s,0k—1

Proof. Without any loss of generality, we assume that  also satisfies § + ax < 1/2. For

s > 0 arbitrary, define S, s = > 7_; ﬂ{?K>k—1} (f(f(k) — Han+s,ék_1(Xk—1vXk))' Note
that

~1/2 o i > c n-1/2
1{?K>n}n ; (f(Xk) Han-!—sﬂk—l(Xk*l’Xk)) o ]]_{%K> } Sn

Then we use the approximate Poisson equation (22) to re-write Sy, 5 as:

n
S = () )3 e (B
k=1
+ (Pe()ganJrs (X()? 90) - :H‘{(;K>n}P9~ngan+s (XTH éﬂ))
n
+ ]]_{?K>k} (nggan+5 (Xk7 9k> gan+5 (Xka ek 1))
k=1

3

+ ﬂ{;K:k}ngflganﬁ(Xk,9~k71)'

B
Il
—
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Notice that ]1{?K>n} py ]l{(;K:k}Pék—lga"Jrs (Xk,ék_l) = 0. For the rest, consider
def > S o .
R d (peogan+s(X0,90) - 1{?K>n}P5ngan+s (Xn,Gn)>. By Proposition 3.2, the choice
k > 1, and by Proposition 3.4 (i) we have

ES, (JRV1) < COORD, (VA*s(a) + V(X1 ) = O (nP+e).

Since 8+ ak < 1/2 we deduce that n~Y/ 2R7(11) — 0 in probability.
2) def _ =
Now take R & (1—anys) P =1) 30, 1{?K>k—1}g“n+s (Xk,0,_1). We can apply

Proposition 3.2 to obtain

|R£L2)| < C(K)an-‘rs Z 1{?K>k71}vﬁ+an()~(k)
k=1

n
and by Proposition 3.4 (ii), Eg)e (n*I/QIR%Q)D = O (n'/%a,). By assumption a, < n~°
with p > 1/2, thus n~1/ 2R7(12) converges in probability to zero.
. . 3) def > > A
Finally, we consider R} % Sory Lo (Pékgan+s (Xk: Ok) — By, Ganss (X, 9;@,1)).
By definition,

nga($79) - Pefga(xﬁ/) = (1 - a)_l(ga('xae) - ga(:E,e/)),

and by Proposition 3.2 applied with k > 1 and 6 > 0, |Pyga(x,0) — Py ga(z,0")| <
C(K)¢5(a)Dpras(0,0")VI++0) (2) so that

InT2RE)| < C(K)n /2P0y " {;M_I}Dmag(ék, Or_1)VP+aso) (X)),
k=

By assumption n~1/2pP(1=9) = o(n=1t,(2=9)) Kronecker’s lemma and (29) then gives that

n~Y QR%?’) converges to 0 with probability one. O

3.4. Connection with the adaptive MCMC process. In this section we give a num-
ber of results that connects the non-homogeneous Markov chain {(Xn,én), n > 0} with
the adaptive MCMC process {(Xy,0n,Vn, &), n > 0} defined in Section 2.2. This will
allow us to transfer the limit results established above to the adaptive chain.

We introduce the sequence of stopping times associated with the adaptive chain
Ty=0 T = inf{k>T), & =0}, k>1,
with the convention that inf () = co. Also define

def
Voo = SUP V.
£>0

Lemma 3.9. If A2 hold then P (T, < oo) = 1.
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Proof. A2 states that P (vs < 00) = 1. Thus under A2
P(T,,, =+00) =Y P (Tj = +00, e = j) =0,
=0
the last equality follows from the fact that on the set {1; = +oo}, supg>ove < j — 1.
Hence, P (T, < 4+o0) = 1. O

The following is Lemma 4.1 of Andrieu et al. (2005).

Proposition 3.10. For any n € N, any n-uplet (t1,--- ,t,), any bounded measurable
functions {fr,k < n} and for any (x,0,j) € X x Kj x N,

]Em,@,j,o H fk (th ) atk)]l{T1 >tn} - ]E;(UJ’)Q

k=1

knl fk(thu étk)]l{‘;Kj >tn}]

One can obtain the finiteness of moments of the adaptive chain as in the following

lemma.
Lemma 3.11. Let Wn = W(Xn7§n7Xn+1) be a sequence of random variables such that
foralll,k <mn,

c,(cl) = sup IE:(EZ)H [Wkl < 00.

(2,0)E€X0 X O {TKl>k}}

Then B (W (X, 0p, Xpi1)) is finite.

Proof. Denote W,, = W(X,,,0,, X;,+1). We have

EW.] = DD (Walp—jlin-) = 2 2B [Walin—g Ly oeto-a)]
j=0s=j j=0 s=j
= E 1{Tj:s}EXs,93,j,O (W(Xp—s, en—87Xn+1—s)1{T1>n—s})]
J=0s=j
= SB[ B, (Wi, Ly )| L B0 =9 <o
j=0s=j - ! j=0 s=j
The last equality uses Proposition 3.10. O

In very general terms, the next result shows that a weak law of large numbers for the
re-projection free process {(X,,60,), n > 0} implies a similar result from the adaptive

chain.

Lemma 3.12. Assume A2. Let {Wn,k, 1 < k < n} be a triangular array of random
variables of the form Wnk = Wn(ék,l, X’k,l, ék,Xk) for some measurable functions W, :

O xXx 0 xX—R. Let {b,, n > 1} a non-increasing sequence of positive number with
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limy, 00 by = 0. Suppose that for any k > 1, sup,,>q [Wn(0r—1, X1, 0k, Xr)| < 00 P-a.s.
and for all1 >0, s >0, (z,0) € Xg x K; and § >0

n
§ Wn+s,k
k=1

then by Y g Win(Ok—1, Xk—1, 0k, X)) converges to zero in P-probability as n — .

: @ _

Proof. The idea of the proof is similar to the proof of Proposition 6 of Andrieu and
Moulines (2006). Write W, j = Wy, (0k—1, Xk—1, Ok, Xi). As shown above A2 implies that
T, is finite P-a.s. With the convention that ZZ -=0if a > b, we write ;

nATyq

anWn,k = bn Z Wn,k+bn Z Wn,k
k=1 k=1 k=T, +1

= b5 + b, 5P

where S = ZZQ?C’O Wi and S = ZZ:TVQOH Wi k. Since sup,,>1 [Wy | and T, are
finite P-a.s., we deduce that ]ST(ZI)| < ZZ”:‘T sup,,>1 |Whn| is also finite P-a.s. Therefore
bnSfll) converges to zero P-a.s..

Take ¢ > 0. From Lemma 3.9, we can find Ly > L; > 0 such that ]13’[1/Oo > L] +

P[T,. > Ls] <e. For any 6 > 0 and n > Lo, we have:

L1 Lo

B [0nSP] 2 0] <3P [balS2] > 6,11 = 5,000 = 1] 4.
=0 s=0
We then observe that the event
Ti+n—s
{bn|57g2)| S 6.T) = 5,00y = z} Cbusl S Wakllig, sri4n_s) > 6
k=T;+1
Therefore by conditioning on F7,, we get:
P [bn|553‘>\ > 6,1y = 8, ve0 = z]

<E

Z Wn,k

k=1

Pz, 67,0 <bn—s

]l{Tl >n—s} > 6) ]

O
PXTz 1y <bn_s Lrigens) 7 5)] '

The last equality follows from Proposition 3.10. By assumption, the inner term in the last

i Wn,k

k=1

=F

expectation above converges almost surely to zero. It follows from Lebesgue’s dominated
convergence theorem that limy, oo P (bn\&(f)\ > 6) < €. Since € > 0 is arbitrary, the

results follows. O
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3.5. Proof of Theorem 2.1. Since A1l and (8) hold, we can apply Proposition 3.7 which
implies that

>0

. B n
Jim P [ o [ 2 e ()
for any 6 > 0,1 > 0 and (z,0) € X x K;. Theorem 2.1 then follows from Lemma 3.12.

3.6. Proof of Theorem 2.3. Throughout the proof, we take k > 1,0 € (0,1), p €
(1/2,(2 — 0)7Y] and {an, n > 0} as in the statement of the theorem. Denote S
Y ey f(X)). Without any loss of generality, we will assume that |f|ys < 1. We have

n n
Sn = Z Hanaek—l (Xk_17 Xk)]]‘{gk_lfo} + Z Han,ek_l (Xk’—la Xk)]]-{ﬁk_lzo}
k=1 k=1
n

+ > (f(Xk) = Hap i (Xio1, X)) -
k=1

By Theorem 2.2, n~1/2 pya (f(Xk) —Hg, 0, (Xk—1, Xk)) converges in P-probability
to zero.

Note that & = 0 signals a re-projection at time k. By Proposition 3.2 (i) applied with

K> 1,
n Tuoo
> Hepo (Xeo1, Xi)lig, oy < C(Ku) D (V¥ (Xim1) + VIT¥(XR)) . P—ass.
k=1 k=1

and the rhs is finite P-a.s. We then conclude that n~1/2 Sovey Hap o (Xi1, Xi) e, =0}
converges to zero P-a.s..

Define M,, j, = Z]? 1 Dnj, where Dy, ; = TL_l/QHamg]._l (Xj—1, X;j) g, 20y It is straight-
forward to see that {(M, x, Fi), 1 <k <n} is a martingale array. We will show that

{(My, 1, Fr), 1 <k <n} isasquare-integrable martingale array; (30)
lim ZE .7:] 1) =02(f), (in P-probab.) (31)
where
def
20 [ i) (~£2(0) + 24(@)g(.6.). 32)

is finite P-almost surely and that for any € > 0,
n
lim S E (D21, 501 Fj-1) =0, (in P-probab.) (33)
=1

By the central limit theorem for martingales (see e.g. Hall and Heyde (1980), Corollary
3.1), (30)-(33) implies that M,,,, converges weakly to Z (M,,,, — Z) where Z is a random
variable with characteristic function ¢(t) = E ( —308 (Nt ) This will end the proof.
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Proof of (30). It suffices to show that for all { > 0, k,n > 1,
sup ]Eg)e <H2n,5k1(Xk 1,Xk) . 1}> < 00
(z,0)€X0xK;
and to apply Lemma 3.11. By Proposition 3.2 (i) (applied with both x > 1 and ¢ > 0),
Suppek 19a(2 0)2 < C(K)Cs(@)V?P+o0+9)(z) < C(K)Cs(@)V'~(z) since by assumption
28+ a(k+0) <1—a. Thus for any [ >0, k,n > 1 and (z,0) € X x K,

) 2 2 (v 7]
E, o <H G (X 17Xk)]l{ ke 1}\fk1) < ﬂ{?Kl>k71}P9~k719an(Xk*1’0’“*1)

an,0k—1
C(Kl)g;(an)n{al>k_1}vl—a(5(k,1).

From Proposition 3.4 (i) we thus obtain

(l) 11—« 11—«
sup K (H (R, X1, ) C(K)Cs(an) k= sup V1= (z) < oo.
($,9)EXOXKZ 2.0 an Ok -1 { >k 1} €Xo

Proof of (31).

E (Di,j|}v_j—1) = H{é.j—17é0}nilpej—1Ha2n,9j_1(Xj_l)
= n_1P0j71H3n,9j,1(Xj*1) - :H'{Sj—li()}n_lpej71Hgn,9j71(Xjfl)'

The same argument as above shows that
Tvoo

Z e, =0y Po,_ Ho g, (Xjm1) < 7" Gs(an)C (Ko, Z VitoX; )

j=1
which converges almost surely to zero since T}, is finite P-almost surely, (s(a,) = O(n?1=9)
and p(1—10) <1/2.

For the first term, we note that P9H29(:L" 0) = Pyg(x,0) — (Paga(z,0))? = Pyg?(z,0) —

(1-a) tge(z,0) — f(ac)) . We thus have the decomposition:

6

% > Po1H; g (Xio1) = % YT+ / n(dw) (= f(z) + 2f (2)g(x,0,)) ,

k=1 i=1

where

TV = Zpek,lggn (Xk—1,0k-1) — g2 (Xk—1,05-1),
k=1

TP =(1-1-an)?) Zggn (Xk—1,0r-1),
k=1
7 =2 (L—an)™ —1)) " F(Xk—1)Gan (Xp—1,05—1),
k=1
T =2Y " F(X-1) (gan (X1, 06-1) — 9(Xp—1,04-1)) ,
k=1
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_22/ (dz) f(z) (g(z, 0h_1) — g(x,0,)) .

P =3 {‘f?(xk_ﬂ 2 (X-)a X1 0am1) = [ ) (~F7(a) + 21 ot 00

k=1
By assumption n_lT,(Ll) converges in P-probability to zero. We will use the same tech-

(5)

nique to study the term T,(Lg) to T5,”’. For example for TT(L2), the idea is to introduce its

counterpart 7, 192 in the space of the re-projection free process {(Xn,0,), n > 0}, to show
that lim,, ]P’g)e (|7~’,§QS)\ > 5) =0 for any [ > 0, 6 > 0 and any (z,0) € Xo x ©; and then

to argue that lim, . P (|T,(Ll)] > 5) = 0 for all 6 > 0 using Lemma 3.12.

Lemma 3.13. n~! (TT(LQ) + T7(l3)> converges in probability to zero.
Proof. For l,s > 0, define

n

~ d f _ ~ ~

s = (1= (U= aurs) ) Lz, oy D G (Koo O)
k=1

+ (1= apts) ' = 1)1

-
{7k

ooy 2 T Kk1)9a, (Kot ).
k=1

We show that for any p > 0, and any (x,0) € X x K;, lim,,—, P;(xl)a (n_1|Tn7S\ > ,u> =0.
1)

Then we can apply Lemma 3.12 to conclude that n='7T, ,(L converges in P-probability to

zero. As above, for any (z,6) € X x K; and by Proposition 3.2 (i), we get

l ~
ES), (1Tnsl) <
C(Kp) (¢s(ants) + 1) antsE xe <Z . 1}V26+a(n+6) (f(k)> =0 (nai) .
k=1
The rest of the proof follows from the usual bounds on the V-moments. O

Lemma 3.14. n_lTy(fl) converges in probability to zero.

Proof. For l,s > 0, define
= (4 def s . ~ - ~
= LYt ;f(Xk—l) <9an+s(Xk—1,9k—1) - Q(Xk—1,9k—1))

= ﬂ{?Kl>n} ; 1{‘;Kl>k_1}f(Xk—1) (gan+s (Xk—bék—l) - g(Xk—la ék—l)) .

Again, for any (z,0) € X x K; and by Proposition 3.2 (ii) we get

Eg}e (n—l‘ﬂ(ﬁg\) C(Ky)antsCe—1(ans1)n (Z ]l{TKl>k_1}V2B+an(Xk)> = 0 (anCu—1(an)) .
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The rest of the proof is similar to the above upon noticing that for x > 1, a(x—1(a) — 0

as a — 0. (I
Lemma 3.15. n*1T7g5) converges P-almost surely to zero.

Proof. By Proposition 3.3 (ii), there exists a finite constant C'(K) such that for any 0,6’ €
K, z € X and any a € (0,1/2]

|l9(z,0) — g(z,0")| < C(K) (alu-1(a) + a *Dp1an(0,0) VI5(z).
Therefore
‘/ w(dx)f () (g(.6) - g(x,w)‘ < C(K) (0601(0) + 0™ Dyean(8,8)) 7 (V2425

Let € > 0. Since alx—1(a) — 0 as a — 0, we can find ag € (0, 1/2] such that ap(—1(ag) < €.

Then for P-almost every sample path

lim ’/Tr(da:)f(ll?) (g(waén) —g(xﬁ*))‘

< O(Ku) Tm (€4 ag Dy an(fin, 0)) 7 (V?HH%) = (K, )m (V2P0
Since € > 0 is arbitrary and 7 (V25+°‘”) < o0, we are finished. O

Lemma 3.16. n_lTr(LG) converges in probability to zero.

Proof. We would like to apply the law of large number (Theorem 2.2) to show that n_lT,(LG)
converges to zero. By Proposition 3.2 (ii), for any compact subset K of ©, supgeg |f% +

2fgoly26+es < 00 and 26 4+ ak < 1 — a. To check (8), it is enough to find € > 0 such that

1 _ -
E;)o Zk; 1+e|fgék_1 B fgék|V25+D‘”1{?Kl>k}v26+a(n+6) (Xk) < 00. (34)
k>1
But by Proposition 3.3 (ii), there exists a finite constant C'(K) such that for any 6,6’ € K,
xz € X and any a € (0,1/2]

‘f()g(7 9) - f(-)g(-,@’)\v2ﬁ+% < C(K)GCH—l(a) + ailD,BJrcm(ea 0/)

We let a depend on k by taking a = ay, therefore

l _ ~
B, | S kg, - fgék|Vzﬂ+an]].{;Kl>k}v2ﬁ+a(f€+5)(Xk)
k>1

< ]EC(C{)G Z k71+€akgﬁ_1(ak)ﬂ{?Kl>k}Vlfa(Xk)
k>1

l —14e€ — 0 0 a(k+0) (v
+EY, %k 1+ ak1Dﬂ+aﬁ(ak,1,ak)ﬂ{al>k}vzﬁ+ (5+0) ()
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We can then find € > 0 such that n¢a,(s—1(as) +n"a,t = O(n=¢) and (34) follows. [0

Proof of (33). It is suffices to show that

n—oo

n
lim ”_1Z/Pek-l(Xk—l»dy)Hgn,ek_l(Xk—hy)ﬂ{Han,ek1<Xk1,y)|zf\/ﬁ} =0
k.f

in P-probability. We will do so by applying Lemma 3.12 again. By a lemma due to
Dvoretzky (Lemma 9 of Andrieu and Moulines (2006))

/Pek V(X dy) He, o (K1) U1, 4, () seviy S AWk
where
Wak = / P (Xk-1,dY)g5, (4, Ok-1)L{jg,,, (000 _1)[>ev/m/2}

It is thus enough to show that for any s, > 0, any (x,0) € Xg x K,
n

. _ = - -
nlerolo n! Z ﬂ{?Kl>k—1}W”+s’k =0, (in ]P’;,)H—probablhty).
=1

Take p > 2 such that p(8 + «/2) < 1 — a. Then

() _ (l)
E (l{;K Sk-1} n+s/€> —E < {TK>k 1}

_ _ l
< (2/e)P(n + ) 7KL, <11

~ o~ 2
Gore (K B 1)

]l{gan+s()~(k79~k—1)|>€\/n7+8/2}>

S p
{(;Kl >k—1} Yanys (Xk, Hk_l)‘

< (2/) PO(K)n 2 (G a(an)) EY) (ﬂ{:Kl>k 1}V1—“<Xk>> .

It follows that

2 (30, g ) =0 (20

and since p < 1, we are done.
3.7. Proof of Proposition 2.4.

Proof. Denote gq(x) = 3_;50(1— aY 1 PI f(x), Hy(x,y) = ga(y) — Pga(z) and write g and
H respectively when a = 0. Denote L?(mxP) the L?-space with respect to the joint measure
m(dx)P(z,dy) on X x X. It is shown by Maxwell and Woodroofe (2000) (Proposition 1)
that if f € L?(7r) and > i1 j_1/2HijHL2(7r) < oo then there exists H, € L?(mx P) such
that limg—o [|[Ha — Hyl|L2(axp) = 0.

Under (6) and with f € Lys, 8 € [0,1/2 — ), ZjZIj_1/2|]ijHLz(ﬂ) < oo and thus
there exists H, € L*(wxP) such that lim, o | Hy — Hy|| [2(xxpy = 0. Moreover mxP(H?) =
m(f(2g—f)) (see e.g. Holzmann (2005) for a derivation of this formula). From Proposition
3.2 (ii), we see that H, = H (mxP-a.s.). Note that 7xP(H?) = 7 (Pg* — ¢* + f(29 — [))
and 7(|f(29 — f)|) < oo by Proposition 3.2 (i) and the fact that 7(V!~%) < co. Thus it
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follows from 7 x P(H?) < oo and 7 x P(H?) = 7(f(2g — f)) that Pg? — g2 is m-integrable
and 7(Pg? — ¢%) = 0.
On the other hand we have PH?2(z) = Pg2(z) — (Pg.(x))? = Pg2(z) — g2(z) + g2(z) —

(Pga(x))?. Similarly PH?(z) = Pg?(z) — ¢*(z) + g*(z) — (Pg(z))?. After some algebra
we get
(Pgz(z) — ga(x)) — (Pg*(z) — ¢*(x)) = PHz(x)— PH?(2)+2 (1 — a) ™" = 1) f(2)ga()
+2f(2) (ga(2) = g(2)) = (1 =)' +1) (1 =)' = 1) gi(a).
We take k > 1 and § > 0 such that 26+ a(k+06) < 1 —a and apply Proposition 3.2 to get

|(Pgz(x) — g2(2)) — (Pg*(x) — *(2))| < |PHZ(z) — PH?(x)| + Ca’ Vot (a),

for some finite constant C. It follows that

/ r(dz) | (Pg2(x) — g2(x)) — (Pg(x) — 8*())] <
| Ha — HH%2(7r><P) +2|Hy — H 2(exe p) |1 H | L2 x ) + Ca®m(VIT). (35)

Then we have

n

n 'y g (Xi) = P2 (Xk) =n~' Y g*(Xy) — Pg?(Xk)
k=1 k=1
+nt Zggn (Xk) — Pg2 (Xi) — (*(Xy) — Pg*(Xy)) -
k=1

Since 7(|g? — Pg?|) < oo and 7(g? — Pg?) = 0, the weak law of large numbers for Markov
chains implies that n=1 Y"7_, ¢?(X%) — Pg?(X)) converges in probability to zero. And

n B> ga, (Xk) = Po,ga, (Xx) — 6*(Xk) — Pg*(Xy) ]
k=1
< E [|ga, (Xo) = Po.ga,(Xo) = ¢°(Xo) = Pg*(Xo)|]
and the rhs converges to zero as a consequence of (35). O

3.8. Proof of Proposition 2.5.

Proof. Write
n n
Z Py 192 (Xp1,0k-1) — g2 (Xpp—1,0p—1) = Z Py 192 (Xp—1,0k-1) — 92 (X, Op—1)
=1 =1

+) g2 (Xp k1) — g2, (Xn, 0k) + (92, (X, 0n) — g2 (X0,00)) . (36)
k=1
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We first deal with the first term. For [, s > 0, Define

)

T’sl {TK1>TL} Z Or— 1gan+s (Xh-1,00-1) — ggws(‘f{k’ék—l)'

We show that for any p > 0, and any (x,0) € X x K;, limy, oo P (l) (nil\ﬁsm > M) =0.
Then we can apply Lemma 3.12 to conclude that >, ng_lgan (Xk—1, Qk_l)—ggn ( Xk, Ok—1)

converges in P-probability to zero. We have
n ~ ~ ~ ~
T\ = Lo >n) > Lire sko1y (ng_lg§n+s(Xk—1,9k—1) - ggn+5(Xk,9k—1))
k=1

; - . R
and Eg(c)e [1{?Kl>k—l} (Pék 1gan+S(Xk_1,9k—1) - ggnﬂ(Xk,@k—l)) |fk~—1:| =0. Let k > 1
such that 2(3+ ak) < 2(B+ a) +e. Set p = (2(8+ a) + €)(28 + 2ax) L. By Proposition

3.6, we get

S, (152) < 00 e (S5, Vo) =0 ),
‘]_
by assumption. Since p > 1, the result follows.
We use the same strategy to deal with the second term on the rhs of (36). For [,s > 0,
Define

n

i
I

We apply Proposition 3.2 (i) with k = §/2 to get supg gk, [9a(,0) + ga(x,0')] <
C(K)a~1+9/2yB+ad/2(1) | This together with Proposition 3.3 (i) (with £ > 1 and §/2 > 0)

gives:

(Ko) (G5/2(angs)) Z1{TKl>k_1}D5+a5/2<ek_1,@)V”*““”KX@

n~! (C§/2(Gn+s))2 =0 (n_Hp(?_é)) then Kronecker’s lemma and (11) implies that n_lfgg
converges in probability to zero.

For the last term on the rhs of (36), define

o

ef >

T’I’(L?S = :H-{?Kl >TL} <ggn+s (XT“ én) - ggn“'s (XO’ 50)) ’
Then with k9 > 1 such that 2(8 + aky) < 1, we get the bound Eg)@ <n71’j:"r(135)‘> <

C(Kl)n_lEg)a <V2(B+OMO)(X")H{‘_K - }> = O(n'~2(#+er0)) The rest of the proof is simi-
) T 1 n

lar to the above. O
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3.9. Proof of Proposition 2.8.
Proof. We will show that for any p > 0, n > 1, any compact subset K of © and any 6 > 0,

sup B (Cop(K) > 8) < B(n,p), (37)
(m,Q)GXO X Oq

where the bound B(n, p) satisfies lim,, ., B(n,p) = 0 for any p > 0 and lim,_.oc B(n,p) =0
for any n > 1. This clearly implies (15) and (16) and the result will follow from Proposition
2.7. We have

(1)
Chrp(K) < sup]l (T} vaﬂ 16 + sup]l Tl Zypﬂ 16 . (38)

We start with the second term on the rhs of (38). By Doob’s inequality and B2, for N > n,

0 @)
Po ni?gNﬂ{?pl} ;Vpﬂ_ley >0

N
—2m(D) 2 2 (v O
<0TE vaﬂ‘—lﬂ{?oa‘}/q)éj(Xj’y)qéj (X, dy)
j=n

N
_ l >
< (K)o 2EY), > it o, VD)

Jj=n

-2 2 l 2 a
< C(K)(S 7p+nEm,9 (1{?K>n71}v T ) + Zf}/p+]

It follows that

! 2 - o
IP’;)Q sup]l{~K>l} Z’ypﬂ 16() >0 < C(K)yo™”? 7§+nn2’7+ —I—ngﬂ- . (39)

)

jzn
To deal with the first term on the rhs of (38), we proceed as in the proof of Theorem 2.1.
We consider the sequence {a,, n > 0} such that a, x n~", a, € (0,1/2] where p € (0,1)
is as in the statement of the Proposition. For 1 < n <[ and p > 0, we introduce the

partial sum

def
Sh, (p, K) {7. >0} Z VP'H

where Yy(z) = Yy(z) — k(). Under B2, Ty admits an approximate Poisson equation g,
for any 7 > 1 and we have ng(f(j) =(1—-a;)” gaJ(XJ,H ) — 6 Ja; (X;,0;). Using this
and following the same approach as in the proof of Theorem 2.1, we decompose S, ;(p, K)

as

Sn,l(}% K) = T( ) + T(Q) + T(3) + T( ) + T(5) + T( )
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where
1 _ -1 - v.h
Tnl 1 (_K>Z}Z {TK>j}7P+J ((1 CL]') - 1) gaj(Xj79j)'
9 ~ . .
T =1y endan (K On) = 1 o1 Pg 9 (K0, 60).
3) S
3 _ ~ ~ ~ ~ ~
Tn,l = 1{?K>l} Z ]1{¢K>j+1}’7p+j+1 <gaj+1 (Xj+1a 0j+1) ~ Ya; 11 (Xj+1a 9j)> :
j=n

-1
1) N =
Tr(L,l = ﬂ{?K>l} Z ﬂ{?K>j} (’Yp-&-j—l-l - 7p+j) a1 (Xj-l—la 9])
j=n

-1

-1
6 o o
') = Lo on E Lo sy ot (gaj(XjH,@j) - P@].gaj(Xjagj)) :
j=n

We deal with each of these terms using similar techniques as in the proofs of Theorem 2.1
and Theorem 2.3. Some of the details are thus omitted. Let 6 > 0 arbitrary.

On Term Té,ll). Take x > 1 such that n + ak < 1 — a. Then Proposition 3.2 yields
|Ga, (X;,0;)] < C(K)V"(X;) on {f; € K}. Then by Markov’s inequality, we have

Ja, (X;, 53')‘

>

P (sup 7! \>5) < §EY) syt (L=ay) ™ = 1)
jzn

< 5OV (@) | g™+ 3 paid ™ | - (40)

jzn

The last inequality uses Proposition 3.5 and Proposition 3.4 (i).
On Term Tr(fl). Let € > 0, x > 1 such that ¢ € (p,(1 — a)(n + xka)~! —1). That is
(I1+€)(n+ar) <1—aande>p. Then

50) ( 7> 5>
) lZTL )

(2/6)1+6E (»)

1+e 1+e€

I+e |~
1{?K>n}7p+; gan( ns n

> e | P (K1 8)

I>n

< (2/8)F KV (@) [ yplan' ™+ D wl5 ). (1)

jzn—1
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On Term TT(L?’Z). Take k > 1 and 6 > 0 such that 2n+a(k+9J) < 1—a and n+a(k+95) < 1/2.
By Proposition 3.3 and B2 |§,(, 0) — Ga(z,0")| < C(K) supgex | YalvaCs(a) |0 — 6| Vitaltitd)(z),
Then by Markov’s inequality

B (s 7] > 8) < /DEY) | 3 15,y eseaGla) o, (25 )| V749 ()
jzn

From B2 and the structure of the algorithm we compute that

EL) (|25, (X5 V) | VIO D)5 1y < COOVIT0H(X,),

It follows

p) <

On Term Tr(fl). By Markov’s inequality,

)
n,l

)= A (e s | V). ()

j>n

Gayir (Xj41,05)

]P)ch (Sup ‘T ‘ > 5) < (1/5)153% Z (Yoti = Wori+1) Lz, oy

j=>n

< (1/8)C(K)EY, Z; Ot = i) Lz oy VI (Xi)
Jj=n
< (1/8)C(K)V (@) ('~ (Ypan = Vprnt1) + Yp4n) - (43)
On Term TS)Z) . Take k € (1,2) such that n+ ax < 1 — . One can check as in Proposition
3.3 that for any compact K |Pyda(x,0) — Pygu (x,0)] < C(K)|a — a'|a" "2V 179 (). And

for a; < j7°, |a; — aj_l\a; o j‘la;” 1= o(j71). Hence, by Markov’s inequality, we get:
5 _ _ .
P”ﬁ (ilp Ti]\ > 5) <6TICKWV (@) | 0 Ypan + D Yprid L - (44)
=n j>n

On Term Téﬁl). Let £ > 1 such that 2(n + ak/2) < 1 — . Consider the term D; =
. 71 ~ v g -1
1{?K>j}7p+j (gaj (Xj41,05) — nggaj (Xj,Gj)) so that T;) = IL{T - > i—nDj. We note

that D; is a martingale difference and by Doob’s inequality we get:

PY) <?1215‘T7§§)‘>5) (1/8)2 > EY, (ID;?)

j>n

< (1/6)2C(K)V (@) [ 2 an' ™7+ 92, 15" | . (45)

jzn

By combining (39)-(45) and (18), we get (37) as claimed. O

3.10. Proof of the results of Section 2.7.
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3.10.1. Proof of Proposition 2.9. The function a() is of class C'. Hence by Assumption
C1 and the Mean Value Theorem £ = {0 € R: a(f) = @} is not empty. It also follows
from C1 that the function § — f06 cosh(u)(a — a(u))du is bounded from below; so we can
find K such that w(f) = foe cosh(u)(a — a(u))du + K1 > 0. Moreover (a(u) — a)w'(0) =
—cosh(6)(a(f) — @)? < 0 with equality iif § € £. By Sard’s theorem w(£) has an empty
interior. Again from C1, it follows that £ is included in a bounded interval of R and since
limg_, 1 w(f) = oo, we can find My such that £ C {# € R: w(f) < My} and Wy, is
bounded thus compact for any M > 0.

3.10.2. Proof of Proposition 2.11. A straightforward calculation using the boundedness of
|V log w(z)| implies that for any 0 € K,

‘ log (0, y)0 y>)‘ < C(K) (1+ ]y - 22),

for some finite constant C'(K). It follows that
/’ (o (z, y)o(w, y))f(y)'dy < CK)I Sy / (L+ly = 2*) V2 (y)ao (@, y)dy.

We do a change of variable y = b(z) 4 €?/2z, where b(x) = 2 4 0.5¢?V log () and using
the boundedness of |V logm(x)|, we get:
0 8 o Bs/2
sup g (@@, 9)a(@,9)) F(y) | dy < CK)|flyV(2) [ (14 [2F)7 " g(2)dz,
€
where ¢ is the density of the mean zero d-dimensional Gaussian distribution with covari-

ance matrix I;. The stated result follows by an application of the Mean Value Theorem.
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