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Abstract

Under a compactness assumption, we show that a ¢-irreducible and aperiodic Metropolis-
Hastings chain is geometrically ergodic if and only if its rejection probability is bounded
away from unity. In the particular case of the Independence Metropolis-Hastings algorithm,
we obtain that the whole spectrum of the induced operator is contained in (and in many
cases equal to) the essential range of the rejection probability of the chain as conjectured
by Liu (1996).
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1 Introduction

The Metropolis-Hastings (MH) algorithm is a very flexible algorithm used to approximately sample
from complicated distributions in high dimension spaces. If 7 is the probability distribution of inter-
est, such an algorithm generates a Markov chain (X,,) which admits 7 as its stationary distribution.
Geometric ergodicity characterizes a global stability property of the chain that is particularly useful
from a statistical point of view. For example, if the Markov chain is geometric ergodicity, central
limit theorems for empirical sums of functional of the chain are easier to obtain (see e.g. Jones
(2004)). See Roberts and Rosenthal (1998) for more on the usefulness of geometric ergodicity in
MCMC simulation.

There are various characterization of the concept of geometric ergodicity of Markov chains. For
irreducible and aperiodic Markov chains, geometric ergodicity can be characterized by the existence
of some “drift condition”; it is also known to be equivalent to an exponential decay in the tail of
the distribution of return times of the chain to “small sets”. A good account is given in Meyn
and Tweedie (1993). These results have been used successfully to show that some specific MH
algorithms converge geometrically fact (see e.g. Roberts and Rosenthal (2004) for a review). Our
main objective in this note is to derive a general characterization of geometric ergodicity for MH

algorithms directly in terms of the constituents of the algorithm. The “natural” target quantity is
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the rejection probability of the algorithm. It is known that if a MH chain is geometrically ergodic,
then its rejection probability is necessarily bounded away from unity (Roberts and Tweedie (1996)).
We shall prove that the condition is also sufficient if the linear operator generates by the absolutely
continuous part of the transition kernel of the MH chain is compact. We conjecture that the result
is still true even if the compactness assumption does not hold.

We then turn to the Independent Metropolis-Hastings algorithm (IMH). Liu (1996) prove that,
when the state space of the IMH chain is finite or discrete (with an additional regularity condition
on 7), the spectrum of the IMH chain is the range of the rejection probability. He has conjectured
that the result holds in general spaces. Below, in Theorem (2.2), we show that in general state
spaces, the spectrum of the IMH chain is contained in (and in most practical cases equal to) the
essential range of the rejection probability of the chain.

Our proofs mainly rely on operators theory in Hilbert spaces. We decompose Ky, the operator
induced by the Metropolis-Hastings chain, as the sum of a multiplication operator M, (multipli-
cation by the rejection probability of the chain denoted r) and an integral operator U. We use a

result (Weyl’s criteria) from perturbation theory to relate the spectrum of K, to that of M,.

2 Geometric Ergodicity of the Metropolis-Hastings Chain

Throughout we fix (S, F, ) a probability space, where 7 is our target probability measure. Let
Q(z,-) be a transition kernel on §. We shall assume that for all x, Q(z,-) is absolutely continuous
with respect to m and we write Q(z,dy) = w(x,y)n(dy). Let P be the transition of the MH
algorithm.

Pz, dy) = oz, y)w(z,y)m(dy) + r(x)d(dy), (2.1)
where

i) = 1= [ ateg)te, ) wldy), (2.2

and d,(A) = 1if 2 € A and 0 otherwise. A Markov chain with transition kernel P can be simulated
as follows. Start with some arbitrary point X, € S. Given X; = z, i > 0, generate Y from Q(z, -)
and set X;;1 =Y with probability a(z,Y), X;11 = = with probability 1 — a(x,Y"), where

Min (1,554) if w(z,y) #0

alz,y) =
1 if w(z,y) =0.

The proposal kernel () can be chosen in various ways. When Q(z,-) = Q(-) for all x € S, the
algorithm obtained is the Independent Metropolis-Hastings sampler (IMH). If Q(z, dy) = q(z,y)dy
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(with respect to some measure) and ¢(z,y) = ¢(y,x) we obtain the Metropolis sampler. When
S = R?and Q(x, -) has a density with respect to the Lebesgue measure with Q(z, dy) = q(|y — x|)dy,
where |z| denotes the Euclidean norm, we obtain the Random Walk Metropolis algorithm. More
details can be find in Tierney (1994).

By construction, P admits 7 as its invariant distribution: 7P = m where
TP(A) = /W(dx)P(a:,A). (2.3)
We say that a transition kernel P with invariant distribution 7 is ergodic if
|P"(x,-) = 7()|l,0r — 0, for m-ae. x €S, asn— oo, (2.4)

where ||| 2 SUp) f<1 | [ 11(dy) f(y)] is the total variation norm of a signed measure .

var = 2
Geometric ergodicity essentially says that the convergence in (2.4) takes place at a geometric
rate. More precisely, a transition kernel P with invariant distribution 7 is geometrically ergodic if

there exist p < 1 and a function V' : S — [1, 00| finite 7-a.e. such that:
1P () = 7() ||y < V(x)p", for m-a.e x €S. (2.5)

The transition kernel P of the MH algorithm induces a linear bounded operator K on L?(7) the

Hilbert space of real-valued square integrable functions defined on S by:

/f (z, dy). (2.6)

Instead of the operator K defined in (2.6), we shall mainly work with Ky, the restriction of K to
Li(m) .= {f € L*(w) : w(f) := [ fdr = 0}. It has been shown (see e.g. Roberts and Rosenthal
(1997) and Roberts and Tweedie (2001)) that for reversible Markov chains, geometric ergodicity is
equivalent to:

sup [ Kof]l < p, (2.7)
FeL3(m), IflI<1

for some p < 1, where, for f € L*(), |f| := {[ f?(z)n(dz)}'/2.

Define the spectrum of Ky by o(Kj) := {\ € R: Ky — Al is non invertible} where I is the
identity operator of L3(m), and write 7(Ky) :=sup {|\| : A € o(Kj)} for the spectral radius of Kj.
Then it is well known that (2.7) is equivalent to r(Ky) = || Ko|| < 1, where || Ky|| is the norm of the
operator Ky defined by [|Kol| := sup <1 [[Kof|. Whenever ||Ky|| < 1, we say that the chain has a
spectral gap.

In the study of the spectrum of Ky, we make the distinction between o4(Kj), the discrete

spectrum of Ky and o.s5(Ky) = 0(Ky) \ 04(Kp) the essential spectrum of K. the discrete spectrum
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04(Kp) is defined as those A in o(Ky) which are eigenvalues of K and are isolated point of o(Kj)
and such that dim ker (K, — AI), the dimension of the null space of Ky— A, is finite. We shall also
denote by

ess-tan(r) ;== {AN € R : 7 {z: |r(z) — | <€} >0 for all ¢ > 0}

the essential range of r. If ess-inf(r) (respectively ess-sup(r)) is the essential (with respect to )
infimum (respectively essential supremum) of the function r, it is easily seen that ess-ran(r) C
[ess-inf(7), ess-sup(r)] and that both ess-inf(r) and ess-sup(r) belong to ess-ran(r).

The following result from Chan and Geyer (1994) will be useful later.

Proposition 2.1. Suppose that P is an ergodic transition kernel on (S, F,m) with invariant dis-

tribution w. Then Ky as defined above has no eigenvalue with absolute value 1.

In the case of the Metropolis-Hastings algorithm, the operator Ky acts on f € L3(m) as follows:

Kof(x) = / F(y) Pz, dy) (2.8)
= M f(2) + Uf(z). (2.9)

With M, f(z) = r(z)f(z) and Uf(z) = [ a(z, y)w(z,y)f(y)7(dy).
In other words, the Metropolis-Hastings operator is a multiplication operator perturbed by an

integral operator. We shall assume that this integral operator is compact.

Theorem 2.1. Assume that U is compact. Suppose that the transition kernel P of the MH algorithm
is ergodic. Then it is geometrically ergodic if and only if ess-sup(r) < 1. The essential supremum

being taken with respect to .

Proof. The necessary part is proposition 5.1 of Roberts and Tweedie (1996). For the sufficient part,
it is sufficient to show that || Kyl < 1. If || Ko|| < ess-sup(r), then the theorem is trivially true. Let
us assume that || K|| > ess-sup(r). Then we claim that || K| (or — ||K||,) is an eigenvalue for K.
But for an ergodic chain, we know from proposition (2.1) that £1 cannot be eigenvalues for Kj.
Thus || Kol < 1.

Proof of the claim:

The compactness of the operator U implies (by Weyl’s theorem (Berberian (1970)), that o.ss(Ko) =

Oess(M,.)). The spectrum of the multiplication operator M, is o(M,) = ess-ran(r). Thus

Oess(M,) C  ess-ran(r),

C  [ess-inf(r), ess-sup(r)].
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Since K is self-adjoint, either | Kyl € o(Ky) or — || Kol € o(Kp) (Halmos (1957) section 34,

theorem 2) and the claim follows because || K| > ess-sup(r). O

Remark 2.1. 1. In practice, it is very difficult to show that the operator U is compact. Actually,
for most MH algorithms used in practice, U is not compact when the state space is unbounded.
Nevertheless, we think that Theorem 2.1 is useful in the sense that it clarifies further what is
known about the MH algorithm. Even if U is not compact, we conjecture that Theorem 2.1

remains true.

2. From a theoretical point of view, one easy way to obtain the compactness of U is to require

that U be Hilbert-Schmidt that is to assume that

/aQ(x,y)wQ(x,y)w(dx)ﬂ(dy) < 0.

It is easy to see that this later condition holds if:
[ @ dpty.dn) < o (2.10)

3. Theorem 2.1 requires the ergodicity of the Markov chain (X,,). In practice, it is not very hard
to construct ergodic MH algorithms. See for example Tierney (1994), Roberts and Tweedie

(1996) for some easily verifiable conditions.

In the case of the IMH algorithm, (2.10) is clearly always satisfied. Therefore we have the
following well known result on the geometric ergodicity of the IMH algorithm (Tierney (1994),
Mengersen and Tweedie (1996)).

Corollary 2.1. Let r be the probability of rejection of the IMH chain as given by Equation (2.2).
Then ess-inf(r) = 0 and ess-sup(r) = 1 — ess-inflw). Therefore the IMH algorithm has a spectral
gap if and only if ess-infw) > 0.

In fact, more can be said about the spectrum of the IMH chain. We shall prove the following:

Theorem 2.2. For the IMH algorithm, o(Ky) C ess-ran(r). The equality holds if for all a €

ess-ran(r), m{y : r(y) = a} = 0.

Proof. For the IMH algorithm, condition (2.10) is clearly satisfied. Therefore the operator U in
the decomposition (2.9) is compact and we have, by Weyl’s perturbation theorem, that o.ss(Kj) =
Oess(M,) C ess-ran(r). Next, we show that for any eigenvalue A\ of Ky, A € ess-ran(r) and conclude

that o(Ky) C ess-ran(r).
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First note that for f € L3(7),

Uf(r) = / o, ) (y) () m(dy)
- / w(y) F(y)m(dy) + / w(@) f(y)n(dy)
{y:w(x)>w(y)}

{y:w(z)<w(y)}

_ / (w(y) — (@) f(y)r(dy). (211)
{y:w(y)<w(x)}

Now, take A ¢ ess-ran(r) and suppose that there is a none zero fy € LZ(7) such that K, fo(z) =
Afo(x). We shall prove that this leads to a contradiction and the result will be proved.

From (2.11) and (2.9), A being an eigenvalue of K, with eigenfunction fy is equivalent to:

w@) —wly) o\
/{y:w(y><w<x)} r(z) — A foly)m(dy) = fo(x). (2.12)

Consider 7" the operator T'f(x) = [i,. ,)<w@) “’Eﬂ“gc;ff\y)f(y)ﬂ(dy).

Note w = ess-inf(w(z)) and k = ess-inf (|r(x) — A|). Since A ¢ ess-ran(r), £ > 0. Because fj is
m—integrable and is not identically null, we can find v > w sufficiently large such that f; is not null
on {r €S : w<w(zr)<u}. Forany partition I, = (ug < uy <...<wu,) of [w,u], with ug = w and
U, = u, we note D(u;) :={x € S: u;1 <w(x) <} and L¥(7) :={h € L3(n): h(z) =0 for = ¢
D(u;)}, i = 1,...,n. LZ(m) is an Hilbert space as a closed subspace of Lj(m). Let xp(,) be the
indicator function of the set D(u;) and let Mp, be the multiplication operator defined by X p(u,)-
Note that Mp,Mp, = Mp,. For h € Li(w), we write hp, for hxp,) = Mp,h. Note that if T is
an operator on LZ(m), then Mp, T Mp, is an operator on L?(m). With these notations, by applying

Mp, on both side of (2.12) we obtain that Mp, T fy = Mp, fo. But:

_ w(z) —w(y)
Mo Tolz) = /{y:w@)sm)} r(z) —

(
A
- MMD 0 p, ()7 (d

/{y:w(y)gw(x)} 7”(37)—)\ 1f (y)X 1( ) ( y)

= MD1TMD1 fO,Dl'

fo(y)xp, (z)7(dy)

Therefore, (2.12) implies that Mp,TMp, fo.p, = fo,p,- In the same way, for 2 < ¢ < n, (2.12)
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implies that Mp,T fo = Mp, fo, and as before, we have:

o w@) =)
o the) = A e @)

i—1

_ o)),
= S S el

" / Mfo(y)xpi (z)7(dy)
{yrui—1<w(y)<w(z)}

— (x —) xT)m
= Mohe) [ M () (x)w(d)

= Mp,hi(x) + Mp,TMp, fo,p,,

where h;(z) = 22—111 fD(uk) %fo(y)ﬁ(dy)-
This development shows that (2.12) implies:

;

MD1 TMD1 fO,D1 = fO,Dl

MDQTMDQfO,DQ = fO,DQ - MD2h2 (2 13)

Now we shall prove that (2.13) implies that r (Mp,TMp,) > 1 for at least one i € {1,...,n},
where r (Mp, T Mp,) denotes the spectral radius of Mp, T Mp,. To see why, assume that r (Mp, TMp,) <
1. Therefore Mp, T Mp, fo.p, = fo.p, implies that fy p, = 0 which in turn implies that he(z) = 0.
Note that from the second equation of (2.13), hy = 0 implies that Mp,TMp, fop, = fop,- If
in addition, r (Mp,TMp,) < 1, then since we have Mp,TMp, fo.p, = fo.p,, we can assert that
fo.p, = 0 which together with fo p1 = 0 implies that hg = 0. Continuing this way, we can see that
if r (Mp,TMp,) <1foralli=1,...,nthen fop, =...= fop, =0 which contradicts the fact that
fo is not the null function on {z € S : w < w(x) < u} as chosen.

Until now, what we have proved is that if A ¢ ess-ran(r) is an eigenvalue of Ky with eigenfunction
fo then for any u > w taken sufficiently large such that fy is not identically zero on {xr € S : w <
w(z) < u} and any partition I, = (ug < uy < ... <u,) of [w,u], with uy = w and u,, = u, there is
at least one i € {1,...,n} such that r (Mp,TMp,) > 1. To show the contradiction promised at the
begining, we shall simply show that by taking a partition with a sufficiently small increment, we

can make all the r (Mp,TMp,) < 1.
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For g € L?(w) with ||g|]| = 1, and using the Cauchy-Schwarz inequality, we can write:

gl = [ Af “’<(>) §y>gD,.<y>w<dy>}2w<dx>
< () L
< ()

and therefore | Mp,TMp, || < (u; — u;—1) /. From this, by taking a partition I, = (up < uy < ... < wy,)

with max;<;<,(u; — u;—1) < k, we have for i = 1,...,n:

r(MpTMp) = lim [[(Mp,TMp,)"||*

< U; — Uj—1
K
< 1

Next, take A € ess-ran(r) such that 7{y : 7(y) = \} = 0. Then X\ € 0.ss(M,) = 0ess(Ko) C
0(Ko). This shows that if for all A € ess-ran(r), 7{y : 7(y) = A} = 0 then o(Kj) = ess-ran(r). O

Remark 2.2. 1. A typical case for theorem (2.2) will be that S = R? and 7 and @ are absolutely
continuous with respect to the Lebesgue measure: 7(dz) = w(x)dx and Q(dx) = ¢(x)dx. If in
addition, 7(z) and Q(x) are continuously differentiable, then {z : r(z) = A} is a sub-manifold
of dimension d — 1 of R? thus 7 ({z : 7(z) = A}) = 0 and we have o(Ky) = [0, 1 — ess-inf(w)].

2. One well known consequence of theorem (2.2) is that it is not possible to take advantage
of the correlation of the Markov chain to decrease the asymptotic variance of the Monte
Carlo estimate. Suppose that (X,,) is a geometrically ergodic Markov chain with stationary
distribution 7, generated using the IMH algorithm. For any f € L3(r), writting e; to denote

the spectral measure of Ky on f and p := 1 — ess-inf(w), we have:

limy oo LB (S50 F(X0))" = Ji e p(d)) > |1£]
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