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Abstract: The Wang-Landau algorithm ([21]) is a recent Monte Carlo method that has
generated much interest in the Physics literature due to some spectacular simulation per-
formances. The objective of this paper is two-fold. First, we show that the algorithm can
be naturally extended to more general state spaces and used to improve on Markov Chain
Monte Carlo schemes of more interest in Statistics. In a second part, we study asymptotic
behaviors of the algorithm. We show that with an appropriate choice of the step-size, the
algorithm is consistent and a strong law of large numbers holds under some fairly mild con-
ditions. We have also shown by simulations the potential advantage of the WL algorithm
for problems in the Bayesian inference.
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1. Introduction

Although the idea of Monte Carlo computation has been around for more than a century, its
first real scientific use occurred during the World War II when the first generation computer
became available. Nick Metropolis coined the name “Monte Carlo” for the method when he
was at Los Alamos National Labs and it quick evolved to an active research area due to the
active involvements of leading physicists in the Labs. Ever since then, physicists have been at the
forefront of the methodological research in the field. One of their latest additions is an algorithm
proposed by F. Wang and D. P. Landau ([21]). The Wang-Landau (WL) algorithm has been
successfully applied to some complex sampling problems in physics. The algorithm is closely

related to multicanonical sampling, a method due to B. A. Berg and T. Neuhaus ([9]). Briefly,
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/The WL algorithm in general state spaces 2

if 7 is the probability measure of interest, the idea behind multicanonical sampling is to obtain
an importance sampling distribution by partitioning the state space along the energy function
(—log m(x)) and re-weighting appropriately each component of the partition so that the modified
distribution 7* spends equal amount of time in each component, i.e., uniform in the energy
space. The method is often criticized for the difficulty involved in computing the weights. The
main contribution of the WL algorithm is in proposing an efficient algorithm that simultaneously
computes the balancing weights and samples from the re-weighted distribution.

The objective of this paper is to take a more probabilistic look at the WL algorithm and to
explore its potential for Monte Carlo simulation problems of more direct interest to statisticians.
We achieve this goal by proposing a general state space version of the algorithm. Then we show
that the WL algorithm offers an effective strategy to improve on simulated tempering and trans-
dimensional MCMC.

From a probabilistic standpoint, the WL algorithm is an interesting example of adaptive
Markov Chain Monte Carlo (MCMC). Adaptive MCMC is an approach to Monte Carlo sim-
ulation where the transition kernel of the algorithm is sequentially adjusted over time in order
to achieve some prescribed optimality. Some early work on the subject includes [13], [1], [15] See
also [10], [19]. Early theoretical analysis includes ([0], [2], [1], [20]). We take a similar path-wise
approach to analyze the WL algorithm. The analysis of the WL algorithm is not a straightforward
application of the theory in the aforementioned papers because of the specific adaptive control
involved. The key point is the stability of the algorithm. We say that the WL algorithm is stable if
no component of the partition receives infinitely more visits than any other component as n — oo.
On a stable sample path and under appropriate conditions, we show that the WL algorithm learns
the optimal weights and satisfies a strong law of large numbers (Theorem 4.1). In the specific
cases of multicanonical sampling and simulated tempering, which includes the original the WL
algorithm, we show that the algorithm is stable and that the aforementioned limit results hold.

It came to our attention after the first draft of this paper that a similar extension of the
WL algorithm has been proposed independently by F. Liang and coworkers (see e.g. [16]). Their
approach differs from the WL approach in that these authors took a more classic approach based
on stochastic approximation with step-sizes set deterministically.

Our proposed generalization to the WL algorithm is presented in Section 2. Some particular
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cases are discussed in Section 3. The theoretical analysis is discussed in Section 4 but the proofs

are postponed to Section 6 to facilitate the flow of ideas.

2. The Wang-Landau algorithm

In multicanonical sampling, we are given a state space X and a probability measure 7. X
is then partitioned as & = UX;, where X; N X} = ¢ and 7 is re-weighted in each compo-
nent X;. An abstract way to do the same and much more is the following. We start with
(X;,Bi,A\i) i = 1,...,d, a finite family of measure spaces where \; is a o-finite measure. We
introduce the union space X = ngl X; x {i}. We equip X with the o—algebra B generated
by {(Ai,i), i € {1,...,d}, A; € B;} and the measure \ satisfying A(A,7) = X\;i(A)1p,(A). Let
hi : X; — R be a non-negative measurable function and define 6*(i) = [y hi(x)\i(dz)/Z where
z=y4, Jx, hi(z)Ai(dx). We assume that 0% (i) > 0 for alli = 1,...,d and consider the following

probability measure on (X, B):

1, ()N (dz). (1)

7 (dx, 1)

Our objective is to sample from 7*. The problem of sampling from such a distribution arises in
a number of different Monte Carlo strategies. For example, and as explained above, if 7 is a prob-
ability measure of interest on some space (X, B, \), we can partition X along the energy function
—log(m) and re-weight m by m(X;) in each component AX;. The sampling problem then becomes
of the form (1). This powerful strategy appeared first in the Physics literature as multicanonical
sampling ([9]). This is discussed in some more details is Section 3.1.

Sampling from (1) also arises naturally when optimizing the simulated tempering algorithm
([1%8], [12]). In simulated tempering, the states space X is not partitioned but, instead, some
auxiliary distributions 7, ..., m are introduced (take m; = 7). These distributions are chosen
close to m but easier to sample from. For good performances, one typically imposes that all the
distributions have the same weight. Taking each probability space (X, B, ;) as a component in
the formalism above leads to a sampling problem of the form (1). Multicanonical sampling and
simulated tempering have been combined in [5] giving an algorithm which can also be framed as
(1). Sampling from (1) can also be an efficient strategy to improve on trans-dimensional MCMC

samplers for Bayesian inference with model uncertainty. This is detailed in Section 3.3.
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The main obstacle in sampling from 7* is that the normalizing constants 8* are not known. The
contribution of the Wang-Landau algorithm ([21]) is an efficient algorithm that simultaneously
estimates 0* and sample from 7*. The algorithm was introduced in a discrete setting with the 7*
being uniform in 7. In this work we extend the algorithm to general state spaces and to arbitrary
probability measures. To carry on the discussion in our general framework, we introduce the
family of probability measures {mg, 6 € (0,00)%} on (X, B, )\) defined by:

mo(da, i) o IZ((;C))l"i (2)\i(dz). 2)

We assume that for all § € (0,00)9, we have at our disposal a transition kernel Py on (X, B)

with invariant distribution 7. Note that mg and Py remain unchanged if we multiply the vector
0 by a positive constant. How to build such Markov chain Py typically depends on the particular
instance of the algorithm. We give some examples later.

The structure of the WL algorithm is as follows. We start out with some initial value (Xo, Ip) €
X, ¢o € (0,00)% and set 0y(i) = ¢o(i)/ Z?zl ¢0(j),i=1,...,d. Here 6y serves as an initial guess
of 0*. At iteration n+ 1, we generate (X,,41, In41) by sampling from Py, (X, I,;-) and update ¢,
to ¢n1, which is used to form 0,,11(i) = dn+1(7)/ >2; Pn+1(j). The updating rule for ¢, is fairly
simple. For ¢ € {1,...,d}, if X,,41 € &} (equivalently, if I),11 = i), then ¢p11(2) = ¢n(i)(1 + p)

for some p > 0; otherwise ¢y,11(7) = ¢, (7). This leads to a first version of the WL algorithm.

Algorithm 2.1 (The Wang-Landau algorithm I). Let {p,} be a sequence of decreasing posi-
tive numbers. Let (Xo,1y) € X be given. Let ¢g € R? be such that ¢o(i) > 0 and set y(i) =
Go(i)/ 225 ¢0(d), i=1,...,d. At some time n > 0, given (Xp,I5,) € X, ¢n € RY, 6, € R4:

(i) Sample (Xn—Ha In—H) ~ P9n (Xna In; )
(ii) Fori=1,....d, set 6,11(3) = (i) (14 pul(s,,1=iy) and Ons1(3) = Gnia(3)/ 2 61 ().

It remains to choose the sequence {p,}. As we show below, {6, } as defined by Algorithm 2.1 is
a stochastic approximation process driven by {(X,, I,)}. The general guidelines in the literature
to choose {p,} are: p, >0, 3 p, = oo and 3" pite < oo for some € > 0, often € = 1. The typical
choice is p, o< n~!. In practice, more careful choices are often necessary for good performances. To
the best of knowledge, there is no general, satisfactory way of choosing the step-size in stochastic

approximation. Interestingly, Wang-Landau came up with a clever, adaptive way of choosing {p, }
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which works very well in practice. We describe their approach next, again in more probabilistic
terms.

Let vy, (i) denote the proportion of visits to X; x {i} between times n + 1 and k. That is,
V(i) = 0 for k < mn and for k > n+ 1, v,(i) = 1 ?:n—l—l 1{I; = i}. Let ¢ € (0,1) be a
parameter to be specified by the user. We introduce two additional random sequences {x,} and

{an}. Initially, ko = 0. For n > 1, define

Ve (1) — :z‘ < ;} (3)

1<i<d

Ky = inf {k > Kp_1: max

with the usual convention that inf ) = co. We need another sequence {~,} of positive decreasing
numbers, representing “stepsizes”. Then, {a, } represents the index of the element of the sequence
{vn} used at time n: ap = 0, if k = k; for some j > 1, then ar = ax_1 + 1 otherwise aj = ap_;.
In other words, we start Algorithm 2.1 with a step-size equal to ¢ and keep using it until time
k1 when all the components are visited equally well. Only then we change the step-size to 1 and

keep it constant until time ko etc... Combining this with Algorithm 2.1, we get the following.

Algorithm 2.2 (The Wang-Landau algorithm IT). Let {v,} be a sequence of decreasing positive
numbers. Let (Xq,1y) € X be given. Set ag = 0, k = 0, ¢ € (0,1), ¢g € R? such that ¢o(i) > 0
and 0o(i) = ¢o(i)/ 32 ¢o(4), i = 1,...,d. At some time n > 0, given (Xp,I,) € X, ¢, € R¢,

0, € Rd, an and K:

(1) Sample (Xpn+1,Int1) ~ Py, (Xn, In;-).

(i) Fori=1,...,d, set ¢ns1(i) = dn(i) (1 1 %nz{ml:i}) and 0,41 (6) = b1 (i) X dnra ()
(iii) If max;

Vgnt1(2) — é‘ < c/d then set k =n+1 and an+1 = ap + 1, otherwise ap11 = ay,.

Remark 2.1. 1. The performances of Algorithm 2.2 depends very much on the choice of
{4} and c. Theoretically we show that the choice 7, o n~! guaranties the convergence of
the algorithm. But in practice, this type of step-size can be overly slow. The user might
then consider instead v, o« a=" (a > 1) originally proposed by Wang-Landau. But we
were not able to obtain the convergence of the algorithm for summable step-sizes. A good

n

compromise is to start the sampler with v, oc a™" until v, < ¢ (e.g. ¢ = 107°) and then

switch to v, = n~'. There is a bias-variance trade-off involved in the choice of c. For ¢ close
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to 0, Algorithm 2.2 will have a low bias (in estimating #*) but a high variance. Such values
of ¢ are more suitable for 7, oc a™". Whereas for larger values of ¢, the bias will be high with
a low variance. For ¢ = d — 1, we get a standard stochastic approximation algorithm with
deterministic step-size for which a step-size that sums to oo is necessary for convergence.
We found empirically from our simulations that ¢ in the range 0.4 — 0.2 yields reasonably
good samplers.

2. In the actual implementation of the algorithm, it is not necessary to re-normalize ¢,, into
0, as in (ii). In fact, for computational stability, we recommend carrying out the recursion
on a logarithmic scale: log ¢y, (i) = log ¢n—1(i) + log(1 + va,_, ) 1{7,=i}-

3. Another interesting feature of Algorithm 2.2 is that Step (iii) can serve as a stopping rule:
we stop the simulation when ,, get smaller than some pre-specified value.

4. Under some regularity conditions, if f : X — R is some function of interest that is m-

integrable and {(X,,, I5,,0,)} is as described in Algorithm 2.2, we will show below that,

1 n
— Z f( Xk, I) — 7*(f), a.s. as n — oc.
n
k=1
If we denote m; the distribution on AX; with density with respect to A; proportional to

hi(z)1x,(x), we can estimate integrals with respect to m; as well:

Sohet S (X, ) L, (X)
> k=1 L, (Xk)

Now if we denote 7w the distribution on X whose density with respect to A is proportional

— mi(f(-,7)), a.s. as n — oo.

to hi(x) on X, the ratio m(z,4)/7*(x,4) is df*(i) and integrals with respect to m can also

computed by importance sampling;:

% Z f(Xp, I) 0k (1) — w(f), a.s. as n — oo.
k=1

Various methods for recycling Monte Carlo samples can be implemented as well. All these

results follow from the strong law of large numbers of Theorem 4.1.

3. Some Applications

In this section, we detail briefly some applications of the general algorithm to multicanonical

sampling and simulated tempering and trans-dimensional MCMC.
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3.1. Multicanonical sampling

Multicanonical sampling is a powerful algorithm proposed by [9]. It holds the potential of im-
proving on mixing times of classical MCMC algorithms. It fits naturally in the framework above.
But the implementation can be tedious. Assume that we want to sample from a probability mea-
sure m(dz) o< h(z)A(dx) on some probability space (X,.4,\). We use the energy function E(x) =
—log(h(z)) to build a d-component partition (X;); of ¥. X; = {x €X: E;_1 < E(z) < E;},
where —oo < Ey < By < ... < Eg < 0o are predefined values. Denote 6*(i) = w(X;) and assume
0* (i) > 0. As above, we introduce the union space X = [JX; x {i}. The idea of multicanonical
sampling is to sample from 7* given by:
7 (dx, i) g*((xz)) 1y, (z)\(dx),

which is of the form (1). There is a simpler formulation of the algorithm. Since the component of

the partition to which a point x belongs can be obtained from x itself, multicanonical sampling

is equivalent to sampling from 7* on (3, .A) given by:

d
7*(dx) o ; g*((a;)) 1y, (z)A\(dx), (4)

and the union space formalism is not needed. After sampling from 7* in (4), a straightforward
importance sampling estimate allows to recover w. The algorithm tries to break the barriers in
the energy landscape of the distribution by re-weighting each component X;. Clearly, the success
depends heavily on a good choice of the energy rings Fy, . . ., F4. This typically requires some prior
information on 7 or some pilot simulations. We point out that although the energy function F is
a natural candidate to utilize to partition the space, the idea can be extended to other functions.

In the description of multicanonical sampling given above, taking > as a discrete space, 7 the
uniform distribution on X and X, = {r € ¥: E(z) =e},e € {e € R: E(z) = e for some z € ¥}

yields the Wang-Landau algorithm of ([21]).

3.2. Simulated Tempering

The method can be applied to the simulated tempering of [18] and [12] by taking (X;, B, A;) =

(X1,B1,\1) and h; = hl/ti, 1 =1t <ty <...<ty Simulated tempering is a well-known Monte
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Carlo strategy for sampling from difficult target distributions. Assume that the distribution of

interest is m(dz) oc h(z)A(dx). Typically for large temperature ¢, h'/* is a more well-behaved

distribution for which faster mixing Markov chains can be built. In simulated tempering, we try

to take advantage of these faster mixing chains, by targeting the distribution:

hl/ti (m)
0(i)

on the union space (X,B,\). A MCMC sampler Py with invariant distribution 7y is readily

mo(dx, 1) = 1y, () (dz), (5)

designed. Typically, Py takes the form
Py((x,4); A x {j}) = Bug(i, ) PY(z, A), (6)

where B, g is a transition kernel on {1, . ., d} with invariant distribution (h;(z)/6(5)) (X, hi(z)/0(i)) "
and Pl a transition kernel on (X;,B;) with invariant distribution proportional to h;(z)A(dz).
Typically, one takes By o(i,7) = (hi(z)/0(3)) (3, hi(x)/6(i))"". Another common choice is to take
B, ¢ as a Metorpolis-Kernel on {1, ..., d} with proposal ¢(i, j). By standard importance sampling
techniques, we can convert samples from the higher temperature distributions to also estimate
71. The method holds for any § € R? 6(i) > 0. But the choice of # can significantly impact
the efficiency. Heuristically, it seems that, to improve on mixing, we need a 6 that allows to
sample from fast converging distributions (but close to 7); but since m; is the distribution of
interest, for statistical efficiency, we need a 6 that favors m;. One easy way to resolve this trade-
off is to choose # such that all the distributions are equally visited. For this we need to choose
0(i) = 6*(i) o< [ hi(z)\1(dz) and sample from
1/t (x)
0% (1)

7w (dx, i) 1y ()1 (do),

which can be done with Algorithm 2.2.

Example 1. We compare a plain simulated tempering with weight (i) = 1 and the Wang-Landau
simulated tempering described above for sampling from a multimodal bivariate Gaussian mixture

distribution. The target distribution given below was taken from [17]

1
2mo?

iwiexp{—;ﬂ(:c—m)’(:c—m)}, (7)

1

where 0 = 0.1 and w; = 0.05. The p;’s are listed in Table 1. The distribution is highly multimodal

m(x) =

and it is clear that a plain Random Walk Metropolis algorithm for this distribution does not
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mix in a reasonable time. Simulated tempering can be particularly efficient in such situations. We
compare two strategies: a plain simulated tempering where 6(7) = 1 in (5) and the WL adaptation
of simulated tempering as described above. We use the temperature scale 1 < 7.7 < 31.6 < 100.
Table 2 presents the mean squared errors (MSEs) of the two methods in estimating the first two
moments of the two components of 7. We can see that the WL version is about three-four times
more efficient than the plain version in terms of MSE. The estimates are based on 30 independent
replications of the samplers. We run each sampler for 100,000 iterations. In applying Algorithm

2.2, we use v, = 1/n and ¢ = 0.3

R N N R N R L R T L e )

1 218 576 6 325 347 11 541 265 16 493 1.50
2 867 959 7 1.70 050 12 270 7.88 17 1.83 0.09
3 424 848 8 459 560 13 498 370 18 226 0.31
4 841 168 9 691 581 14 1.14 239 19 554 6.86
5 393 882 10 6.87 540 15 833 9.50 20 1.69 8.11

TABLE 1
The 20 means of the two-dimensional Gaussian mizture.

E(X:) E(X;) EX] E(X3)
Plain ST 0.113 0.132 11.201 12.501
WL-ST 0.029 0.041 2.818 4.023

Ratio 3.89 3.25 3.97 3.11
TABLE 2
Mean Square Errors of the plain and the WL simulated tempering algorithms. Based on 30 independent
replications with 100,000 iterations of each sampler.

3.3. Application to trans-dimensional MCMC

It is often the case in Statistics that many alternative models are considered for the same
data. One is then interested in issues like model comparison, model selection and averaging.
Let f(Datalk,xy) be the likelihood of model k with parameter zj. Assume that we have a finite
number d of models and that z;, € (Xy, By, A\x). Let X = UL, &; x {i} be the union space equipped
as above with the o-algebra B and the o-finite measure \. (X, B, A) is the natural space to consider

when dealing both with model uncertainty and parameter estimation. In the Bayesian framework,
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a prior density (with respect to \) p(zg, k) in (X, B) is specified for (xg, k). The posterior distri-
bution of (z, k) is therefore m(x, k) o< hi(z) = f(Datalk, zx)p(xg, k). In this framework, one is
often interested in the Bayes factor of model i to model j defined as B;; := 6*(i)p(j)/(0* (5)p(7)),
where 0% (i) oc [y, 7(xi,1)Ai(dzi) and p(i) = [ p(x,i)Ai(dx;). Trans-dimensional MCMC is a set
of specialized MCMC algorithms to sample from distributions like 7 defined on spaces of variable
dimensions. The reversible-jump algorithm of Green ([!1]) is the most popular such sampler.

In the spirit of the WL algorithm, an alternative to sampling directly from 7 is to sample from

the distribution
hi(w;)
6*(4)

By such re-weighting, we give the same posterior weight to all the models. The WL algorithm

7 (dzi, 1) o

Ly, () Ai(dw:). (8)

then offers an effective strategy to sample from 7* and we recover m by importance sampling.

This strategy can improve on the mixing of the sampler

Example 2. We set X; = R? for i = 1,...,20 and consider the following rather trivial trans-
dimensional target distribution:

. 1 12
m(xi,i) o< a; e 2lwl”,

where we let a; = 1 for i # 4, and a4 = (271)_16/ 2. In this distribution, z; € R?, the i-dimensional
Euclidean space and 7 (z;,1) restricted to R? is proportional to the standard normal distribution.
We are interested in the marginal distribution p(7) of i. This distribution, as shown in Figure 1,
is bimodal with modes at 5 and 20.

We pretend that this distribution is intractable and sample from it using a Birth-and-Death
Reversible-Jump MCMC. For the fixed-dimensional move, we use a Random Walk Metropolis
kernel with a Gaussian proposal with covariance matrix o,1;, o, = 0.1. We implement a Birth-
and-Death move for the trans-dimensional jump. Given (z, ), we randomly select j € {i—1,i+1}
with respective probability wj;—1,w;i+1. We choose wj ;11 = 1/2 with the usual correction at the
boundaries. If j = i + 1, we proposal y = (;,u) where u ~ N(0,0?) with 0 = 0.1. We accept
(y,j) with probability min(1, A) where

A= 7(y, )Wﬂ\ﬁae%

W('I’ ) w’L]

Similarly if j = i — 1, we write 2 = (y,«’) with v’ € R and propose (y, 7). This value is then
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/The WL algorithm in general state spaces 11
accepted with probability min(1, A) with

A:ﬂ'(yaj)wji 1 Ly

_J- 6_ 202

7T(l’, Z) Wiy Vo2ro

This vanilla RIMCMC sampler fails to sample from w. Depending on its starting point, the

sampler typically found one of the two modes and got stuck around that mode even after 10
millions iterations (see Fig 2a). In contrast, the WL algorithm provided a reasonable estimate of
the distribution in only 2 millions iterations. In this example, computationally each WL iteration
step costs roughly about that for 1.2 step of the vanilla sampler. For the WL approach we use

c¢=0.4 and 7, = 27" until 10~ before switching to v, = n~!.
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Figure 1: Marginal posterior distribution of models. (a) estimate from the plain RIMCMC; (b)
estimate from the WL-RJMCMC ; (c) True posterior distribution. Estimates are based on
10 x 109 iterations for the plain RIMCMC and 2 x 10° iterations for the WL-RJMCMC.
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4. Some theoretical results

We look at some theoretical aspects of the algorithm. We investigate the convergence of ,, to 6*
and a strong law of large numbers for {(X,, I;,)}. The difficulty is in proving that the algorithm

is stable in the following sense.

Definition 4.1. Let v, (i) be the occupation measure of X; by time n: v, (i) = 3%, 17—}

T n

The Wang-Landau algorithm is said to be stable if

max lim sup n(vy, (i) — v, (j)) < 00, a.s. 9)
[2¥} n—oo

This is an essential property of the algorithm. When the algorithm is stable, we will show that
all the stopping times x; defined in Algorithm 2.2 are finite and the step-size ~,, will gradually
converges to 0. Moreover (Theorem 4.1 below) on a path where the algorithm is stable, 6,, — 6*
and a strong law of large numbers hold for L 7| f(Xj, Iy). Then, we will derive some verifiable

conditions under which the algorithm is shown to be stable. To maintain the flow of ideas, some

of the proofs are postponed to Section 6.

4.1. Ergodicity

Let © = {# e RY: Y4 ,0(i) =1, 6(i) € (0,1), i = 1,...,d} and ((Xo,I),00) € X x O be
the initial state of the algorithm. This initial state will be considered fixed but arbitrary. Let
{7n} be the step-size sequence. Let Pr be the distribution of the process {X,, I,,,0,} started at
(Xo, Lo, 6p) with step-size sequence {~,} and denote E the expectation with respect to Pr. To
simplify the notations, we will omit to make explicit the dependence of Pr on (X, Iy, fy) and
{yn}. All statements made almost surely will be with respect to Pr. For § € R?, || denotes the
Euclidean norm of 6. For any € € (0,e,), where £, = min; 8*(i), define ©. = {6 € ©, 0(i) >
g, i = 1,...,d}. Our main assumption asserts that the family {Py, § € ©.} is Lipschitz and
uniformly V-ergodic. See e.g. [2] for some examples of MCMC samplers where these assumptions
hold. Before stating these assumptions, we need some notations. For any function f : X — R and

W : X — [1,00) we denote |f|y, := sup,ex %((g%', and introduce the set of W-bounded functions

Ly = {f meas., f: X = R,|f|;;y < oo}. A transition kernel on (X, B) operates on measurable

real-valued functions f as Pf(z) = [ P(z,dy)f(y) and the product of two transition kernels P;
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/The WL algorithm in general state spaces 13

and P, is the transition kernel defined as Py Pa(z, A) = [ Pi(x,dy)Pa(y, A). For two transition
kernels P; and P, we define || P, — P||y;,, the W-distance between P and P as

I1P1 = Pallyy := sup [Prf = Pafly
[flw<1

(A1) We assume the existence of a measurable function V' : X — [1,00), a set C C X, a
probability measure v on (X, B) such that v(C) > 0 with the following property. For all

e € (0,e4) we can find constants A\ € (0,1), b. € [0,00), B € (0,1] and integer ng . such

that:
eirg PO (2, A) > Bv(A)le(x), v € X, A € B; (10)
S
and
sup PV (z) < AV (z) + b1c(z), z € X. (11)
(JS(CH

The inequality (11) of (A1) is the so-called drift condition and (10) is the so-called minorization
condition.

Next, we assume that Py is Lipschitz as a function of 6.

(A2) Forall a € [0,1], for all £ € (0, ¢4), there exists K = K (a, ) < oo such that for all 0,6’ € O,
1P = Porllye < K[6 -6, (12)
where V' is defined in (Al).
Finally we assume that the step-size sequence is well-behaved:

(A3) {v,} is non-increasing, v, > 0, 3.7, = o0 and 7, = O(n™1) as n — oo.

For B > 0, we introduce the following stopping time:
7(B) :=inf{k > 0: maxk (vi(i) — vk(j)) > B}, (13)
Z7‘7

with the usual convention that inf () = co. 7(B) is the first time where one component will accu-
mulate B visits or more than some other component. Thus Definition 4.1 is precisely equivalent
to 7(B) = oo for some B. With this in mind, the next results says essentially that if the algorithm
is stable and (A1-3) hold then it is ergodic.

Theorem 4.1. Assume (A1-3). Let B > 0 be given. Then:
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/The WL algorithm in general state spaces 14

(1)

00, — 0%| 1(7(B)>n) — 0, @.5. as n — o0. (14)

(ii) For any function f € Lys1/2, denoting f = f — 7*(f), we have:

S|

Z (X, I) 1 (By>k—13 — 0, a.s. as n — oco. (15)
k=1

Proof. See Section 6.2 O

4.2. Checking (A1-2)

We impose the drift condition and the minorization condition (A1) uniformly for § € ©., not
uniformly for # € ©. This is an important point. Indeed and as we will see now, a drift and
minorization condition uniformly-in-6 for 8 € O, is almost always true as soon as one Py satisfies
these conditions (Proposition 4.1). Whereas a minorization and drift condition uniformly-in-6 for
0 € © is almost never true.

Indeed, suppose that each Py is a Metropolis-Hastings kernel with invariant distribution 7y

and proposal kernel ). That is

ng(l',l) = Maf(f’«“al) + T@(l’,i)f(.%‘,i),

where

i (1 2Ry, i) ) £(0.3)Qe:d )

]:1 XJ

and
d .
Te(xai) =1 _;/X] min (17 z((;))R(ya.%va)) Q(.’I?,Ldy,j),

and R(zx,1;y, 7) the Radon-Nikodym density of 7(dx, i)Q(z, i; dy, j) with respect to 7(dy, 7)Q(y, 7; dz, ).
With § = (1,...,1), we use 7 (resp. P and M) to denote 7y (resp. Py and My). The next result

states that we only need to check that P is geometrically ergodic to obtain (A1-2).

Proposition 4.1. Suppose that ezistence of a measurable function V. : X — [1,00), a set
C C X, a probability measure v on (X,B) such that v(C) > 0; constants A € (0,1), b € [0,00),
B € (0,1] and finite integer ny such that:

M"™(x,A) > pr(A)1c(z), v € X, A€ B;
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/The WL algorithm in general state spaces 15

and

PV(z) < AV(z)+blc(z), z € X.
Then (A1-2) hold.

Proof. See Section 6.1. 0

4.3. Stability

Theorem 4.1 asserts that under (A1-3), the WL algorithm will converge to the right limit on
stable paths. This opens the question of checking the stability of the algorithm. The stability
condition is difficult to check in general. The next theorem gives some easily checked conditions

under which the algorithm is stable.
Theorem 4.2. The WL algorithm is stable under either of the following two conditions.

(a) There exist € € (0,1), K € (0,00) and integer ng > 0 such that for any i,j € {1,...,d} and
0 € R, 0(i)/0(5) > K implies that Py°((z,i),X; x {j}) > € for all x € X;.

(b) There exists ¢ € (0,1), such that for any j € {1,...,d} and 6 € R, 6(j) < minj<;<q0(7)
implies Pp((x,1), Xj x {j}) > € for all x ¢ X;.

Proof. See Section 6.3. O

4.4. Application to Multicanonical sampling

Consider the multicanonical sampling of Section 3.1. Suppose that Py is the Independence-
Sampler with proposal distribution Q(dx) = ¢(z)A\(dz) and invariant distribution my(dx) o
4 (h(x)/0(i)1x, (x)A\(dz). Assume that the function w(z) o h(x)/q(z) is bounded with supre-

mum wg. Then clearly, for all x € Aj,

Py(x,%;) = min (13((])) /X min (1“2%)) Q(dy)

> €5,

0

as soon as 6(i) > 6(j), taking ¢; = f;\.’j min (1, %) Q(dy) > 0 (since w(X;) > 0). Thus for

any i,j € {1,...,d}, i ~ j and by Theorem 4.2, the WL algorithm is stable. Now, since w is
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/The WL algorithm in general state spaces 16

bounded, each Py satisfies a drift condition and a minorization condition which implies (A1-2) by
Proposition 4.1.

Similarly, if Py is a Random Walk Metropolis with proposal kernel ¢(y — x) we have:

Py(x, Xj) > min (1, Z((;))) /Xj min (1, ZE%) q(y — x)dy.

It follows that if X is compact and 7, ¢ positive and continuous, then ¢ ~~ j for all 4, j. Under the

same assumption, (A1-2) also hold. We can conclude that:
Corollary 4.1. In the case of multicanonical sampling of Section 3.1. Assume either (i) or (ii):

(i) Py is an independent-Metropolis sampler with proposal distribution Q(dz) = q(x)A(dx) and
w o h/q is bounded.
(ii) Py is a RWM sampler with proposal q(y — x); X is compact and ™ and q are positive and

continuous.

Then the algorithm is stable and under (A3), we have:
1 n
|6, — 0°| — 0; and - Z f(Xg) — 7*(f) a.s. asn — oo,
k=1

for any bounded measurable function f.

4.5. Application to Simulated tempering

Theorems 4.1 and 4.2 can also be applied to the WL version of simulated tempering as described
in Section 3.2. We consider the simulated tempering algorithm with kernel Py ((x,7); A x {j}) =
B, (i, 5) PVl (z, A) where B, (i, j) o< hj(2)/0(j) and PV is a transition kernel (not necessarily
Metorpolis-Hastings) with invariant distribution h;. The following corollary is easily proved and

is left to the reader.

Corollary 4.2. Suppose that Xy is compact, h positive and continuous and {v,} satisfies (A3).
Suppose that there exist € > 0, a probability measure v and an integer ny such that v(X;) > 0 and

(p[z’])”o (2, A) > ev(A), i€ {1,...,d}. Then

1 n
|0, — 0*| — 0; and —Zf(Xk,Ik)HW*(f) a.s. asmn — oo,
"=

for any bounded measurable function f.
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/The WL algorithm in general state spaces 17

5. Discussion and open problems

In this paper, we propose an extension of the WL algorithm to general states spaces. The WL
algorithm differs from other adaptive Markov Chain Monte Carlo algorithms based on stochastic
approximation by the adaptive nature of its step-size. We have shown through examples that
the algorithm can be used effectively to improve on simulated tempering and trans-dimensional
MCMC algorithms. We have also studied the asymptotic behavior of the WL algorithm. We have
shown that on stable sample paths and with an appropriate step-size, 6,, converges to 8* and a
strong law of large numbers hold. Finally, when the state space is compact, we have shown that
in most cases, the algorithm is stable and the aforementioned limit results apply.

Two main questions have remained unanswered. The first question concerns the stability of
the algorithm in unbounded state spaces. Secondly, in order to exploit the full potential of the
algorithm, a more precise understanding of its efficiency is needed. In particular we need to
understand how the rate of convergence and the asymptotic variances of the algorithm are related

to the parameter ¢ and step-size ~,. We are currently investigating some of these questions.

6. Proofs

The techniques used here can be found in various forms in [%], [11], [3]. Throughout, C. denotes
a generic constant whose value can be different from one equation to another. The key result in
the proof of Theorem 4.1 is Lemma 6.6 which states that the weighted sum of the noise process

in the stochastic approximation followed by {6, } is summable.

6.1. Proof of Proposition 4.1

Lemma 6.1. Under the conditions of Proposition /.1, (A2) hold.

Proof. Let € € (0,e*) and « € (0, 1]. For 6 € O, |f| < V% and (z,i) € X, we have:
P@f(xa 7’) = Mgf(ﬂ?,l) + f(IL’,Z) (1 - Mge(l‘,’i)),

where e(z,i) = 1, and

LS I . o
Maf(e) =3 /. min (1 mr(y,y,mm) (0 1)Qa i dy. 7).

imsart ver. 2005/10/19 file: AmcLongRevl.tex date: October 12, 2008



/The WL algorithm in general state spaces 18

As a consequence, for 65,60, € O,:
1 Poy — Poyllyya < 1Mo, — Mo, [lyya + [[Mo, — Mo, [l

where || Pl = |P]l,, with V = 1. For (x,i) € X, the function § — Mjyf(x,i) is differentiable

and:
P d
> |55 Mof(2,1)| < C >0 M f] ().
— | 00, -
j=1 j=1
(A2) then follows by the mean-value theorem and the drift condition on P. O

Next we show that for any ¢ € (0,¢*), the family (Py)pco.) satisfies a uniform (in @) drift

condition.
Lemma 6.2. Under the conditions of Proposition 4.1, (A1) hold.

Proof. The minorization is immediate. Since min(1, ab) > min(1, a) min(1,b) for a,b > 0, Py(z,i; A) >
My(z,i5 4) > (1/e)Mo(,i; A) > B/ev(A)1o(w,1)

The argument to show the uniform drift is fairly simple and we only sketch it. Let By, =
©: N B(#,r) the open ball of O, with center § € O, and radius r > 0. It follows from Lemma 6.1
that by choosing r > 0 small enough, if Py satisfies a drift condition toward a small set C, then
the family { Py, 0’ € By, } satisfies a uniform (in ¢") drift condition toward C. Therefore, starting
from P, we can find an open coverage of ©, by the By, such that on each such By, a uniform
drift toward C hold. Since ©, is compact it admits a finite coverage by the By, and using the
maximum of the constants of the drift condition toward C for each such ball, we get a uniform

drift toward C for {Py, 0 € O.}. O

6.2. Proof of Theorem 4.1

We start with some preliminary remarks. For any € € (0,e4) and o € (0, 1], it is known from

Markov chains theory that (A1) implies the existence of C; o < 00, ps o € (0,1) and b, as in (A1)

such that:
sup [Py — mollya < Cerap? g (16)
0cO.
and
sup (V) < b. (17)
[USCH
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/The WL algorithm in general state spaces 19

For a proof, see e.g. [7] and the references therein. Define £(¢) = inf{k > 0: 6, ¢ O.}. An easy

calculation using (A1) gives that

E V(X L) leesm] = EV(Xn,L)16.(00) - 1o, (00)]

< )\?V(Xo, Io) + bs/(l — )\E)
from which we deduce:
sup E (V (X In) L)y ) < 00 (18)

The proof of the theorem will be based on some nice properties of solutions of so-called Poisson

equation. These solutions will allow us to obtain a martingale approximation to the process

Yope1 f(Xk, It). For f € Lya, a € (0,1] and 6 € O, define the function
ho =Y Py (f —ma(f)). (19)
k=0

hg solves the Poisson equation f — mp(f) = hg — Pphg. By (Al), hy exists and hy € Ly«. For
f € Lye and 0,0 € ©,, denoting fy = f — my(f), we have

|mo(f) — 7o (f)| = ‘779 :Péffe/}
r k . . —
= |mp _Pek’(fé?/)} +> [Pffj (Py — Pef)Pejfl(fef)}
7j=1
k .
< e p’;+|0—0’!2pé‘1) |
=1

using (A1-2) from which we deduce that there exists a finite constant C. such that:
sup |mo(f) — mor(f)| < Cc |0 — 0] (20)
fe€Lya
The constant C. is not necessarily the same from one equation to the other. Similarly, denoting

Py the operator Py — mp, we have

Py fo— Pj fo

P Ppf

k
= NP (B -Py) B f
j=1
C. |0 — 0| kpt~tve,

£

IN
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/The WL algorithm in general state spaces 20

using (A1-2). This, together with (20) imply the existence of a finite constant C. such that for
all « € (0,1], 0,6 € O,:

\ho — hor|ye + |Pohg — Porhglya < Ce |0 — 0] . (21)

In our analysis, we mainly see {6, } as a stochastic approximation sequence. The recursion on
{0, } writes:

_ Pna(i)
Y bnyale)
P (i) + 'Yanﬁbn(i)l{lnﬂzi}
Zgzl n(€) + Yan On(Int1)
1 +’Yan1{[n+1:i}
= () 1+ a4, 00 (In+1)
= 0n(7) + Ya, Hi(On, In+1) + %QLnTi,n(am Int1), (22)

9n+1(i) =

where H(0, 1) = 0(i) (17— — 0(I)) and 14 (6, 1) = —0(i)0(1) 52277

1+7an9(1) ’
The mean field function h;(0) = mg(H;) is

0* (i) — 0(i)
O="r &n (23)

Lemma 6.3. Assume (A3). Let B > 0 be given and c¢o = 2Bd/c. Then on {7(B) > n}, an >
In/co|. Moreover
Z’Yan =00, and 273n1{7(3)>n} <00 a.s.
Proof. On {r(B) > n}, for any k < k' < n, and for any i € {1,...,d}, (vpw(i) — 1/d) <
2B/(k' — k). Therefore if lcg < n < 7(B), x; < n. That is, a, > |n/co] on {7(B) > n}.
Since {7, } is non-increasing and a,, < n, Y. v, > Y. Yn = 00. On the other hand ngnl{T(an}
Ccodn—? < 0. O

For any ¢ > 0, we introduce the stopping time
€(e) :=inf{k>0: 6, ¢ O.}.
We will need the following lemma whose proof is left to the reader.

Lemma 6.4. Let {v,, n > 0} be a non-increasing sequence of positive number and {v,, n > 0}
a sequence of numbers such that |Z]kV:0 vg| < B for all N > 0. Then |Z]kV:0 Y| < v B for all

N > 0.
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The following lemma relates 7(B) and ().
Lemma 6.5. Assume (A3). For any B > 0, we can find € € (0,&*) such that 7(B) < &(¢).

-1
Proof. Take ¢ = (1 +(d — 1)6B7°) > 0. Without any loss, we assume that ¢ < ex and ¢ <

min; 0y (7). We need to show that min; 6,,(i) > ¢ for all n < 7(B). But 0,,(i) = (1 + 25 ﬁ: z)))

It is thus enough to show that ¢,(5)/¢n(i) < eP for all i # j and for any n < 7(B). But we

have:

(i E‘Z = exp (Z fYP mp,n/\npﬂ(j) - an,n/\an (Z))) ’

where Nj (1) = 0 if m < 1 and Ny, (i) = 3044 1a,(Xy) otherwise (N, (i) is the number of

visits to &; from time [ 41 to m). For any n < 7(B), |Z 0 (Niymnnp1 (1) = Ny mnn,1 (7)) | < B
for all P > 0. Lemma 6.4 thus implies that ¢, (i)/¢n(j) < €108, O]

Lemma 6.6. Assume (A1-3). Let B > 0 be given. Let {7},} be a sequence that satisfies (A3) and
such that E'th/aﬂltn/aj < oo foralla > 0. For 0 € ©, Let Hy: X — R be a measurable function
such that Hg € Ly1/2. Then:

> A 1ir(yskt [Hoy (Xpt1, In1) — o, (Hy,)] < 00, a.s. (24)
k=0

Proof. Let € > 0 as in Lemma 6.5. From (A1), hy € Ly,1/2 exists that solves the Poisson equation

hg — Pyhg = Hy — mg(Hy) for all § € ©.. Using this we can write:

“ 1 2 3
> Vo ir(mysiy [Ho, (Xit1, Iy1) — mo, (Ho, )] Z Yar L (B) >k} (Uk(:+)1 +US, + Uéﬁl) ;
k=0

where
Ulfzi-)l - hek (XkJrla IkJrl) - Pathk (ka Ik)v
U = Po.hoy (Xi, 1) = Py, ho, (Xis1, Tieg),
3)

UIEH = Py, hoy oy (Xiv1, Iev1) — Poho, (Xig1, Tigr)-

Clearly, My, = 3240 Vo, 1{r(B)>k} U,fjr)l is a martingale and using Lemma 6.3, (18) and since hy
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and Pyphg € Ly,1/2, we have:

E(M2) < C. Zn: E (V) Lr(B)>ky V (Xist, )|

k=0

< Co > (Vkseo)'E {1{T(B)>k}V(Xk+1a Ikﬂ)]
k=0

< Ce ’;)(V[k/COJ)Q < 0.

By Doob’s convergence theorem for martingales, Y 7 ’Yékl{T(B)>k}U;S£1 is finite a.s.
On {7(B) =1}, 1 <00, > ’Vékl{T(B»k}U;Ei)l = Efk—:lo 'Y:kulgr)1 which is finite almost surely.

On {7(B) = oo}, we can write:

- 2
1{T(B):oo}Z’Yégkl{T(B)>k}Uk(;+)1 = YagPoohoo (X0, I0) — Vi, 1ir(B)=00} Por 1 101 (Xt 15 Int1)
k=0

n—1

+> (Vé,m - ’Y&k) L (B)=0c} Pojsr POt (Xkr1s Ly1)-
k=0

2
E [(’V&nl{f(s):oo}Pethenﬂ(Xn+1, In+1)) } < Ce(V]nyeo))” and 32(7],, 60 ))? < 00 thus
/-Y(lln]'{T(B):OO}PGn+1h6n+l (Xn+1a In+1) converges a.s. to 0.
n—1 o)
> ‘(szkﬂ - ’Yék) Lir(By=oc0} Doy s Py (X1, Ik+1)‘ <C Y (%'zk - %QM) 1(r(B)=oo} VA (X1, Tot)-
k=0 k=0

Since ag only changes at the stopping times k;, we have

E [Z (fy‘/lk B ryflk+1> 1{T(B)ZOO}V1/2(X/€+1v Ik-‘ﬂ)] = E Z (7/19—1 - 7]{3) l{T(B)M}V1/2(Xﬁk+17lﬂk+1)]
k=0 k=1
= Y (G —%)E [1{T(B):oo}V1/2(Xnk+17 I~k+1)}
k=1
é CEZ (’71/671 _’YI/C)
k=1
< O,

By Lebesgue’s dominated convergence theorem, we can conclude that

< 00,

(0.9}
E HZ (’Y‘;k-ﬂ N v‘llk) 1{T(B)ZOO}P9k+1h9k+1(Xk+17[k+1)
k=0

This is sufficient to conclude that >, 'ygkl{T( B)>k U, ,Ei)l is finite almost surely.
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Using (21):
> Vo Lir(By=k} ‘Uk-i-l’ < O Y Var 1{T(B)>k}V1/2(Xk+la Iyy1)
k=0 k=0

o0
Ce Z FVIL"/COJ Yn/co) 1{T(B)>k}V1/2 (Xkt15Let1)
k=0

IN

and

o0
K [Z Vinjeos Vinfeo) L)1 VY2 (Xig1s Tisn)

<C: Z V[n/COan/COJ <0
k=0 k=0

by (18). With Lebesgue’s dominated convergence theorem, we deduce that
E [Z Vo L (B)>k) !Um” < Ce D Vnjeo)Vinfeo) <0
k=0 k=0

which implies that Y p_, vflk 17 By>i U, lgi)l converges almost surely to a finite limit. This completes

the proof of the lemma. O
We are now in position to prove Theorem 4.1. We start with (i).

Proposition 6.1. Assume (A1-3) and let B > 0 be given. Then |0y, — 0" 11;(g)>ny — 0 with

probability one as n — oo.

Proof. The idea of the proof is borrowed from [11]. We saw in (22) that
Ony1 = Op + 'YanH(Qm Iny1) + ’Yif'”m

where H = (Hi,..., Ha), 7o = (1, Ta), Hi(0,1) = 0(3) (1g—y — 0(1))
and 1, = —0(2‘)9(1)%. We note that |[H| < 1 and |r,| < 1. Let ¢ € (0,£%) be such

that when 7(B) < {(¢) (Lemma 6.5). We recall that the mean field function of the recursion is
hi(0) = (0*(i)—06(3))/ Z;lzl %(jj)). We introduce 67, = 0, + 3272, Yo, 1{(By>5) [H (0, Lj+1) — h(8;)].

From Lemma 6.6, |0, — 6,,| — 0 almost surely. {6/} satisfies the recursion
9;&1 = 9; + Yan M) + ’Yanl{T(B)gn} [H (O, Iny1) — h(0n)] + ’Yc%nrn'
We can then deduce:

%2 %2 *
01 = 07" Lezysny = 100 = 0" Lirmysny + 2a, (0r — 07, 0(00)) 1ir(B)>n) + Van L{r(B)>n}Tn

(1 - 257{%) !6; - 9*|2 1{T(B)>TL} + PVanl{T(B)>n} (7141 + <0;1 - 9*7 h(@n) - h<6;z)>) :

IN
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where r], — 0 almost surely as n — oo. Since 6,, remains in the compact ©., h is continuous and

since |0/, — 6,,| — 0, it follows that (6], — 0*, h(6,,) — h(0],)) — 0. We can summarize the situation

like this. Writing U, = |0/, — 6*|* 1{7(B)>n}, We have:
Upt1 < (1 — 267, )Un + 'Yanr;z/: (25)

where r;; — 0 as n — oo. This implies that U,, — 0 which, given Lemma 6.6 proves the Proposi-
tion.

To see why U, — 0, let § > 0 be given. Take ng > 0 such that for n > ng,

r;;‘ < 2¢6 and
(1 =274, ) 1{7(B)>n} > 0. Then for n > ng, (Upt1—0) < (1—2e7,,)(Uy —0) +2e7,, (1 /2 — 8) <
(1 — 2e7v,, ) (U, — §) which implies that limsup(U, — 6) < 0 and since § > 0 is arbitrary, we
conclude that lim U,, = 0.

O

Proposition 6.2. Assume (A1-8) and let B > 0 be given. For any function f € Ly1/2, denoting
f=f—7*(f), we have:

1 n
— Z (Xk, Ix) 17 (B)>k—1} — 0, a.s. as n — oo. (26)

3

Proof. In view of Proposition 6.1 and (20), we only need to show that

- Z ( (X, Ir) 7T9k71(f)) 1 By>k-13 — 0 a.s. (27)

Kronecker’s Lemma applied to (24) of Lemma 6.6 with v/, = 1/n, Hy = f yields (27). O

6.3. Proof of Theorem 4.2

Proof. Assume that [a] hold. Define aj = (1+0)"*"0)* and suppose that lim sup,, ., n(v, (i) —
vn (7)) = oo. This implies the existence of an increasing sequence of integers {ny, k > 1} such
that ng(vn, (1) — v, (7)) > ar and (Xy,, In,) € X x {i} but (Xn,+ng, Ingt+no) ¢ X; x {7} for all
k > 1. Clearly, ng(vn, (i) — vpn, (j)) > og implies that 6, (7)/6,,(j) converges to +oo. But, since

i leads to j, we can then find € > 0 and kg such that for k > kq:
Pr [(Xnk-i-nov Ink-i-no) ¢ Xj X {]}‘fnw (Xnk7 Ink) € & x {Z}v nk(vnk (Z) — Uny, (])) > ak] (1 - 5)

Thus Pr (lim sup,,_, o 7(v5 (1) — va(5)) = 00) < limy oo (1 — ) = 0.
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Assume that [b] hold. Define aj, = (1 + 79)%* and suppose that limsup,, . n(max; v, (i) —
min; vy (j)) = co. Then we can find iy € {1,...,d} and an increasing sequence of integers {ny, k >
1} such that min; vn(j) = vn(io), nk(max; v, (j) — vny,(i0)) > ok, (Xn,, In,) ¢ Xig x {io} and

(Xng+1:Ing+1) € Xy x {io} for all k£ > 1. Then we can proceed as above and conclude. O
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