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Abstract: There is a growing interest in the literature for adaptive Markov Chain Monte
Carlo methods based on sequences of random transition kernels {P,} where the kernel P,
is allowed to have an invariant distribution 7, not necessarily equal to the distribution of
interest 7 (target distribution). These algorithms are designed such that as n — oo, P,
converges to P, a kernel that has the correct invariant distribution 7. Typically, P is a
kernel with good convergence properties, but one that cannot be directly implemented. It
is then expected that the algorithm will inherit the good convergence properties of P. The
equi-energy sampler of [15] is an example of this type of adaptive MCMC. We show in this
paper, that the asymptotic variance of this type of adaptive MCMC is always at least as
large as the asymptotic variance of the Markov chain with transition kernel P. We also show

by simulation that the difference can be substantial.
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1. Introduction

Adaptive Markov Chain Monte Carlo (AMCMC) is an approach to Markov Chain Monte Carlo
(MCMC) simulation where the transition kernel of the algorithm is allowed to change over time
as an attempt to improve efficiency. It grows out of the seminal works of [I1, 12]. Let m be the
distribution of interest. The problem is to sample efficiently from 7 given a family of Markov
kernels {Py, 6 € ©}. This can be solved adaptively using a joint process {(X,,6,), n > 0} such
that the conditional distribution of X,,4; given the information available up to time n is P, and
where 6, is adaptively tuned over time. Some general sufficient conditions for the convergence
of such algorithms can be found in [6, 18]. It is also shown in [!] that under some regularity
conditions, if a “best” limiting kernel Py- exists, the marginal chain {X,, n > 0} in the joint

adaptive process behaves in many ways like a standard Markov chain with transition kernel Py«.
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/On the efficiency of some adaptive Monte Carlo Schemes 2

In all the above mentioned papers, the assumption that each Py has invariant distribution 7 plays
an important role.

More recently, interest has emerged in building Monte Carlo algorithms where the transition
kernel P, used at time n has invariant distribution 7, not necessarily equal to 7. These algorithms
are designed such that as n — oo, P, converges to a transition kernel P which is invariant with
respect to w. This limiting kernel P is typically a very efficient kernel that would be difficult
to implement otherwise. The interest of this approach is that as n — oo, P, approaches P and
one expects the algorithm to inherit the good convergence properties of P. The Equi-Energy
(EE) sampler of [15] is an example. Another example based on importance resampling appeared
independently in [5] and [2].

This paper provides a detailed analysis of the law of large numbers and central limit theorem for
the Equi-Energy sampler. It is also an attempt to address the question of whether such algorithms
can deliver the same performance as their limiting kernel P. We give a negative answer. We show,
in the case of the EE sampler, that its asymptotic variance is always at least as large as the
asymptotic variance of the limiting transition kernel P. The difference can be substantial and we
illustrate this with a simulation example.

On the related literature, the law of large numbers for of the equi-energy sampler has been
studied in [2] but using different techniques than those in this work. We also mention a new
class of interacting MCMC algorithms proposed by [3, 10] for solving numerically some discrete-
time measure-valued equations. These algorithms share the same framework with the equi-energy
sampler. In these two papers, the authors develop a number of asymptotic results for interacting
MCMC including a strong law of large numbers and a central limit theorem.

The paper is organized as follows. In Section 2 we present the Equi-Energy sampler and IR-
MCMC in a slightly more general framework. The limit theorems are developed in 3 and proved in
Section 4. The main ingredient of the proofs is the martingale approximation method. We present
a simulation example in Section 3.5 comparing these algorithms to a Random Walk Metropolis

algorithm.

2. A class of adaptive Monte Carlo algorithms

Let (X,B,\) be a reference Polish space equipped with its Borel o-algebra B and a o-finite
measure A and K > 1 an integer. We denote by M the set of all probability measure on (X, B).
Let {z(), 1 =0,..., K} be probability measures on (X, B) such that:

7O (dz) = lee_El(x))\(dx), (1)
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/On the efficiency of some adaptive Monte Carlo Schemes 3

for some measurable functions E; : (X,B) — R. Z; := [, e F@\(dz) (assumed finite) is the
normalizing constant. We study a class of Monte Carlo algorithms to sample from the family
{r(}. These algorithms will generated an ergodic random process {(Xy, O xE )), n >0} on
XK+ with limiting distribution 7@ x . x (),

We introduce some notations in order to describe the algorithm. Whenever necessary and
without further notice, any subset of R? will be equipped with its Borel o-algebra. If (), £) and
(Z,F) are two measurable spaces, a kernel from (Y, £) to (£, F) is any function P : YxF — [0, 1]
such that P(y,-) is a probability measure on (Z,F) for all y € Y and P(-, A) is a measurable
map for all A € F. If (V,€) = (Z,F), we call P a kernel on (Z,F). If P is a kernel from (Y, &)

o(Z,F), f: (£,F) — R ameasurable function and y € ), we shall use the notation P(y, f) or
Pf(y) to denote the integral [ P(y,dz)f(z) whenever it is well defined.

2.1. A general algorithm

Let {PW, 1 =0,...,K} be kernels on (X,B) such that 7() is the invariant distribution of P®),
Let {T®, 1 =1,...,K} be kernels from (X2,B82) to (X,B), {w(l), Il =1,...,K} positive real-
valued measurable functions defined on (X?2,B8?) and 6; € (0,1) forl =1,..., K. For y € M and
l=1,...,K, we define the following kernel on (X, B)

WO (. )T (.
PO, A) = 0,PO (2, A) + (1 — )2 “(dyf) m dg;gf(y’g’ A sexaeB (2

For n > 1, we introduce the maps H,, : M xX — M defined as H,, (11, 2) = p+n"1(5,—pu), where
0, is the Dirac measure. Let {(Xy(lo), ce éK),ug)), e ,,uglel)), n > 0} be the nonhomogeneous
Markov chain on XX+ x M (defined on some probability space (2, F ) that can be taken as

the canonical space (XE+1 x M&)*) with sequence of transition kernels P, given by

P, ((x(0)7...7x(K)7u(0)’”_7M(K—1)) : (dy(o) Ay 4O dy(Kfl)))
= (z©), dy®) ﬁp ( O, gyt )Ii—[ a0 @), 3
=1

Throughout, we denote {F,, n > 0} the natural filtration of the process. We will assume that
the initial value of the process is fixed. For simplicity we take ,u,(()l) = 0. Finally, we call P and E
the probability distribution and expectation of the process.

Algorithmically, {(X7(10)7 ... ,X,(LK),M%O), .. ,M;K‘l)), n > 0} can be described as follows.

Algorithm 2.1. At time n and given {(X,go), . .,XIEK),,uéO), .. ,ul(ﬁKfl)), E<n-—1}:
1. Generate X" ~ P© (XT(LOJU ).
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/On the efficiency of some adaptive Monte Carlo Schemes 4

2. Forl=1,...,K, generate independently Xy(ll) from P(l(z,l) (Xgll, ) as given by (2).
m

n—1

3. Forl=0,...,K—1, set ,ug) =H, (,ug)_l,X,(f)) = u(l) +nt <5X<z> - ,ug)_l)

n—1

The heuristic of the algorithm is the following. By construction, {XT(LO),}"n} is a Markov
chain with kernel P(®) and invariant distribution 7(©). If this chain is ergodic, then as n — oo,
P (XT(LI) € A|.7-"n,1) = P(<lz)71) (X(l) A), will converge to K1) where K is given by

n—1s
Hop—1

KO, 4) = 0P A) + (1= 0) s [ Ve @t Owa s @)

where z()(z) = [, 71 (dy)w® (2, y). We will discuss below two ways of choosing w(®) and 7"
so that K has invariant distribution 7(!). With these choices we can reasonably expect {Xél)}
to be ergodic with limiting distribution 7(1). The same argument can then be repeated. In other
words, with appropriate choice of w® and T", the marginal process {Xfll), n > 0} can be used

for Monte Carlo simulation from 7.

2.2. Importance-Resampling MCMC

For [ =1,..., K define the importance function:
r(z) = exp (Bi_1(z) — Ei(x)).

In Algorithm 2.1 we can take w®(z,y) = rW(y) and TO(y,z, A) = To(l)(y,A) where TO(Z) is
some kernel on (X, B) with invariant distribution 7(Y). This lead to the IR-MCMC algorithm
([5], [2])- In this case, Step 2 of Algorithm 2.1 can be described as follows: with probability 6,
we sample Xy(Ll) from P(l)(Xfllll, -) and with probability 1 — 6;, we obtain Y® by resampling
from {Xél_l), . ,Xg:ll)} with weights {r(®) (X(()l_l)), cr® (X,(Lljll))} and then propose X\ ~
To(l) Y.

The [-th limiting kernel here takes the form

K(l) (.Z’,A) — QZP(I) (:1;’ A) —|— (]_ — 0[)71'([) (A)7

has invariant distribution 7() and has better mixing than P®). But direct sampling from K© is
impossible as it requires that we be able to sample from 7() which is the problem that we are

trying to solve in the first place.

2.3. The Equi-Energy sampler

Taking wW(z,y) = 1 and

TO(y, 2, A) = min <1, T;Eig) Laly) + (1 ~ min (1, Zg;)) La(x), (5)

<
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/On the efficiency of some adaptive Monte Carlo Schemes 5

in (2), we get the EE sampler ([15]). In this case the limiting kernel becomes:

K(l)(ajv A) = QZP(I) (':Ca A) + (1 - (9[) / ﬂ-(l_l) (dy)T(l) (y7 €, A)v
X
= elP(l) (:Ea A) + (1 - el)R(l) ('T’A)7 (6)

where R is the kernel of the Metropolis-Hastings algorithm with proposal 71 and target

r®
1-— /X min (1, r<l>8~;> w(l—l)(dy)] 14(z).

Clearly, K has invariant distribution 7(. In general K will converge faster than P®). For

distribution 7(®:

RO(z, A) = /

A

D
min <1, H”EZ;) 7D (dy) +

example if By — F;_1 is bounded from below it is easy to show that K O is always uniformly
ergodic, independently of P".

For the EE sampler, Step 2 of Algorithm 2.1 can now be described as follows. With probability
0; we sample XT(Ll) from P(l)(X ”Zl, -) and with probability 1 — 6;, we obtain Y® by resampling

uniformly from {X{'™" :, k <n—1}. Then Y! is accepted with probability min (1 “’<Y(”>>

Tr(xM
in which case we set Xfll) =Y ®: otherwise Y is rejected and we set Xfll) = Xfllll.

Actually the EE sampler described above is a simplified version of ([15]). Their original al-
gorithm uses an idea of partitioning. Let {X;, ¢ = 1,...,d} be a partition of X (in [15],
E)(z) = E(x)/t; and they take X; = {x € X : E;_1 < E(x) < E;} for some predefined val-
ues Ey < Ey ... < Eg). Define the function I(z) = i if z € Aj; so A, represents the component
of the partition to which z belongs. Now set w(®(z,y) = Lx;,, (y) and TW as in (5) and we get
the EE sampler of ([15]). In this general case, the limiting kernel has the same form as in (6)
but where R? is now a Metropolis-Hastings algorithm with target distribution 7() and proposal
kernel QU (z, dy) o W(Z_l)(y)l;\»](x) (y)A(dy). Partitioning the state space and using the proposal
QY (z,dy) ﬂ(lfl)(y)lgg[m (y)A(dy) works well in practice as it can allow large jumps in the
state space to be accepted. But it does not add any significant feature to the algorithm from the
theoretical standpoint. Therefore and to simplify the analysis, we only consider the case where

no partitioning is used (Xj(,) = & for all x € X).

3. Asymptotics of the Equi-Energy sampler

For the remaining of the paper, we restrict our attention to the EE sampler. In other words, we

consider the process defined in Section 2 with w(z,y) =1 and T® as defined in (5).
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/On the efficiency of some adaptive Monte Carlo Schemes 6

3.1. Notations and assumptions

We start with some notations. If Pj, P, are kernels on (X, B), the product P;P» is the kernel
P Py(z,A) = [y Pi(x,dy)Pa(y, A). If p is a signed measure on (X, B), we write u(f) to denote
the integral [ p(dx)f(z) and we will also use p to denote the linear functional on the space of R-

valued functions on (X, B) thus induced. Similarly, we will write pP;(A) for [ p(dz)Pi(x, A). Let

V: X —[1,00) be given. For f: (X,B) — R, we define its V-norm as | f|;, := sup ey “];((?J and
we introduce the space L{P of measurable real-valued functions defined on & such that |f],, < oco.
For a signed measure p on (X,B) we define by ||u|ly, = sup{|u(f)|, f € Ly, |fly < 1}. We
equip M, the set of all probability measures on (X, B), with the metric || — v||\, and the Borel
o-algebra B (V) induced by ||-||y,. Whenever V' is understood, we will write (M, Baq) instead of
(M, Bm(V)). For a linear operator T' from (L$F, |-|y,) into itself, we define its operator norm by
ITlly = supTfly . f €L, Ifly <1}
We assume that 7() is of the form:

7O (dz) = lee_E(“)/tl/\(dx), (1)

for some continuous function E : (X, B) — R that is bounded from below and ¢t > -+ > tx =1
is a decreasing sequence of positive numbers (temperatures). In addition, we make the following
assumption.
Assumption (Al): Forl =1,...,K, there exist a set C; C X, a probability measure ¢; such
that ¢;(Cy) > 0 an integer ng > 0 and constants N\; € (0,1), b; € [0,00), & € (0,1] such that for
r€X and A € B,

[PO)™ (2, 4) > c1n(A) 16,(=) , 8)

and
POV (z) < NV (x) + b1c, (), (9)

where V() = ce*F@) > 1 for some finite constants ¢ > 0 and r € (0,1) and 0 < k < (% - tl%l)

Moreover
1

L (1= x) (52 =) = 1)

Remark 3.1. 1. The drift and minorization conditions ((8)-(9)) of (A1) can be checked for

<6, <1, 1=1,...,K. (10)

many practical examples. If each P is a Random Walk Metropolis kernel or a Metropolis
Adjusted Langevin kernel then (8) and (9) are known to hold under some regularity condi-

tions on the energy function E (see [1, 13]). In these cases, it is always possible to choose x

small enough to satisfy 0 < k < (% — i)
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/On the efficiency of some adaptive Monte Carlo Schemes 7

2. The condition (10) is a technical condition that quantifies the idea that the rate of resam-
pling 1 — 6; should not be too large. It is needed to guarantee that the geometric drift
condition (9) on P(®) transfers to kernels of the type P/SZ) that drive the EE sampler.

3.2. Law of large numbers

We consider an arbitrary pair {(szl*l), 7(11)), n > 0}. We will show that under (A1), if {szl*l), n >
0} satisfies a strong law of large numbers, then so does {X,(Ll), n > 0}. Then we use the fact that

{XT(LO), n > 0} is an ergodic Markov chain to derive a law of large numbers for any {X,(Ll), n > 0}.

Theorem 3.1. Assume (A1) and let 3 € [0,1). Let f: (M,Bnm) x (X,B) — R be a measurable
function such that

sup |fulys < o0o. (11)
veM

Suppose that there exists a finite constant C' such that for any v,u € M,

|fl/_fu|vﬁ <C|lv—upllys- (12)
Suppose also that for any h € L7,
1 & _
- Z h(X,gl 1)) — 7=Y(h), P—a.s. as n— oo, (13)
k=1

and that there exists D € F, P(D) = 1 such that for each sample path w € D, f#(z_l)(x)(w)

converges to f a1 (x) asn — oo for allx € X. Then

1 n
— Z f <171>(X,5,l)) — (fra-1), P—a.s. as n— oo. (14)
nj— e

Proof. See Section 4.3. O

The following Corollary is then immediate.

Corollary 3.1. Assume (A1) and suppose that {Xflo), n > 0} is a ¢-irreducible aperiodic Markov
chain with invariant distribution 7© and 7O (V) < co. Let f € L5, B € 10,1). Then for any
le{l,...,K},

1 n

ﬁZf(Xi(l)) — 7O(f), P— a.s. asn — oo. (15)
i=1
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/On the efficiency of some adaptive Monte Carlo Schemes 8

3.3. Central limit with a random centering

)

We now turn to central limit theorems. It can be shown that the kernel Pﬁ’ admits a unique

)

invariant distribution 7m,’. Since the conditional distribution of X7(Ll) given F,,_1 is P(lgfl), it is
“w

n—1
natural to consider a central limit theorem for > 7_; f(X ,E;l)) in which f(X ,gl)) is centered around

TF(l()l_l)( f). This is done in the next theorem. = denotes weak convergence and N (u,o?) denotes
m

n—1

the Gaussian distribution on R with mean ; and variance o2.

Theorem 3.2. Assume (A1). Let f € L5, B €[0,1/2) be such that 70 (f) = 0. Define

s k
o) =) 2y [ 70 f@) [KO] f(a), (16)

where KU is given by (6). Assume that o?(f) > 0. Then there exists a random sequence {m(ll)(f)},
m(f)(f) — 7W(f) (almost surely) as n — oo such that:

n

\/ﬁ;l(f) Z {f(Xlgl)) - W]E:l)(f):| = N(0,1) as n— oo. (17)
k=1

Proof. See Section 4.4. O

3.4. Central limit theorem with a deterministic centering

We now derive a central limit theorem for » 7_; f(X lgl)) around 7()(f) which gives more insight
in the efficiency of the method as a Monte Carlo sampler from 7). We restrict ourselves to the
case where [ = 1; that is we only consider the pair {(X,(LO)7 ,(11)), n > 0}. Moreover we assume in

this section that X is a compact subset of R? (equipped with its Euclidean metric). More precisely

Assumption (A1’): X is a compact subset of Re. Forl=0,1, there exist an integer ng > 0, a
constant g; € (0,1] a probability measure ¢; such that for x € X and A € B,

[P(l)}no (z,A) > 1 (A) . (18)

Let C(X,R) be the space of all continuous functions from X — R. We endowed C(X,R) with
the uniform metric | f|o := sup,cx |f(z)| and its Borel o-algebra. Let Lip(X,R) be the subset of
Lipschitz functions of C(X,R) (we say that f : X — R is Lipschitz if there exists C' < oo such
that for any z,y € X, |f(x) — f(y)| < Clz —y|).

For f: X — R bounded measurable, define the function

U) = Us(a) == Y (PD)) 1),

7>0
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/On the efficiency of some adaptive Monte Carlo Schemes 9

the solution to the Poisson equation for f and P((g) To simplify the notations, we omit the
dependence of U on f. Notice that Pﬁg) is the limiting kernel in the EE sampler, denoted K1)
n (6). Clearly, (A1’) implies as shown in Lemma 4.1 below that the kernel PA(LU is also uniformly
ergodic, uniformly in p. In particular |Uly, < oco. We assume that the function U is Lipschitz

whenever f is Lipschitz:

f € Lip(X,R) implies that Z ( (0)) f € Lip(X,R). (19)
7>0

We comment on (19) below. Let f € C(X,R) such that 7(1)(f) = 0. Consider the partial sum
Sn =>1_1 f(X( )) Since U satisfies the Poisson equation U — P(l) U = f, we can rewrite S,, as
S, = Y uxM)-PRux),

= 1
= Mo+ 3 POUGY) = Poug”) +el,

where M,, =Y 1, U(X xt )) P((lg) U(X,gl_)l) is a martingale and el = P(B)U(X(gl))—P((lg)U(szl)).
Ho

Hn
We introduce the function

Ho(y) i= T (y, 2, U)— RV (2, U) = / T (y, 2, d2)U(z)— / 70 (dy) / T (y, 2, d2)U(2). (20)
Since P,El)(m, dz) = 0,PW (x,dz) + (1 — 61) [ u(dy) [ TW (y,z,dz), we have
POU () ~ POV = (1= 6) [ ldy)Ha ),

so that we can rewrite .5, as

noq k nooq
S, = M, 1—01 Z%Z (1) XJ(O))—I-E(D—M —I— 1—91 Z
k=1" j=1 k:l

knk‘ X(l 6(1)7

where 7, is the random field
(@) =023 Hy(x

We will see that 7, is a C(X,R)-valued random element. To describe its asymptotic behavior we

introduce the function

=y [P© J

Jj=0

where for a kernel Q, QH,(y) = [ Q(y,dz)H,(z) and the covariance function
Pa.y) = [ [1OEU0 () - (POUOE) (POUL)] 70 d2) (21)
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/On the efficiency of some adaptive Monte Carlo Schemes 10

If f,g € C(X,R), with an abuse of notation we will also write I'(f, g) for the quantity
I(f,g) = / [U}O)(z)Ug(O)(z) _ (p(o)UJgO)(Z)> (P(O)Ué()) (Z))} 7O (dz),

where U}O)(x) =350 {P(O)}j f(z).

Theorem 3.3. Assume (A1’), (19) and suppose that E € Lip(X,R). Let f € Lip(X,R) such
that 7 (f) = 0. Then

Z FXY) = N (0,02(f) +401 - 01)°T(5,5))  as n— o, (22)
where §(-) = [ 7N (dx)H,(-) and

o2(f) =7 V(f?) +2 Z / @) (P1)" 1(@). (23)

Proof. See Section 4.5. 0

Notice from (20) that g(-) = [7#M(d2)TW (-, 2,U) — [7O(dz) [ 7D (dz)TM (2, 2,U). Thus

Theorem 3.3 shows that the asymptotic variance of the EE sampler is the sum of the asymptotic

)
w(0)

the asymptotic in using the chain {Xn , n > 0} to estimate the expectation under 70 of

variance in estimating 7 (f) as if the limiting kernel PY is known (the term o2(f)) plus

the function [7(1)(dz)TM (-, z,U). In their analysis [3] arrive at a similar CLT for interacting
MCMC algorithms. Notice also that U(x) = 37,5( 7&}3)) f(z). Thus in most cases, the function
S/ 7MW (de)TMW (-, 2, U) will typically take large values and the asymptotic variance in estimating
its expectation will also tend to be large particularly if the kernel P(®) mixes poorly. Theorem 3.3
thus suggests that for the EE sampler to be effective in practice it is important that the initial
chain {Xy(lo), n > 0} enjoys a very fast mixing.

A remaining question is to know whether n~'E [(Z}g:l f(X,gl)))Q} converges to o2(f) +4(1 —

61)?T'(g, g). Unfortunately the answer is no in general as shown by the following example.

Proposition 3.1. Assume (A1’). Suppose that P© = PO = P and 70 = 7V = 7. Let
f: X — R be a bounded measurable function such that w(f) = 0. Then

2
(zf XM ) ] a2(f) +2(1 - 61)°1(3, 9)-

In the present case g(z) = U(x) = > ;5 G{ij(:n) and

lim n~
n—oo

o) =) +2 Y 68 [ (o) f@)PFf(o).
k=1
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Proof. See Section 4.6. 0

Remark 3.2. Assumption (19) can often be easily checked. Indeed we have U(z) = f(z) +
Pi(lg)U(m) where Pﬁg) =6, P 4+ (1—6;)RM, where R is the independent Metropolis-Hastings
algorithm with target 7(1) and proposal 7(?). Let us assume that P() is also a Metropolis-Hastings
kernel with target 7(1) and proposal g(x,y). Denote a(z,y) (resp. a(z,y)) the acceptance proba-
bility of PV (resp. RM), and denote a(x) := [ a(z,y)q(z, y)dy (resp. a(z) := [ oz, )7 (y)dy)
the average acceptance probability at z for P (resp. for R(l)). Then we have

U@) (1 =011 = a@) = (1= 0)(1 ~ (@)
— @)+ 6 [ aley)a Uy + (1= 6) [ alwy)m® U )dy.

Thus if 79, 7(1) and ¢ such that @ and @ remains bounded away from 0 and the integral oper-
ators h — [ a(z,y)q(z,y)h(y)dy and b — [ a(x,y)7 O (y)h(y)dy transform bounded measurable
functions into Lipschitz functions, then (19) hold. For example if 7(9, 7(1) and ¢ are all positive
on X and of class C! then (19) hold.

Remark 3.3. The result developed above relies heavily on the Lipschitz continuity assumption.
Under that assumption, we show that the stochastic process {n,, n > 0} lives in the Polish space
C(X,R) which allows us to use the standard machinery of weak convergence in Polish spaces. If
f is only assumed measurable the theorem above no longer hold. But a similar result can still
be obtained using weak convergence techniques in non-separable metric spaces. But we do not

pursue this here.

3.5. An illustrative example

Consider the following example. Suppose that we want to sample from the bivariate normal

distribution N (0, X), with covariance matrix

. { 0.96 2.44 } |
244 7.04
For this problem, we compare a Random Walk Metropolis (RWM) algorithm; the EE sampler;
the MCMC algorithm based on the limiting kernel of EE sampler (call it limit EE sampler); IR~
MCMC; and the MCMC algorithm based on the limiting kernel of IR-MCMC (limit IR-MCMC
sampler).
For the RWM sampler, the proposal kernel is N (0, I3), where I is the 2-dimensional identity

1/5 (2) 1/2

matrix. For the adaptive chains, we use four chains with 70 = 71/10 7z(1) = 71/5 () = 7
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/On the efficiency of some adaptive Monte Carlo Schemes 12

and 73 = m. We take 6; = # = 0.5 and P" is taken to be a RWM algorithm with target
7" and proposal N (0, I3). It can be checked that assumption (A1) hold for this problem. We
simulate each of the five samplers for N = 10,000 iterations. We compare the samplers on their
Mean Square Errors (MSE) in estimating the first two moments of the two components of the
distribution 7. We calculate the MSEs by repeating the simulations 100 times. The results are
reported in Table 1.

From these results we see (as expected) that the limit EE sampler is 3 to 25 times more
efficient than the RWM sampler; and the limit IR-MCMC sampler is 15 to 50 more efficient than
the RWM sampler. But IR-MCMC itself is hardly more efficient than the RWM sampler. If we
take the computation times into account, it becomes hard to make the case that any of these
adaptive sampler is better than the plain RWM. Similar conclusions can be drawn for the EE

sampler.

E(X;) E(X>) E(X?) E(X3)
MSE  0.0099 0.0803 0.0091 0.5525
Ratios 1.0 1.0 1.0 1.0
MSE  0.0098 0.0774 0.0047 0.2962
Ratios 1.00 1.04 1.95 1.87
MSE  0.0002 0.0017 0.0006 0.0296
Ratios  48.43 46.20 14.18 18.66
MSE  0.0057 0.0435 0.0045 0.2810
Ratios 1.74 1.84 2.02 1.97
MSE  0.0004 0.0030 0.0034 0.1966
Ratios  25.99 26.36 2.67 2.81
TABLE 1
Mean square error and ratios (with respect to the RWM sampler) for IR-MCMC, limit IR-MCMC, EE and limit
EE. Based on 100 replications of 10,000 iterations of each sampler.

RWM

IR-MCMC

limit IR-MCMC

EE

limit EE

4. Proofs
4.1. Preliminary results on kernels of the form P,Sl)

For a probability measure v and [ = 1,..., K, let P asin (2) with w® =1 and T® as in (5).
The following lemma shows that P,,(l) satisfies a drift and a minorization conditions with constant

that actually do not depend on v.

Lemma 4.1. Assume (A1). Then there exists \j € (0,1) that does not depend on v such that for
xeX and A € B:

(PO (2, 4) > =00 A) 16, (w) (24)
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/On the efficiency of some adaptive Monte Carlo Schemes 13

and

POV (z) < NV () + bilg () , (25)
where Cy, ¢y, by, €1 and V are as in (A1).

Proof. We have PP > 6P, Therefore (24) follows from the minorization condition (8).
-1
Define §; = (Ffl (tl_l — tl__ll) — 1) . We will show that

/ V(dy)TO (y, 2, V) < (1 + 6)V (). (26)

Given the drift condition (9), this will imply:

POV (2) BN+ (1 —6) (14 6)) V(z) + bl (z)

<
< NV(z)+ bilc, (z),

where X} = ;A + (1 —60;)(1 + &) € (0,1) by the condition on ~ in (Al).
Observe that r{) (z) = e_E(x)(tfl_t;—ll), t;7t =t > 0and V(z) = ce*F® > 1, k € (0,1). This
implies that +()(y) /r®)(z) > 1if and only if E(y) < E(x). Denote A(z) = {y € X : E(y) < E(x)}

and R(z) ={y € X : E(y) > E(z)}. Then we have:

[Tz v) = / (y,2,V) +/ (g2, V)
= [, v+ [ ;‘gwy) V) [ vty (1 -
= [ V) + V@) /R L+ [T v - v)
vy o
I /R ) B ({5 (exE0-E 1) dy)]
< V(m)% — t? —.

In the last line we use the following inequality: for 0 < z < y: e~ ¥(e® — 1) < 2/(y — ). 0

(D)

From Lemma 4.1, we deduce that for any probability measure v, P,

bution 7T,(/l) such that

has an invariant distri-

D (V) <. (27)

v

See [17] (Theorem 15.0.1), Theorem 14.3.7. The lemma also implies that for any 5 € (0, 1], there
exist constants Cg < oo and pg € (0,1) that does not depend on v such that:

H — (. )‘ < CppiVP(x), k>0,2 € X. (28)
VB
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/On the efficiency of some adaptive Monte Carlo Schemes 14

See e.g. [7] for a proof. The following lemma hold.

Lemma 4.2. Fiz € [0,1] and p and v two probability measures on (X, B)

-

o S 2l =llys- (29)
Proof. Yor f € L5 such that [f[,s <1, we have

PO (a) = PO f(@) = (1= 0) [ T, f) (u(dy) ~ v(dy).

where T® (y, z, f) = min (1, :ﬁgyg) (f(y) = f(x)) + f(z). Therefore

POS@) - PO p@)  pmin(L208) () - f@)
tavm ] ST ) VA(y) (u(dy) — v(dy)).

min (1,25 ) (7))

VE(@)VE()

< 2 for all x € X. Therefore

Now for |f|s <1,

B 4 su
5(y) V2 (y) (uldy) —v(dy))| < 2|f\vgp§1

= 2 HM— VHVﬁ-

min (1, 258 (f(y) - f(2))
/ VB (z)V

[ £ (utdy) - v(ady)

For l € {1,..., K}, define the kernel

r®
l)f /M (dy)f mm( (Z)Eg), reX.

Lemma 4.3. Let o and be a probability measure on (X,B). For xi,x0 € X, and f € L7s,
B e0,1]

TE(xz1) eTE(:EQ) (30)

INDF(@r) = NP ()| < [£lya e
with 7 =1/t; —1/t;_1 and k as in (Al).

Proof. Fix z1 and 3 and define A(y) = VP(y) ’min (1, r(l>(z1)) — min (1, TQEZ))((;/Q))) ‘ On r(y) >

max(r() (z1),7D(x2)), A(y) = 0. On rV (1) < rB(y) < rO(zy):
(l)( )
Aly) = VA [1- 20

—  MPE®W) (1 _ efT(E(y)fEm)))

— o (T=RBE(Q) (erE(y) _ eTE(w2)>

IN

(e B — )} =(r=mD) ),
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/On the efficiency of some adaptive Monte Carlo Schemes 15

Similarly, on 7 (y) < min(r® (z;), 7O (22)),

Aly) < [P — emBe) vB(y)rO(y)
—  |eTE(@1) _ oTE(z2)| o= (T—rB)E(y)
Putting the three parts together yields the lemma. O

Remark 4.1. Lemma 4.3 will be useful in deriving a uniform law of large numbers for {Xq(ll)}.
Actually, this lemma shows that if the function E is continuous then the kernel pr is a strong
)

Feller kernel that transforms a bounded function f into a continuous bounded function N,Sl

(uniformly in p). We will use this later.

4.2. Poisson equation

A straightforward consequence of 4.1 is that for any f € LS, 5 € (0,1] the function:

\C
0 k
UP f(z) =3 [BD = 20" f(a) (31)
k=0
is well defined and
uf| L+ [POUD| < Clflya, (32)

where C is finite and does not depend on v nor f. U,El) f satisfies the (Poisson) equation
U f(@) = PUY f(2) = f(z) = 7)) (f), = €X. (33)
Lemma 4.1 and 4.2 implies that for all 5 € (0, 1], and u, v probability measures on (X, B):

-t

SOl (34)

for f € L{7s,

UDF=UPs| < Clflvalln=vlys, (35)

and
[POUD f = POUDF| < Clflys lli—vlys. (36)

The inequalities (34), (35) and (36) can be derived for example by adapting the proofs of Propo-
sition 3 of [3]. We omit the details. An important point is the fact that the constant C' (whose

actual value can change from one equation to the other) does not depend on f nor v, .
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/On the efficiency of some adaptive Monte Carlo Schemes 16
4.3. Prove of Theorem 3.1

Let f: (M,Bm) x (X,B) — R be a measurable function. We will use the notation f,(x) when
evaluating f. We introduce the partial sum associated to {Xfll), n >0}

_y 0 0}
- ;;1 ful(cljl ; (- (f/h(f_ll)> + Z <fu§f_1> W#z(f:f> <f,u§€z_11)>> )

Hrpe—

Using the Poisson equation (33), we have the decomposition

SO =37y (£y0mn ) + MO + BOE) + R0, (37)
k=1 "nmt
. l
M (1) =3 D).
k=1

where

V) = U 00 (G = Py Ul fa-n (G2);

k—1 k— k—1 k—1

RA(S) = POUS o(XE") = Py U f o (XE0)

and

l l l l
§ P((z 1) (z 1)f (l 1)(X;§)) _P((z—l)U(()z—nf (171)(X]g))-
Brp_1" Hip_1 Pr-1

Lemma 4.4.

sup sup E (V(X,(J_l))V(X,gl))) < 0.
1<I<K k,k/ >0

Proof. This is a straightforward consequence of the (uniform in v) drift condition on P,Sl). O

Lemma 4.5. Let p > 1 such that p@ < 1. There exists a finite constant C' such that
! P
E[|RUL(N[] < € togny.

Moreover n_leé(f) converges P-almost surely to 0.
Proof. we use (36), (32) and (11) to obtain:
P

(l(g 1>U(l<l 1) f (l 1)( (l))_Plil() (z 1)f (l 1)( (l))

kfl

< sup |l st = 2V [0, VD). 39)
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/On the efficiency of some adaptive Monte Carlo Schemes 17

But uﬁ . ,u(l_l) +nt (5X(l*1) - uﬁfj)) and we get

n—1
|0 ==, = |f|svuﬁp<1\(u§f” — =) ()
< nL(Vﬁ(X“ D) +nk§jovf’ l”)).

In view of Lemma 4.4 and since p < 1, E [V?3(x") (V3(x{™") + Lyn2lvi(x (™))" < ©
for some finite constant C' that does not depend on n. Therefore given (38) and (11), we can use
Minkowski’s inequality to conclude the first part of the lemma.

For the second part, by Kronecker’s lemma, it is enough to show that the series

Zk_ ( (l 1)U(l(z 1) f (l 1)( ;gl)) (2

k>1

(l 1)f (l 1)( l))>

1)
—1
converges almost surely. This will follow if we show that

_ l l l l l
I S S

k>1 k-1

is finite. But from the above calculations, we have seen that
) O] O] ) ) 0 -1
The lemma thus follows. O
Lemma 4.6. Let p > 1 such that Bp < 1. Then
! P
sup E HR;,)I(f)‘ } < o0.
Moreover for any § > 0,

— 0, asn — oo.

m>n

Pr [sup ‘m 1R(l) (f)‘ >4

Proof. The first part is a direct consequence of(11) and (32). For the second part, by Markov’s

inequality, we see that

IN

m7
m>n

Pr lsup ‘mflR(l)l(f)’ > (5]

OVE [Z m? !Rﬁf?,l(f)\”]

m>n

IN

coP Z m P —0, asn— oco.

m>n

O]
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/On the efficiency of some adaptive Monte Carlo Schemes 18

Lemma 4.7. Let p > 1 such that p3 < 1. There exists a finite constant C' such that
E HM'r(Ll) (f)}p} < Cnmax(l,p/Q)‘

Proof. By Burkeholder’s inequality applied to the martingale {Mr(Ll)( )}, we get:

(3 \Dsnuﬁ)p”] |

k=1

E (a0 ()] < oE

If p > 2, we apply Minkowski’s inequality and use (32) to conclude that

B [paof] <o {8 [ L (i) }% <cut

k=1

If 1 < p <2, we use the inequality (a4 b)* < a® + b* valid for all a,b > 0, a € [0, 1] to write
P = 1), P
sp]] < cm (3|l
< CY E(vP(x)) <om

O]

To deal with the remaining term, we will rely on the following result which is also of some

independent interest.

Lemma 4.8. Let p,u1,... be a sequence of probability measures on a measurable space (X, B)
such that p,(A) — p(A) for all A € B and let f, f1,... be a sequence of measurable real-valued
functions defined on (X, B) such that sup,, |fn|,, < 0o and fu(x) — f(x) for all x € X for some
measurable function V : (X,B) — (0,00) such that (V) < co and sup,, un(V*) < 0o for some
a > 1. Then

lim Nn(fn) = M(f)

n—00
Proof. By [19] (Chap 11, Proposition 18) we only need to prove that p, (V) — w(V). By [19]
(Chap 11, Proposition 17), we already have pu(V) < liminf,, . pn(V). Now we show that
limsup,, o fin (V) < (V') which will prove the lemma.

Since V' > 0, there exists a sequence of nonnegative simple measurable functions {V,,} that
converges increasingly to V' p-a.s. For k > 1, N > 1, define By y = {z € X : V(z) — V() >

%, for some p > N}. Clearly, E, y € B and pu(Ey n) — 0as N — oo for any k£ > 1. Fix k, N > 1.
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Then for any n > 1 and any p > N, we have:

pn(V) = (Vo) + pn(V —Vp)
= pn(Vp) + pn(dz) (V(2) — Vp(2)) + pn(dx) (V(2) — Vy(2))

(&
Ek,N Ek,N

i)+ [ nldn)V(@) +

Ep N

IN

1

< kn(Vp) +C (kn(Epn) + 74

19

(39)

with ¢ = 1 — 1/« for some finite constant C'. The last inequality uses the inequality of Holder and

the assumption that sup,, p, (V%) < oo for some « > 1. Since Vj is simple, (Vi) — pu(Vi). Also

tn(Er n) — p(Eg,n). With these and letting n — oo and p — oo in (39), we have by monotone

convergence:

timsup in (V) < (V) + C (u( B )" + -

n—oo

Letting N — oo and then k& — oo, we get limsup,, o pun(V) < (V).
0

Lemma 4.9. 7 _,,
Finn

(fﬂ(zq)) — 0 as n — oo with P probability one.

Proof. To simplify the notations, we write m(bl), PV(LZ) and f, instead of o) P(lg_l) and fu”*l)
Hn n

pd =

respectively. For x € X', and n,m > 1, we have:

) =7 O] < (w0 = (B0)" @) + |(BO)" fala) = (KO) fraon @)

+ ‘ (K(l)) fra—n(x) — W(l)(fwaq))‘
< 2sup | folys CaVP(2)pf
veEM

(PO o)~ (K9)" Fron @)

Y

(40)

using (28). We will show next that there exists Dy € F, with Pr(Dy) = 1 such that for each path
w € Dy, (P;Ll))mfn(x)(w) converges to (K(l))mfﬁa_n(:z:) asn — oo for all x € X, all m > 0.

Then, going back to (40), we can conclude that for each w € Dy,

tim sup |7 (£,) — 7O (fra-)| (@) < 205V (@)o

n—o0

and the proof will be finished by letting m — oc.

We can rewrite P} (z,A) as:

P{O(w, 4) = 6,PD (2, A) + (1 = O)ND (2, 4) + (1 = 6)1a(2) (1 - NP (2, 1)),

where N3, 4) = [ on{dy)La(y) win (1, Zth) and N, 1) = [ ol min (1,552

7 (z) 7 (z)
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/On the efficiency of some adaptive Monte Carlo Schemes 20

By the law of large numbers assumed for {Xy(ll_l), n > 0}, and since (X, B) is Polish, there
exists a dense countable subset C in X, a countable generating algebra By of B and D € F,
P(D) = 1 such that for all x € C and all A € By:

NW(x, A) = NO(z, A), asn— o, (41)

NW(z,1) = NO(z, 1), asn— occ. (42)

We can also choose D such that the convergence of f,(x)(w) to f.u-1(z) for all z € X which
is assumed in the theorem hold for all w € D. If we fix a sample path w € D, and we fix z € C,
the convergence in (41) can actually be extended to all A € B by a classical measure theory
argument. Also, again for w € D and A € B fixed, we can extend the convergence in (41-42) to
hold for all x € X. To see why, take x € X arbitrary. Lemma 4.3 and the continuity of £ implies
that N,(z, A) is a continuous function of  uniformly in . Since C is dense, for all & > 1, there
is xy, € C such that:
\Nﬁ”(;ﬂ, A)— N (xk,A)‘ <

)

El e

for all p. In particular, N (x,A) > N (xg, A) — 1/k for all n > 1. As n — oo, it follows that
lim inf,, o0 N3 (z,A) > N,(rl()z—n (xg, A)—1/k. As k — oo, by the continuity of Nfrl()l_l)f(') (Lemma
4.3), we see that lim inf,, N (x,A) > N(l<)171) (x, A). Similarly, we obtain lim sup,, . Ny(ll)(m, A) <

N,(rl<)z_1) (x,A). So that lim,, N,(Ll)(a:, A) = N (x, A). Similarly, lim,, . N (x,I) = NT(rl()l_l)(:U, I).

7(l=1)

This shows that for each sample path w € D, p (z,A) converges to K (x, A) for all x € X
all A € B. By a successive application of Lemma (4.8) (with V' = 1), we can therefore conclude

that for each sample path w € D:
(P,gl))m (x,A) — (K(l)>m (x,A), as n—oo forall x € X, A€ B,m>0. (43)

Since sup,, |fnlys < oo (B € [0,1)) and (P,gl))mV(a:) is uniformly bounded in g and m,
we can apply Lemma 4.8 again to conclude that for each w € D, (Pr(bl))m fn(z) converges to
(K(l))m fra-n(x) for all z € X, all m > 0, which ends the proof.

O

4.8.1. Proof of Theorem 3.1

We are now in position to prove Theorem 3.1. Since § € [0,1), we can take p = 1/3 in Lemma
4.5 and Lemma 4.6 to conclude that Rl(?l(f)/n — 0, P-a.s. for ¢ = 1,2 and by the strong law of
large numbers for martingales ([9]), we conclude that My(f)( f)/n — 0, P-a.s. We finish the proof

using Lemma 4.9.
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4.4. Proof of Theorem 3.2

Take p =1/ > 2 (since # € [0,1/2)). By the martingale approximation (37)

sO(f Zm 1>( w-n) = MOG)+ RO,

As above, we will simplify the notations by writing 7r7(1l )( fn) instead of 7r(l<)l_1) ( f#u—l)) and simi-
I k—1

k—1

larly for UT(LZ), P,sl) etc...

By Lemma 4.5-4.6, E [|R{( f)ﬂ = O ((log(n))?). We then deduce that RV (f)/v/n £ 0 and
it remains to show that a central limit theorem hold for the martingale {Mr(f)( ), Fn}. We need
to show that the Lindeberg condition hold:

n

1 (02 P
- ZE (D7) (f)l{‘Dg)(f) >s\/ﬁ} — 0, foralle>0asn— oo. (44)
k=1
and that
1 »
=S B[O (H)IF] L o), (45)
k=1

where o2(f) = n(f2)+23%, 7(® [f(K(l))if] Since sup,, E (‘D,(ll)(f)‘p) < oo for p > 2, it follows
that the Lindeberg condition (44) hold.

For the law of large numbers, we need some notations. Let U®) denote the fundamental kernel
of the limiting kernel K and define the functions Ag)(az) = pY ( T(Ll))2 f(x) and Ag)(x) =
[POUL f(@)]. Simularly, define AW (2) = KO (U0)” f(2) and A (@) = [KOUO f()]",

Then we can rewrite:

SRICUUEE

Ly, (Ué D) 1) - [P pe)]

k 1

!
= ZAk 1 +Al(q)1(Xii)1)

Fix f € L{7;. We have seen in the proof of Theorem 3.1 that 7T7(Ll)( f) converges almost surely
to 7()(f). Combined with (43) and using dominated convergence it follows that there is D €
F, Pr(D) = 1 such that for all sample path w € D, Uél)f(:c) converges to U® f(z) for all
x € X. By virtue of Lemma 4.8, it follows that for all w € D, Ag)(m) converges to AW (x)
for all z € X, j = 1,2. Then the strong law of large numbers (theorem 3.1), implies that
1y ()2 O (5O (UOY £~ [KOUO£]*) whi

=2 k=1 E((D},”)*(f)|Fr-1) converges almost surely to 7\ { K\ (U f—|KWUWYf| ) which

is equal to o2(f) = 7O (f2) + 2392, 7 [f(K(l))if]
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4.5. Proof of Theorem 3.3

We continue with the notations of Section 3.4.

Lemma 4.10. Under the assumptions of Theorem 3.3, there exists a finite constant cy such that

L(x1,2) = D(z, )| < coler — x|,  forall x,21 € X.

(0)

Proof. Given the expression of I" in (21), it is enough to show that ]Uggo) (y)— o (y)] < colx— 1.

But since

_ N1
UO) -~ U w)| = |32 [PO] (Haly) — He(v))] < C1Hy = He
Jj=0
(where for a kernel P with invariant distribution 7, P = P — 7), the lemma follows if we show

that there exists a finite constant cg such that for any xq,x0,y € X,

|H5E1 (y) — sz(y)‘ < colzr — 2]

It is easy to check as in Lemma 4.3 that for any x1, 20,y € X,

[Hay(5) = Hey(0)] < 20U 1) = Ulaa)] + [Uloe (7750 4 [ € B050 ) ) erBen) — 78,
Now the result follow from (19), the Lipschitz assumption on E and the compactness of X. [

Proposition 4.1. Under the assumptions of Theorem 3.3, n, converges weakly in C(X,R) to a

mean zero Gaussian process G with covariance function I' and sample paths in C(X,R) and

E (Sup |G(:z)\> < 0. (46)
reX

Proof. The existence of G and the bound (46) follows from Lemma 4.10 and Dudley’s Theorem on
the existence of Gaussian processes with continuous sample paths (see e.g. [16] Theorem 6.1.2).
Indeed, if dp(z,y) := (D(z, z) + T'(y,y) — 2I'(z,y))"/? denotes the pseudo-metric associated to T,
Lemma 4.10 implies that dp(z,y) < v/2¢o|lz — y|*/? and since X is compact, this in turn implies
that N (X, dr,e) < (Kefl)d/2 for some finite constant K, where N (X, dr, -) is the metric entropy
of X under dr.

We now show that 7,, converges weakly in C(X,R) to a mean zero Gaussian process with con-
tinuous sample path and covariance function I'. Indeed, the convergence of the finite-dimensional
distribution is given by the standard central limit for uniformly ergodic Makov chains. We use a
moment criterion to check that the family {n,, n > 0} is tight ([11] Corollary 16.9). It suffices to
check that
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(i) For some xo € X, {ny(zo), n > 0} is tight.

(ii) For some positive finite constant a, b, ¢y,

E [|nn(z1) — nn(22)]"] < colxr — x2]d+b, for all z1,20 € X,n >0

The condition (i) is trivially true. To check (ii), we use the resolvent U to write H, (y) —

Hy, () = (U8 () - U () = (POUL () = POUL) (1)). Tt follows that

N (1) — Nn(12) = Mp(21,72) + €n(21, 22),

where M (a1, 22) = iy (U2 (%)~ v (x?)) - (POUL (x2) — POUY (X)) and

en(a1,720) = POUY (x(0) = pOuD(x(7) - PO (x) — POTL (x).
The term M, (1, z2) is a martingale and €, (1, z2) is bounded in n by a constant. By Burkholder’s

inequality and some additional straightforward arguments it follows that for any a > 2
E [[na(21) = mu(2)|*) < CIUL = UD|E < Clay — as|*.
Then it suffices to take a > d. O

We will also need the following simple result.

Lemma 4.11. If {x;} is a sequence of real numbers such that x, — 0 as n — oo then

n2n kY25, — 0 as — oo,

Proof. Takee > 0. Let ng > 1s.t. n > ng implies |x,,| < e. Then for n > ny, n*1/2] >oreq k*1/2xk] <
n~ Y2500 kY2 a4 n /2 > k=ngt1 k126 < n 125000 kTY2|2] + 2. Letting n — oo and

€ — 0 yields the result. O

Proof of Theorem 3.3. For the rest of the proof, let G be a mean zero Gaussian process on X with
covariance function I and almost surely continuous sample paths. We take GG independent from the
process {(Xflo),Xq(ll)), n > 0}. From the Gaussian process G, we define 7(G) := [ G(z)n™)(dx)
as follows. For each sample path w € Q, if G,,(-) is continuous then 7(G)(w) = [ 7™M (dx)G,(z).
Otherwise, we set 7(G)(w) = 0. Since f — 7(M(f) is a continuous map from C(X,R) — R,
7(M(@) is a well defined random variable.

Back to the partial sum S, we have seen that

Sp = M+ (1—01) 3 k2 (X)) + €D,
k=1

where M, = Yr_, U(XV) - P o) U(X)) and i) = <PM<O>U(XO(1)) - PM<O>U(X§}))). Clearly
k—1 0 n

sup

n>1 Mo 120

(P (o)U(Xél)) - P (o)U(XfP))‘ <C,
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thus the term 6%1) is negligible. That is

Sn = Mu+(1—61) Y kP (X") + op(vn),
k=1

= +(1-6) Z +(1-6) Zk V2 ((X7) = G ) + op (V).

In the above, we denote op(n”) any random variable X,, such that n~"X,, converges in prob-
ability to zero. To deal with the term S 7_, k—1/2 (nn(Xlgl)) - G(Xlgl))>, we use the Skorohod

representation of weak convergence. First note that

w23 R (X)) - G(xY))| < 723 K2 sup () — G
k=1

k=1 TeEX

By the Skorohod representation theorem, there exists a version G of G and a version {Tn, n >
0} of the random process {n,, n > 0} such that sup,cx ’f]n(x) - @(w)} — 0 a.s.. Therefore by
Lemma 4.11, n /237 k=2 sup,c + ’ﬁn(az) - é(l‘)‘ converges almost surely and thus in proba-
bility to zero. It follows that n=1/2 3" 1_ | k=1/2 (nn(X ,il) ) — G(X ,il) )) converges also in probability

to zero. We thus arrive at

Sn +(1-61) Z D) +op (V).

To deal with the term > }_; ﬁG(X,gl)), we introduce Vp = 0 and Vj, = Z?ZI(G(X@)) —

(@)
z:: = (¢ -=0@) = kz:jl 7z V= Vi)
"1 LYAS 1 o1
— kz::l ﬁVk — kz:; (\/E — m) Vi1 — kz:; \/ﬁvl@—l

n 1
- \/ﬁV"+,€2::2 k(/.c—l)(\/%+\/k—1)vk_l

1 & 1 1
) nv”%(mHm))k—le*

We deduce that

n 28, =0 2M, 4+ (1 - 00) 7D (G)n V23 kY2 40,

)) kilvk_l—FOp(l).
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For almost every path w € Q, G, (-) is a continuous function from X — R. Therefore, by the in-

dependence assumption and the law of large numbers of Theorem 3.1, n~* Z?:l G(X j(l)) —7M(@)

converges in L' to zero. Using Lemma 4.11 again, we conclude that ﬁ Y ko (W) ﬁVk_l
1

~1/2

converges also in L' to zero. The term ﬁ Yoh1k converges to 2. We thus arrive at

n 128, =n V2 M, 4+ 2(1 — 6)7M(G) + op(1).

Proceeding as in the proof of Theorem 3.2, we see that ﬁMn converges weakly to Z, where
Z ~ N(0,02(f)) and is independent from G. We thus conclude that n~/2S, converges weakly
to Z 4 2(1 — 6y) [ 7N (dx)G(z), where Z and [ 71 (dz)G(z) are independent.

Since f — 7 (f) is a continuous bounded function from C(X,R) — R, it follows from the
above that 7(1)(n,) converges weakly to 7()(G). But 7 (n,) = n= 1237, fw(l)(dx)Hx(Xlgo)).
By the central limit theorem for the uniformly ergodic chain {X,(IO), n > 0}, the latter term
n~1/2yn fﬂ(l)(dx)Hx(X,io)) converges weakly to N(0,T(7,3)), where g(-) = [ 7 (dz)H,(-)

and we are finished. O

4.6. Proof of Proposition 3.1

Proof. In the present case, one can check that U(x) = ZjZO(Pfr(lg Y f(x) = Y50 Qijf( ) and
H,(y) = U(y). Then the resolvent function U becomes U;,go)( ) = U(O)( ) = > ;50 P?U(y) which
allows use to write le Hx(X](.O)) = M,go) + 612:0)7 where MIEO) = j:l U© (X,go)) - pPUu® (Xlgo_)l)
and ¢\” = PUO (x{”) = PU©(X?). Thus we have:

Sy =My +(1—0) 3 kMY 4 ¢,
k=1

where €, = en —I— S kTt (0) . The term ¢, is negligible and is suffices to study the limit of

)

+2(1-6))E [M Sk )]
k=1

E =E(M?) +(1-61)°E

n 2
(Mn +(1-6)> klM,go)>

k=1

Define D) (z,y) = U (y)—PUO) (z) and DU (z,y) = U(y)—PU(z). It is easy to see that for any
i, > LE(DOx?, x”) DM (XY, X)) = 0. From which we deduce that E [M, S5, k1M | =

J 1
0.
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We write > 5, k:_lMéO) =201 2 k=g k=1DWO) (Xj@l, XJ(.O)) and since the terms D(®) (X(O) x®

are martingale differences, we get

" 2
(Z k,—lM]EO)>

k=1

2
= [ ldz) [ Pla,dy)(DO ()Y (Z k:)

n

+jZ::1 (:‘k—l)Q (E [(D(OMXJ(—)pXJ(O)))Q} B /W(dx>/P(x7dy)(D(0)(x’y))2)

Since D is a bounded continuous function and {XT(LO)} is uniformly ergodic, the second term
2
on the rhs divided by n converges to zero. Then we notice that lim,_o n ™! A (ZZ: y k:_l) =2
and we conclude that

lim E (n_l,S'?L) = /W(d.’l)) /P(w, dy) {(D(l)(iﬁay))z +2(1 - 01)2(D(0)(x, y))z} .

n—oo
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