On the efficiency of adaptive MCMC algorithms

Christophe Andrieu' and Yves F. Atchadé®

(October 2005)

Abstract

We study a class of adaptive Markov Chain Monte Carlo (MCMC) processes which aim at
behaving as an “optimal” target process via a learning procedure. We show, under appro-
priate conditions, that the adaptive process and the “optimal” (nonadaptive) MCMC pro-
cess share identical asymptotic properties. The special case of adaptive MCMC algorithms
governed by stochastic approximation is considered in details and we apply our results to
the adaptive Metropolis algorithm of Haario et al. (2001). We also propose a new class of
adaptive MCMC algorithms, called quasi-perfect adaptive MCMC which possesses appealing
theoretical and practical properties, as demonstrated through numerical simulations.
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1 Introduction

Markov chain Monte Carlo (MCMC) is a popular computational method for generating samples
from virtually any distribution 7 defined on a space X. These samples are often used to efficiently
compute expectations with respect to m by invoking some form of the law of large numbers. The
method consists of simulating an ergodic Markov chain {X,,,n > 0} on X’ with transition probability
P such that 7 is a stationary distribution for this chain. In practice the choice of P is not unique,
and instead it is required to choose among a family of transition probabilities {FPp, 6 € O} for
some set ©. The problem is then that of choosing the “best” transition probability P, from this
set, according to some well defined criterion. For example, the efficiency of a Metropolis-Hastings
algorithm highly depends on the scaling of its proposal transition probability. In this case, the
optimal choice depends on 7, the actual target distribution, and cannot be set once for all. For
more details on MCMC methods, see e.g. Gilks et al. (1996).

An attractive solution to this problem, which has recently received attention, consists of using so-
called adaptive MCMC where the transition kernel of the algorithm is sequentially tuned during the
simulation in order to find the “best” 6 (see e.g. Gilks et al. (1998), Haario et al. (2001), Andrieu
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and Robert (2001), Andrieu and Moulines (2005) and Atchade and Rosenthal (2005)). These
algorithms share more or less the same structure and fit, as pointed out in Andrieu and Robert
(2001), in the general framework of controlled Markov chains. More precisely one first defines a
sequence of measurable functions {p, : © x X" — O, for n > 0} which encodes what is meant by
“best”. The adaptive chain is initialized with some arbitrary but fixed values (6, Xo) € © x X. At
iteration n > 1, given (0, Xo,...,Xn-1), and 6,,_1 = pp—1(6o, Xo, ..., Xn—1) (with the convention
that po(0, X) = 6), X,, is generated according to Py, ,(X,_1,-) and 6, = p, (0o, Xo, ..., X,). Most
examples currently developed in the literature rely on stochastic approximation type recursions e.g.
Haario et al. (2001), Andrieu and Robert (2001) and Atchade and Rosenthal (2005). Clearly, the
random process {X,,} is in general not a Markov chain. However, with an abuse of language, we
will refer here to this type of process as an adaptive MCMC algorithm.

Given the non-standard nature of adaptive MCMC algorithms and the given aim of sampling
from a given distribution 7, it is natural to ask if adaptation preserves the desired ergodicity of
classical MCMC algorithms. For example, denoting ||-||,, the total variation norm, do we have
|P(X, €-) —7(:)||;1 — 0 as n — 0o? The answer is “no” in general and counter-examples abound
(see e.g. Andrieu and Moulines (2005), Atchade and Rosenthal (2005)). However positive ergodicity
results do also exist. For example if adaptation of € occurs at regeneration times, then ergodicity
is preserved for almost any adaptation scheme (Gilks et al. (1998)). It is also now well established
that if adaptation is diminishing (for example in the sense that |0, —6,-1] — 0, as n — ©0)
then ergodicity is also preserved under mild additional assumptions (see e.g. Andrieu and Moulines
(2005), Atchade and Rosenthal (2005), Rosenthal and Roberts (2005)). However, beyond ergodicity,
it is still unclear how efficient adaptive MCMC are.

This note addresses the problem of efficiency of adaptive MCMC. We consider the case where
the adaptation process {6, } converges (in the mean square sense for example) to a unique nonran-
dom limit 6*. Let {Y,,} be the stationary Markov chain with transition kernel P- and invariant
distribution 7. We show that the adaptive chain {X,} and the optimal Markov chain {Y, } share
identical asymptotic properties. For some class of measurable functions f : X — R, we show (Theo-
rem 2.3) that Y_,_, f(X}) satisfies a central limit theorem (CLT) with asymptotic variance equal to
the asymptotic variance in the CLT of "}, f(Y%). In words, the Monte Carlo estimates from the
adaptive MCMC algorithm and the “optimal” MCMC algorithm have the same statistical efficiency.
We also show that the process {X,,} is asymptotically stationary (in the weak convergence sense)

with stationary distribution given by the distribution of {Y,,}. We obtain this result by showing
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that for any finite integer p > 0 the distribution of (X, ..., X,4,) converges to that of (Yp,...,Y})
in total variation norm as n — oo, with a rate of convergence that depends explicitly on the rate
of convergence of 6, to 8* (Theorem 2.1). Theorem 2.1 also implies that if 6,, converges to 6* fast
enough, then {X,} is asymptotically stationary in the total variation norm sense and there exists
a coupling {X,,,Y,} of {X,,Y,} and a finite coupling time T such that for any n > T, X,, = Y,.
As a result the asymptotic properties of the optimal process {Y,} are in this case automatically
inherited by the apparently more complicated adaptive process {X,}. Unfortunately, as we shall
see, the rates required for the convergence of {6,,} towards 6* for this latter result to hold are not
realistic for current stochastic approximation based implementations of adaptive MCMC.

More precisely, we pay particular attention to the case where {6,} is constructed through a
stochastic approximation recursion: most existing adaptive MCMC algorithms rely on this mech-
anism (Haario et al. (2001), Andrieu and Moulines (2005), Atchade and Rosenthal (2005)). In
particular we derive some verifiable conditions that ensure the mean square convergence of 6,, to a
unique limit point 6* and prove a bound on this rate of convergence (Theorem 3.1). These results
apply for example to the adaptive Metropolis algorithm of Haario et al. (2001) and show that the
stochastic process generated by this algorithm is asymptotically stationary in the weak convergence
sense with a limit distribution that is (almost) optimal.

In order to address the limitations of current adaptive MCMC algorithms, we introduce a new
scheme, called quasi-perfect adaptive sampler, for which the conditions for the existence of the
aforementioned coupling of {X,,,Y,,} are satisfied. We demonstrate through numerical simulations
the interest of our approach.

The paper is organized as follows. In the next section we state our main result (Theorem 2.1)
and briefly discuss some of its implications. The proof of Theorem 2.1 is postponed to Section 5.1.
Section 3.1 is devoted to the special case of stochastic approximation updates. We first establish a
Theorem 3.1 which establishes the mean square error convergence of 6,, to some 6* under verifiable
conditions. We then apply our results to the adaptive Metropolis algorithm of Haario et al. (2001)
(Proposition 3.2). In Section 4, we introduce our new quasi perfect adaptive sampler and an
application to the case of the adaptive Metropolis algorithm of Haario et al. (2001), together with

numerical simulations.
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2 Statement and discussion of the results

Let (X,B(X),m) be a probability space, (©,|:]) a normed space and {F,: 6 € ©} a family of
transition kernels Py : X' xB(X) — [0, 1]. We assume that for any A € B(X), Py(x, A) is measurable
as a function of (0, x). We introduce the following classical notation. If P is a transition kernel
on some measure space (E, &), for n > 0, we write P" for the transition kernel defined recursively
as P"(xz,A) = [, P(x,dy)P" '(y, A); P°(x,A) = 14(z) where 14(z) is the indicator function of
set A (which we might denote 1(A) at times). Also if v is a probability measure on (F,€&) and
f: E — Ris a measurable function, we define vP(-) := [, v( z,-), Pf(x) = [, P"(z,dy)f(y)
and v(f) == [, f 5 v(dy) whenever these 1ntegrals exist. If £ is a topologlcal space, we say that
FE is Polish if the topology on F arises from a metric with respect to which E is complete and
separable. In this case E is equipped with its Borel o-algebra. For p a probability measure and

{un} a sequence of probability measures on (E,E) with E a Polish space, we say that j, converges

weakly to 1 as n — oo and write p, — pif [ f(y)un(dy) — [ f(y)p(dy) for any real-valued
bounded continuous function f on F.
For any function f: & — R and W : & — [1,00) we denote |fly, := sup,cy iy ‘f , and define

the set Ly = {f, f: X = R,|f|; < oo}. When no ambiguity is possible, we will use the piece of
notation || to denote the norm on © and the Euclidean norm. A signed measure v on (X, B(X))
can be seen as a linear functional on Ly with norm [[v||y, = sup < [v(f)|. For W =1, we
obtain the total variation norm, denoted ||v| ; hereafter. Similarly, for two transition kernels P
and P, we define ||P; — ||, as
1P = Polly, := sup [Pif = Pafly
lw <1

Let p, : © x X" — © be a sequence of measurable functions and define the adaptive
chain {X,} as follows: 6y = 0 € O, Xg = x € X and for n > 1, given (6y, Xo,...,X,), 0, =
pn(00, Xo, ..., X,) and X, is generated from Py (X,,-). Without any loss of generality, we shall
work with the canonical version of the process {X,} defined on (X*°, B(X)*°) and write P for its
distribution and E the expectation with respect to P. We omit the dependence of P on 6y, X, and
{pn}. Let Qp be the distribution on (X, B(X)>) of a Markov chain with initial distribution 7 and
transition kernel Fy. When convenient, we shall write Z to denote the random process {Z,}.

We assume the following:

(A1) We assume that for any 6 € ©, Py has invariant distribution 7 and there exist a measurable

function V : X — [1,00), a set C' C X, a probability measure v such that v(C) > 0 and
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constants A € (0,1), b € [0,00), € € (0,1] such that for any # € ©, x € X and A € B,
Py(xz, A) > ev(A)lo(z) (1)

and

PV (z) < AV (z) + blo(z) . 2)

The inequality (2) of (Al) is the so-called drift condition and (1) is the so-called (1,¢,v)-
minorization condition. These conditions have proved very effective in analyzing Markov chains. As
pointed out in Andrieu and Moulines (2005), (A1) is sufficient to ensure that V-geometric ergodicity
of the Markov chain holds uniformly in 6, i.e. there exist a measurable function V' : X — [1,00),

p €[0,1) and C € [0, 00) such that for any # € © and x € X,
1P (x,-) — 7(-)|l, < CV(x)p". (3)

For a proof, see e.g. Baxendale (2005) and the references therein.

Next, we assume that P is Lipschitz (in ||-|-norm) as a function of 6.

(A2) For all a € [0, 1],

12 — Pl
sup ————— < 090, 4
0,0'€® |0 - 0/| ( )
040"

where V' is defined in (A1).

We assume that 6,, converges to some fixed element 0* € © in the mean square sense,

(A3) There exist a deterministic sequence of positive real numbers {a,}, a, — 0 as n — oo and a
fixed 6 € © such that
E (|6, — 6*]*] = O (a). (5)

We assume that an optimality criterion has been defined with respect to which P} is the best
possible transition kernel. Of course, in general 6* is not known and our objective here is to
investigate how well the adaptive chain {X,} performs with respect to the optimal chain. Let
Y = {Y,.} be the stationary Markov chain on X with transition kernel Py and initial distribution
.

For n,p > 0, n finite, we introduce the projection s,, : X* — XP™! with s, ,(w, wy,...) =
(Wny -+, Wnyp). For p = oo, we write s,. If p is a probability measure on (X', B(X)>), define
P = g o s;}), the image of u by s,,. If p = oo, we simply write u™. The following re-
sult is fundamental. It provides us with a comparison of the distributions of {X,, ..., X,,} and

Yoo Yo},
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Theorem 2.1. Assume (A1-3). Let {i,} C Z" be such that for all n € Z, i, < n. Then there
exists C € (0,00) such that with p € (0,1) as in Eq. (3) and {ax} as in (A3) then for any n > 1,
p =0,

n—1 n+p—1
[P — Q" llrv < © {p Y Y aj} (6)
J=in j=n—1
n-+p
<C Zaj when a; o< j~7 for some v > 0 . (7)
j=n
Proof. See Section 5.1. [

2.1 Asymptotic stationarity

The bound in Theorem 2.1 implies that under suitable conditions on {ay} any finite dimensional
distribution of {s,(X)} converges weakly to the corresponding finite dimensional distribution of Y.
As a result if X is Polish, and since weak convergence of finite dimensional marginals implies weak

convergence of measures, we conclude that:
Corollary 2.1. Assume that X is Polish. Under the assumptions of Theorem 2.1,

P™ 2 Qpe, asn — 0. (8)
When 2121 a; < 00, we can strenghten the conclusion of Corollary 2.1 as follows.

Corollary 2.2. In addition to the assumptions of Theorem 2.1, assume that X is Polish and that
S a; < 0. Then there exist a coupling (X,Y) of (X,Y) and a finite coupling time T such that for
n>T, Xn = Yn

Proof. 2121 a; < oo implies from Theorem 2.1 that ||IP’(") — Q-

v — 0and according to Theorem
2.1 of Goldstein (1979) on maximal coupling of random processes, this is equivalent to the existence

of the asserted coupling . ]
Remark 2.1. One can make the following comments:

1. The conclusion of Corollary 2.1 is that the adaptive chain is asymptotically stationary in the
weak convergence sense with limiting distribution equal to the distribution of the “optimal”
chain. In this case, we say that {X,} is weakly efficient. When ) «,, < oo, Corollary 2.2
asserts that the adaptive chain is asymptotically stationary in the total variation norm. In

that case, we say that {X,,} is strongly efficient.
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2. When strong efficiency holds, {X,,} and {Y,,} have the same asymptotics and any limit result
which holds for the Markov chain {Y,,} will also be valid for the adaptive chain {X,}. For
example, if a central limit theorem (CLT) holds for the sequence {f(Y})} for some function

f, then {f(X,)} will also satisfy a CLT with the same asymptotic variance.

The next result shows that the condition ) -, @, < 0o cannot be removed from the assumptions

that lead to the conclusion of Corollary 2.2.

Theorem 2.2. Assume that (A1-3) hold. If ) o, a, = oo then {X,} may fail to be strongly
efficient.

Proof. We give an example where X is Polish, (A1-3) hold, > ., a, = 0o and {X,} is weakly
efficient but not strongly efficient. Let us consider X = [0, 1] equipped with its Borel o-algebra
and the Lebesgue measure. Let 7 be the uniform distribution on X. For any a > 0 define ¢,(z) =
él(,a/gﬂ/g)(az). Fix 0 € (0,1/2) and let {9} be such that 6, —  and 6, > &. Consider the
following nonhomogeneous Markov chain: X, € X and for n > 1, X, ~ P,(X,,_1,), where P, is
the transition kernel of the Metropolis algorithm with invariant density m and proposal probability
density g5, (2, y) = g5,(y — ).

Clearly assumptions (A1-3) are all satisfied here: P, is uniformly (both in n and the initial con-
dition) geometrically ergodic; for § > ¢', sup, 4 |Ps(z, A) — Py(x, A)] < 2(1 —¢§'/6) and naturally
0, — 0. As a consequence P (X, € A) — w(A) as n — oo for any measurable A. Let {Y,,} be the
stationary optimal homogeneous Markov chain with proposal density g¢s.

For a > 0 and = € R, write A,(z) = (x — a/2,2 + a/2) and define for § > 0 as above and any
integer k > 1 the set

Ap = {(z1,...,m) € X¥: 21 € A5(1/2), 29 € As(a1), ..., 7% € As(w4_1) } - 9)
Then for any n, k > 1 we have:
Pr ((Yn, R aYn+k) S Ak+1) =9 . (10)

However

=n

Pr (X, .., Xoix) € Apy1) < Pr(X, e A5(1/2))ﬁ (% + i)

n+k

H (1 - ai) ) (11)

=n

IN
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with §; = —2—, where {a,} converges to zero and satisfies 0 < a, < 1/2. It is easily seen that
{6, — 0|} and {a,} are equivalent sequences.
Now, if > 7,5, a; = oo, then for any n, we can always make (11) arbitrarily small by taking k

suficiently large, while (10) remains equal to 6. Consequently Corollary 2.2 cannot hold. O

2.2 Central limit theorem

There is yet another way in which the adaptive chain {X,,} can be efficient: a Monte Carlo estimate
from the adaptive algorithm may be asymptotically as efficiency as an estimate from the “optimal”
Markov chain. More precisely, we show here that additive functionals of { X, } satisfy a central limit
theorem (CLT) with asymptotic variance equal to the asymptotic variance in the “optimal” Markov
chain. We derive this result under the additional assumption that the adaptation is diminishing
(165, — 0n—1| — 0 in the appropriate sense) but with no particular assumption on the dynamics of
{0,.}. The proof follows Andrieu and Moulines (2005) where a CLT is obtained for an adaptive
chain based on stochastic approximation algorithm with reprojection on random boundaries. Let
f & — R be some measurable function. Without any loss of generality, we assume that 7(f) = 0.
Define S,(f) = >p_, f(Xi) and 02(f) = 7(f?) + 2> 5o, 7 (fPyf). As a result of the drift and
minorization conditions on Py« (assumption (A1)), it is well known that o2(f) < oo and if ¢2(f) > 0
then {f(Y,)} satifies a CLT: \/Lﬁ S f(Y) = Z where Z ~ N(0,02(f)) (see e.g. Galin (2004)
and the references therein). Such CLT can be extended to the adaptive chain {X,,}.

We assume that:

(A4) There exist § € [0,1/4), A € (1/2,1], C} < oo and a sequence of positive number {7, },
Y = O (n_)‘) such that:

10, — 01| < C1yVP(X,), P — a.s. (12)
where V' is defined in (Al).

Theorem 2.3. Assume that (A1-3) and (A4) hold. Let f : X — R be a measurable function such
that | f| < VP and w(f) = 0. If 02(f) > 0 then
1
Vn

where Z is a random variable with distribution N(0,c2(f)).

So(f) = Z asn — oo, (13)
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Proof. See Section 5.2. [

Remark 2.2. It is known (see Andrieu and Moulines (2005), Atchade (2005)) that under (A1-2)
and (A4) {f(X,)} satisfies a strong law of large numbers (SLLN) hold for any measurable function
f: X — R with |f] < V2

n

Zf(Xk:) — w(f), P—a.s., asn — oo. (14)
k=1

S|

2.3 Comments and Discussions

In conclusion, we have shown in this section that if an adaptive MCMC is such that 6,, — 6%, then
it is weakly efficient and its Monte Carlo estimates are statistically efficient in estimating 7 (f) for
a large class of functions f : X — R. If in addition, the convergence of 6, to 6" is fast enough
then we obtain a strong efficiency and the two chains share the same asymptotics. In Section 3,
we develop the L? rate of convergence of 6,, to 0* in the stochastic approximation framework. The
result suggests that adaptive MCMC algorithms governed by stochastic approximation are weakly
efficient and satisfy a CL'T but are not strongly efficient.

3 Adaptive chains governed by stochastic approximation

3.1 Validity of (A3) for the stochastic approximation recursion

Our main objective here is to show that (A3) holds when the family of updating equations {p,}
corresponds to the popular stochastic approximation procedure. We will assume for simplicity that
© is a compact subset of the Euclidean space R? for some positive integer p and denote by (-, -)
the inner product on RP. We assume that {0,} is a stochastic approximation sequence, defined
as follows. Let H : © x X — RP and let {v,} be some sequence of positive real numbers. For
n > 0 we recursively define the sequence, {(d,, 0., X,,),n > 0} € {0, 1} x O x XN as follows. Set
p =0 €0, Xg=x€ X and dy = 0. Given 0, and X, sample X, ~ Py (X,, ). If d, = 1,
then set 0,1 = 6, and d,,1 = 1. Otherwise if 0 := 6,, + v, 41 H (05, X;141) € O then 60,1 = 6 and
dn+1 = 0, otherwise 6,41 = 6, and d,y; = 1. We define F,, = o(Xo, X1,...,X,,) and will denote
P and E the probability and expectation of this process, omitting again the dependence of these
probability and expectation on 0,z and {~,}.

This set-up is particularly relevant as many recently proposed adaptive MCMC algorithms rely

on stochastic approximation. Define the function h(6) = [, H(0,z)w(dx). Stochastic approxima-
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tion is a well-known numerical method used to solve equations of the form h(f) = 0 when h cannot
be (easily) computed and only noisy estimates H (¢, x) are available. This is better seen if, defining

Ent1 = H(0n, Xpi1) — h(60,,), we rewrite 0,, as:

Ont1 = On + Ynr1h(05) + Yng1ns1 - (15)

An extensive literature exists on these algorithms (see e.g. Benveniste et al. (1990), Kushner and
Yin (2003) and the references therein). In order to establish our result, we will need the following

definitions and assumption.

Definition 3.1. Let f: © x X — RY for some positive integer q and let W : X — [1,00) be two

functions. We say that f is W-bounded in its first argument if

sup ‘f(ea )’W < oo, (16)
0cO

and we say that f is W-Lipschitz in its first argument if

su
e,e’epe |9 - 9,|
0£6'

In this section we will require the following additional assumption, specific to the stochastic

<00 . (17)

approximation framework.

(A5) Let the function V be as in (A1). Assume that H is V*/2-bounded and V*/2-Lipschitz in its
first argument. Assume that the equation h(f) = 0 has a unique solution #* € © and that
there exists 0 > 0 such that for all § € ©,

(0 — 0" h(0)) < —010— 67 (18)

Let 7 :=inf{n > 1:d, = 1} be the exit time from O, with the usual convention that inf{@} =

+00. The main result of this section is:

Theorem 3.1. Assume (A1-2) and (A5), that {v,} is non-increasing and such that there exists
5 € (71, +00) such that

Hm sup 4 Vi~ 1og(5-190)/ Tog(p)) -1 < +00 (19)

k—o0

(where p € (0,1) is as in Eq. (3)) and

1 1
liminf — —

> —20,
k—oo Y Vk+1

where § is as in Eq. (4). Then there exists a constant C' < 400 such that for any n € N,

E |6, — 0 *1(n<7)] <C v, .
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Remark 3.1. It can be checked that any sequence vy, = with 0 < «a < 1, satisfies (19). If

A
n®+B

0<a<lora=1and 2JA > 1 then liminfk_m% Lo > _95.

k Vk+1

Proof of Theorem 3.1. In what follows C' is a finite universal constant, whose value might change

upon each appearance. With for any n > 0 A,, := 6,, — 0" we have
Apiilln+1<71)=[An+ Y1 H(On, Xpi)]1(n+1 < 7).

First, since 1(n + 1 < 7) < 1(n < 7) we have for any n > 0,

|An+1|2 1n+1<71)
< |An|2 1ln<71)+ ’yZH |]—I(6’n,Xn+1)|2 1(n < 7) 4+ 29001 (Ap, H(Op, Xpi1)) 1(n < 1)
<A1 < 1)+ 720 [H(On, X)) 1(n < 7) + 29001 (A, h(0,)) 1(n < 7)

+ 27n+1 <Ana H(ena XnJrl) - h(en» 1(” < T) :

From assumptions (A1) and (A5), and e.g. Lemma 5.1 in Andrieu et al. (2005) we deduce that,

ili%E [|H(9n,Xn+1)\2 1(n < T)] < Cili%E V(Xpi1)1(n < 7)) < 400, (20)
E[(An,h(0,)) 1(n < 7)] < —E [|A ) 1(n < 7)] . (21)

From Proposition 3.1 we have that
[E[{An, H(Ons Xoi1) = 1(0,)) 1(n < 7)]| < Oy V().
Consequently there exists a constant C such that for n > 1,
E [|An+1|2 1n+1<7)] <(1—20741)E UAnF 1n<7)] +Civiy
and we conclude using Lemma 23 p. 245 in Benveniste et al. (1990). O

We first recall the following fundamental lemma, which can be found in the proof of Proposition

3 in Andrieu and Moulines (2005).

Lemma 3.1. Assume (A1-2). Then there exists C' € (0,4+00) such that for any 6,0' € ©, n > 1
and any g € Ly+ for any r € [0, 1],

|Py'g — Ppgly. < Clglyr np™™ 10 —6'] .

For any x € R, let us denote |x] the largest integer such that |z| < z. For any gg(z) : © x X —
R? denote for any 6 € ©, gg := 7 (gp).



12 C. ANDRIEU, Y. F. ATCHADE

Proposition 3.1. Assume that {v} is nonincreasing, such that limy_,, v = 0 and that there exists
€ (0,400) such that

lim sup ’}/k_l’yk_ llog(3—171)/ log(p)|—1 < +00 (22)

k—o0

where p € (0,1) is as in Eq. (8). Assume that suppeg |H(0,:)|y1/2 < 0o. Then there exists a
constant C' € (0,+00) such that for any go(z) : © x X — R? such that supyeg |goly1/2 < 00 any

r € X and any k > 1,
[ [(900-1 (X0) = G _)1(r > B)]| < O suplglyan e Va) -
€

Proof. We introduce for integers ¢ and k& such that 0 <7 < k the following decomposition,

E [(g9k—1(Xk) - §0k_1)1(7 > k‘)}
=K [(gﬁk_1<Xk) Pk dek 1(X )) (T > k?)] +E [(Pk dek 1(X) gek 1) (7- > k»)} ) (23)

We consider the first term and use the following decomposition,

|E [(991%1 (Xk) Pk 1991@ 1(X )) (T > k)} |

< ‘E |:(P9jk__1j+1gek—1 (Xk—j-i-l) - Pejk,_jgek—l (Xk—]))]'(T >k—J+ 1)i| ‘

(24)

<SE[E[R 90 (Xamin) = P g0, (X iDL > k= i+ 1)] Fe

Now for j =1,...,k —1,

‘IE [( Oy )gak (X)) UT > k=5 + 1)”
’IE [E [ Pl - Pg:j)gek,l(kaj+1)|-7‘—k7j+1] Hr>k—j+ 1” ‘

= [E[# = BB [0, O1Fi ] } (Xep) e > k=G + D) | - (29)

Gk Jj+1

Consequently we apply Lemma 3.1 to each term in the sum in Eq. (24), which for 0 <7 < k leads
to,

k—i—1

E [(90,_,(Xk) — Py 'g(X,))1(r > k)]| < C sup |96]11/2 Z P B[V (X ) L(T >k — 7)) .

j=1
This, together with Lemma 4.1 in Andrieu et al. (2005), implies that

k—i—1

[E (g0, (X0) = Bp"g(X))1(r > W] < C swplgolyryz V(@) > P

J=1
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which combined with Eq. (23) gives

k—i—1

E (g, ,(Xx) — G0, ,]| < C 328'99|Vl/2 P e | Vi)
j=1

Let ko :=inf {k : 7 < p7} < 400 where p is as in Eq. (3), and for k > ko let

)

and i := 0 for k < ky. Then, since {~;} is non increasing,

k—ip—1

+oo
P Z 3P Vi S AT+ Yk 1 log(r-1) Tos(o)] ZJP] 7
j=1 j=1

and the result follows from Eq. (19). O

3.2 Application to the Adaptive Metropolis algorithm

In this section, we apply our result to the adaptive version of the Random Walk Metropolis (RWM)
algorithm of Haario et al. (2001). We assume here that X is a compact subset of RP the p-
dimensional (p > 1) Euclidian space equipped with the Euclidean topology and the associated
o-algebra B(X). Let 7 be the probability measure of interest and assume that 7 has a bounded
density (also denoted 7) with respect to the Lebesgue measure on X. Let gx be the density of the
0 mean Normal distribution with covariance matrix >,

1
gs(r) = det(27%) "2 exp (—ﬁxTE_%) ; (26)

where 27 is the transpose of .

The RWM algorithm with target density m and proposal density ¢s, is the following. Given X,,,
a ‘proposal’ Y is generated from ¢x(X,,:). Then we either ‘accept’ Y and set X,.; = Y with
probability a(X,,Y) or ‘reject’ Y and set X,,,1 = X,, with probability 1 — a(X,,Y") where

a(z,y) = min (1, %) . (27)

Define p* := [, zm(dz) the mean of 7 and A* := [, zz'n(dz) and X* := A* — p* ()" its

X
covariance matrix. It is intuitively clear that the best performance should be obtained when X is
proportional to ¥*. In Haario et al. (2001), an adaptive algorithm has been proposed to learn >*
on the fly. As pointed out in Andrieu and Robert (2001), their algorithm is a particular instance of
the Robbins-Monro algorithm with Markovian dynamic. We present here an equivalent alternative

Robbins-Monro recursion which naturally lends itself to the application of Theorem 3.1. Let I, be

the p X p identity matrix, the algorithm we study is as follows:
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Algorithm 3.1. Initialization Choose Xg = x¢o € X the initial point. Choose g € X an initial
estimate of u* and Ny a symmetric positive matriz, an initial estimate of A*, such that Ay —

poid is positive. Let € > 0.
Iteration At time n+ 1 forn >0, given X,, € X, pu, € X and A\,, a symmetric positive matriz:

1 Lety, = A, — ,un,ug +¢el,. Generate Yyi1 ~ g5, (Xn,*);

2 With probability a(X,, Yni1) set Xpy1 = Yai1; otherwise, set X, 11 = X,;

3 Set
Hnt+1 = fn + n——l—l (Xn"rl - H’n) ’ (28)
1
A1 =An + nel (X1 Xner — M) (29)

The small matrix €/, ensures that the covariance matrix X, remains positive definite, Haario
et al. (2001). We write 6, = (in, Ap), 6* == (u*,A*) and X* := A* — p* (u*)". Let P be the
distribution of the process (X,) on (X, B(X)>) and E its associated expectation. As before,
we omit the dependence of P on the initial values and other parameters of the algorithm x, 6
etc... Let also Q denote the distribution on (X, B(X)*°) of the stationary Markov chain with
initial distribution 7 and transition kernel Px-,.; . For a measurable function f : X — R, define

oX(f)=n(f*)+2> 2, n[fP.f], where P, = Ps+i.r,. We have:
Proposition 3.2. The adaptive RWM algorithm described above is such that:

(i) there exists a constant C' € (0,00) such that for any n > 1

IP(X,,) — 7|0y < C/n, E (|6, — 0] <C/n . (30)

(ii) for any bounded measurable f : X — R, as n — oo,

1

LIS S (), and if o3>0, =S w2 (3

S

where Z ~ N(0,0%(f)).
(iii) the process is weakly consistent,
PM™ 5 Qg asn — 0o, (32)
and there exist C € (0,00) such that for any finite n,p > 1:

Hp(n,p) _ Qg}l’)

< Clog (1 + g) . (33)
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Furthermore for any integer sequence {p,} such that p, = o(n),

— 0. (34)

HP(n,pn) . Q(Evpn)
0 TV

Proof. For two p X ¢ matrices A, B we define the inner product (A, B) := Tr(A” B) and define the
norm |A| := /(A, A) where Tr(A) is the trace of A. Tt is clear from the set-up of the algorithm
that there exists 7 > 0 such that |p*| < r, |[A*] < r and for all n > 1, |u,| < r, A, < 7
(take for example r = max [|p*|, |A*|,4sup,cr || (1 + sup,er |2|) +€]). Let B,(r) be the ball of
R? with center 0 and radius r and let C,(r,€) be the set of all p x p (symmetric positive definite)
matrices of the form ¥ = A + eI, where A is symmetric p X p positive matrix with |A| <r. Define
© = B,(r) x Cy(r,e). We equip © with the inner product ((p1, A1), (12, A2)) == (1, p2) + (A1, Ag)
and the norm || := +/|ul* + |A]”, 6 = (i, A).

The adapting process (fi,, A,) lives in © (and as a result for any n > 1, 1(n < 7) = 1) and is

governed by the recursion

1
(,u’m An) - (,un—bAn—l) + EH (Mn—la An—l; Xn) 5

where
H(u Asa) = (v — pyea” — A)
) i= [ B s yelda) = (5 = A" = A)
We thus clearly have (6 — 0% h(0)) = (u — p*, pi* — p) + (A — A", A* — A) = — |0 — 6*]> and (A5)
holds with ¢ = 1.
It is shown in Haario et al. (2001) (see also Proposition 9 and Lemma 10 of Andrieu and Moulines

(2005) for a generalization) that assumptions (A1) and (A2) hold for the family {P: 6 = (u, A) €
©}, with C' = X and V(x) = 1. The results follow from the development in Section 2. ]

Remark 3.2. Note that in the case of this linear Robbins-Monro recursion, a more precise L? result
can also be directly obtained from the martingale decomposition in Andrieu and Moulines (2005),

see also Andrieu (2004) for a discussion.

4 A Quasi-perfect adaptive sampling algorithm

In this section, we propose a new framework for adaptive MCMC algorithms, which has the ad-

vantage to make statistical inference from such algorithms particularly easy. We call this type of
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algorithms quasi-perfect adaptive samplers. These algorithms are based on subsampling. The idea
consists of replacing P, at iteration n > 1 with Py for some predefined integer sequence {a,} in
the generic algorithm of Section 2. Under appropriate mixing conditions, as a, — oo the resulting
chain can be seen as a sequence of i.i.d. samples from 7. In fact we find that a rate as slow as

a, x log(n) is sufficient to produce quasi-perfect samples.

4.1 Algorithm and properties

For the details, we assume the set-up of Section 2. Given a sequence of integers {a, }, the algorithm

proceeds as follows:
Algorithm 4.1. (Initialization) Initialize the algorithm with (6y, Xo) € © X X.

(Iteration) For n > 0, given (X,,0,): set WY, , = X,, and for i = 1,...,a, generate W}, ~

Py, (Wi, ); set X1 = Wi, and compute 0,41 as any measurable function of {W}, k =

n

L...,n+1landi=0,...,a;}.

Let T be the distribution on (X, B(X)>) of the i.i.d. sequence Z = {Z,} where each Z, has

distribution 7. The following result is immediate.

Theorem 4.1. Assume (A1). Then there exists a constant C' € (0,00) such that for any n,p > 1,
[P 709, <03 )

where p € (0,1) is as in Eq. (3).

Proof. The proof follows easily from the fact that for any integer p > 0 and any (p + 1)-uple of
measurable functions (fy,..., f,), fi: X — [=1,1] fori =0,...,p, we have the bound

» p n+p—1
E (T] A0 = [Tl Go o X)) || S VX)) D2 o™,
i=0 i=0 Jj=n—1

We have the following immediate corollary.

Corollary 4.1. Assume (A1) and that X is Polish. If > -, p** < oo, then there exists a finite
coupling time T such that for n > T, (X,, Xu11,...) and Z have the same distribution. As a

consequence, for any measurable function f: X — R,
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(1) If 7(|f|) < oo then %Z?:l f(X;) N w(f) as n — oo;

(i) If w(f?) < oo then \/Lﬁ S (X)) —7(f)] 5 N(0,0%(f)) as n — oo; where *(f) = w(f?) —
m(f)%.

Remark 4.1. e [t follows from this corollary that the output from a quasi-perfect sampler can

be analyzed as the output from an i.i.d. Monte Carlo sampler.

e The condition ) ., p* < oo is satisfied for example with a, = clog(n) and —clog(p) > 1.
In practice, since p is not known, we suggest a, = [log(1 + log(n + 1))log(n)], where [z] is

the closest integer larger or equal than .

e Stricty speaking, it is not necessary to adapt 6, in Algorithm 4.1. But in practice, the
adaptation is vital as it allows the algorithm to move its sampling kernel towards Fp-. This

can significantly improve its coupling time.

4.2 A simulation example

We illustrate Algorithm 4.1 with the RWM algorithm presented in Section 3.2. Define X =
B3(0,10%), the R3-ball centered at 0 with radius 10°. The probability measure of interest m is

the Gaussian distribution with mean 0 and covariance matrix

0.9575 24384 —0.3741
Yp = 24384 7.0338 —1.0638
—0.3741 —1.0638 0.2632

We compare a plain RWM algorithm and its quasi-perfect adaptive version. For the plain RWM,
we use a Gaussian proposal kernel N (z, o13) with o = 0.56. The value o = 0.56 is used to obtain an
acceptance rate of about 30%. For the quasi-perfect adaptive sampler, the proposal kernel is A/ (z, X)
where the matrix ¥ is adapted as in Section 3.2. We use a,, = [log(1 +log(n + 1)) log(n)]. For the
quasi-perfect adaptive algorithm, we made n = 5,000 iterations, which correspond to about 79, 000
iterations of the plain RWM algorithm. Suppose we are interested in 7(f) where f(z1,x2, x3) = 2.
Let mops(f) (resp. Trwam(f)) be the estimate of 7(f) given by the quasi-perfect sampler (resp.
the plain RWM sampler). In order to compare the finite sample performance of the algorithms,
we generated 100 independent chains of each. Let frgés(f) (resp. frg%,VM(f)) be the estimate of

7(f) from the i-th chain of the quasi-perfect sampler (resp. the plain RWM sampler). Based on
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these samples, we estimate the densities of Tgps(f) and Trwar(f). The results are presented in
Fig. 1. Fig. 1(a) shows the autocorrelation function of the last 2,000 iterations from one run
of the quasi-perfect adaptive sampler. This autocorrelation function is virtually identical to the
autocorrelation function of an i.i.d. sample. Fig. 1(b) presents the density estimates of the samples
(ﬁg)PS<f))1Si§100 (dashed line) and (ﬁg/[,M(f))lgigloo. Clearly, the quasi-perfect sampler (dashed

line) is more precise than the plain RWM algorithm with an estimated efficiency of é,(f) = 2.73.

(@) (b)
S ] To N
— —
@« _| .
o L
© 3 ] " Il
g
<
<
Lr) —]
N
S
© [[-roi-~ri-oo-- T B
o I - _ - _ - _T__TI__-T_TI_T o
I I I I I I I I I I
0 10 20 30 40 -0.2 -0.1 0.0 0.1 0.2

Fig. 1: (a): Autocorrelation function of the quasi-perfect adaptive sampler. (b): density estimates from

100 realizations of each sampler (quasi-perfect adaptive sampler shown in dashed line).

5 Proofs

5.1 Proof of Theorem 2.1

Proof. Let {X;} be our adaptive process and {Y;} the homogeneous Markov chain with transition
probability Py-. Throughout this section, F,, = o(Xo, Yo, ..., Xp, Ys). It is sufficient to work with
functions of the form f := [t fi for {f; : X = R,|fi| <1,i=0,...,p} a family of measurable
functions and any p > 1. The proof relies on the following decomposition

p p

E|[]Ai(Xu) =[] fi¥ass)

i=0 =0

p p

[T /) = ] £iVass)

i=0 =0

=E|E

f” R

An estimate of the inner conditional expectation term is given in Proposition 5.2 below and the

outer expectation operator is studied in Proposition 5.1 below as well. The combination of these
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results leads to

n—1 n+p—1
B ([ izofi(Xnti) = [hizefi(Vasa)ll < © {Pni" ) U Y 043} (37)

j=in j=n-1
n+p—1
<C Z a; when a; o< j~7 for some v > 0, (38)
j=n
hence the result. O]

Proposition 5.1. Assume (A1-3). Let g € Ly12 and {i,} C Z* be such that for alln € Z, i,, < n.
Then there ezists p € (0,1) and C € (0,00) such that for any n > 1,

n—1

Elo(X.) — 9]l < C llgl,, {p + Zajpn—<j+l>} V()
J=in
If o, x ™7 for v > 0, then there exists C' € (0,00) such that
C llglh,, V()

ny

[E[g(Xn) = g(Ya)]] <

Proof. Let {X,,} be our adaptive process and {Y,,} be the time-homogeneous Markov chain with

transition probability FPy-. First we have the following decomposition
E[g(Xn) — g(Yo)] = E [Py 9(X,,) — 9(Ya)] — E [P g(Xi,) — 9(Xa)] -
The first term is easily dealt with since from the Markov property
E [P "g(Xi,) — 9(Ya)] = E [P "g(X,,) — Ppg(Ys,)]
and by Lemma 5.1 Andrieu et al. (2005),
E [P g(Xi,) = Fpmg(Yi )] < C gy, o E[VA(X,,) + V(Y]
<C lgly,, P V),
For the second term we introduce the following telescoping sum decomposition,
(n—1
E [Pgn;ing(Xin) - Q(Xn)] = E ZPéi_jg(Xj) - P;i_(jﬂ)g(Xjﬂ)]
Li=in

[n—1
= E|) Ppg(X;) - E, [Pﬁ(””g(Xm)!fjﬂ

Li=in

[n—1
= E Zpéi_”g(Xj)—Po]-PeTi_(JH)Q(Xj)]
Lj=in

[n—1
= E Z(Pg*—ng)P;_(jH)g(Xj)]

= E X_: (Po- = Po,) PO (9(X;) = (9) ] (39)

Lj=in
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Now, for j € {iy,...,n — 1} from Cauchy-Schwartz’s inequality,

< C lglly,,, 00 /B[l — 6,17 YEV(X,),

B[P - Po) BTV (9(X)) — ()] | < C gl EI6° - 6] 50V (X)]

and consequently, using Lemma 5.1 Andrieu et al. (2005), we first conclude that

n—1
E[9(Xn) —g(Ya)]l < C llgllyr {p”"” + ) Uty } V72 ().

Now in the case where a; oc 777 we will choose i,, in order to balance the two terms depending on
n on the right hand side. To that purpose we note that,

n—1

) 1 — n—1in
0l < ; a;p" UM < T with ]”Tpp : (40)
and check that the choice
. {—vlog(n)J
n—i,=|———|,
log(p)
leads to Z;:Zln apn U ~ % and p" " ~ n~7, which concludes the proof. O

Let {¢p : X — [-1,1], k=0,...,p+ 1} be a family of functions defined as ¢,11(z) = 1 and for
k=p,....,0
ou(w) = P (0ufil@) = [ Por(ody)nna(0)iy) -
x

We have the proposition,

Proposition 5.2. Assume (A1-3). Let {X;} be the adaptive chain and Let {f; : X — R,|f;| <
1,1 =0,...,p} be a family of measurable functions. Then there exists a constant C' € (0,00) such

that for any n,p € Z*,

E [Hf:ofz(XnJr'L) - ¢0<Xn)| -,/tnfl] < CZ Qp—1+4+k -

k=0
Proof. We have the following telescoping sum decomposition,
E [Hf:ofi(Xn-ﬁ-i) - ¢0(Xn)| fn—l]
p
= E | 3 (01 (Xur) T ofi(Xnsi) = n(Xa) [0 Fil Xosa)) f] . (a1)
k=0
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For any k£ =0,...,p, using the Markov property, one has

E [¢k+1(Xn+k)Hf:0fi(Xn+i) — O (Xn— )11y fi(Xsd) Fn—l}
= B[ (T150 £i(Xas)) (B (81 (X Sl Xt o] = Por {01 fik (Xuge-))| Faca
=E [(Hf;olfi(Xnﬂ)) (Po, s (Drs1fi) (Xnsro1) — Por (Ores1 fi) (X)) ‘ fn—l}

= B[ (T150 X)) (P = Por) (D fi) (Xoean)| Faca]
Finally,
k 1
[( i= Ofl Tl+l)> (P9n+k71 - P@*) <¢k+1fl€> (Xn+k71) Fn71:|
¢ k
<> B[ (T £i(Xs)) (Pows = Po) Gr1fi) (i) Faa] |
k=0
n+p—1
< CZE 101 — 0%]] < CZan+k 1=C ) o
k=n—1
O
5.2 Proof of Theorem 2.3
Proof. Throughout, fix f : X — R measurable with |f| < V¥ and 7(f) = 0.
For a sequence of random variables X, X, X5 ..., we say that X,, converge in probability to X

and write X, 2% X if for all € > 0, Pr[|X, — X|>e] — 0 as n — co. Denote fo = S.5°, Py f
the solution of the Poisson equation f = fg — ngg. As shown by Andrieu and Moulines (2005),

Proposition 3, under (A1-2) such solutions exist and satisfy:
sup (|P9f0\vﬂ + |f9’vﬁ> < 400
00

sup [0 — 6| [|f9 — forlve + | Pofo — Pe’f6/|vﬁ} < +00 .
0,0'€0,040"

Therefore we can decompose f(X,,) as:

f(Xn) = fen (Xn) - PﬁnfGn (Xn)
= OM, +T"M + 172, (42)

where

M, = fanl(Xn) - P9n71f9n71 (Xn—1)7
D= fen(Xn) - f9n71 (Xn)v
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TT(L2) = Penflfanfl(anl) - P9nf9n<X")'

i) Prob.

To prove that \/%;Sn(f) satisfies a CLT, we shall prove \/iﬁzzzl T,g 0 (: = 1,2) and

\/Lﬁ > on_, 0M, satifies a CLT with asymptotic variance o2(f) = m [Pg*fg* — (Pg*fg*)Q < 00. One

can verify that this asymptotic variance can also be written o?(f) = 7(f2?) +2Y 4o, 7 [f Py f].
The terms T,C(Q) telescope: > 7, T,gg) = Py, fo,(Xo) — Py, fo,(X,). From Lemma 5.1 in Andrieu

et al. (2005), there exists C' < oo such that E | Py, fo, (Xo) — Py, fo, (X,)| < Csup, VA(X,) < co.

Therefore \/Lﬁ Py T Bt

— 0.
By Markov’s inequality and the fact that 6 — fg is VP-Lipschitz, we have for some finite constant
ONOE

~ ()
; i

o < Za3elm]

% > R [|6k — 04—t | V(X))

1
Pr [%

IA

!/

C 1 —
—supE [V*(X,)] —= > w —0,
£ n vn ;

IN

hence —= 7, T g,

Define F,, = o(Xo,...,X,). We have E[6M,|F,-1] = 0. Thus the sequence {6M,;F,} is a
difference martingale. With some minor modifications to the arguments in Andrieu and Moulines
(2005), we can show that:

(a) Vit = 3 i EDOME|Fia] = 02(f),
Prob.

(b) for all € > 0, %Z:zl E [5M]§1{§Mk>s\/ﬁ}‘~/fk—l] — 0.

Applying Corollary 3.1 of Hall and Heyde (1980) we conclude that W S o 6My, = Z, where
Z ~ N(0,1) and the theorem is proved.
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